Interface dynamics in a mean-field lattice gas modelJean-Fran�ois Gouyet and Mathis Plapp #Laboratoire de Physique de la Mati�re Condens�e,�cole Polytechnique, F-91128 Palaiseau, France

Keywords : Interface dynamics, dendritic growth, spinodal decomposition, surface modes.Abstract :A mean-field approximation of stochastic lattice gas models with attractive nearest-neighbourinteraction allows to write generalized Cahn-Hilliard equations. We use such equation to performnumerical simulations in two dimensions of the growth of regular "snowflakes." It naturally showscurvature and kinetic effects at the interface as assumed by the classic phenomenological equations ofdendritic growth. In addition, we find solute trapping. The dendrite tips are stabilized by the Gibbs-Thomson boundary condition. We calculate the surface tension and show that it has the expectedangular variation. We compare our model to other microscopic growth models and the phase-fieldmodels and discuss the influence of noise.Stationary interface states advancing with constant velocity are also investigated. We presentnumerical results as well as a continuum approximation which gives an analytic expression for theshape correction in the limit of not too large interface velocities. We observe departure from localequilibrium at the interface and solute trapping. The associated kinetic coefficients are calculated. Thetwo effects are found to be related. We finally give an expression for the interface mobility and derivea relation between this mobility and the kinetic coefficients.We also examine droplets and stripes of unstable A-B compounds with vacancies (ABv model)immersed in a stable vapor. We observe the appearance of ordered structures starting from thesurface and propagating into the bulk.We calculate the characteristic lengths and the propagationvelocities of these patterns using a linear stability analysis. We show that the thickness of the orderedlayer depends on the model parameters and the strength of the initial noise.IntroductionThe study of moving interfaces is an old subject [1]. Two well-known and extensively studiedprocesses where interface dynamics play a crucial role are spinodal decomposition (spontaneousphase separation) and dendritic growth. The classical models used to describe the interface kinetics arecontinuum phenomenological models: the Cahn-Hilliard equation [2] for phase separation, andsimple diffusion equations with interface Gibbs-Thomson boundary conditions in the case ofdendritic growth [3,4]. The latter models have the advantage to direct the effort only upon the interfacewhich is sharp, and leads via the constraints to a non trivial free boundary problem, while a simplediffusion equation is needed in the bulk. It has the inconvenient that we have no access to the physicalparameters which must be introduced phenomenologically : there is a missing link between themicroscopic description of the kinetics of evolution of the particles in the system and the abovephenomenological equations.Various attempts have been made recently to fill this gap [5-8]. We start from a stochastic latticegas with attractive nearest neighbours interactions from which we build mean field kinetic equations.

# present address: Physics Department, Northeastern University, Boston, Massachusetts 02155

The mean field approximation changes the stochastic process into a set of coupled non-lineardifference equations without noise. It is then possible at this level to make a bridge between theseequations and the phenomenological Cahn-Hilliard equations in which usual forms of the free energyand chemical potentials appear.Such a model is not limited to binary AB alloys or to Av systems (species A and vacancies) andit is possible in this approach to write generalised Cahn-Hilliard equations for ABv model alloys, foreutectics, or to simulate the kinetics in presence of solidus/liquidus coexistence curves.Considering first an AB system, we will recall its two-phase coexistence behaviour below acritical temperature, and the corresponding first order phase transition. Concerning the dynamics, wehave here the possibility to choose a more realistic microscopic dynamics, in contrast to the usualKawasaki dynamics which is appropriate to spin exchange and magnetic systems. We will thenexamine the dynamics of a moving interface and show that this approach allows to determineanalytically the various parameters controlling the growth of dendrites: the orientation dependentsurface tension and its anisotropy, the kinetic coefficient or the surface mobility. These analyticexpressions are functions of the microscopic physical parameters of the system.Then we will improve the microscopic description by looking to ABv systems, that is to say twointeracting components A and B containing a certain amount of vacancies (v). Such a system is morerealistic, as the interdiffusion of A and B particles is essentially mediated by the vacancies involving amuch lower energy cost. For this situation we have studied the evolution of a free droplet of A-Bcompounds with few vacancies initially in equilibrium at high temperature with its vapor formed byvacancies with few A-B, then quenched below the critical temperature. We will show that orderedstructures spread at the surface and propagate into the bulk, with characteristics very different thanthose which appear in the bulk. In addition the surface itself becomes unstable and wavy. We showthat the thickness of the ordered layer depends on the model parameters and on the strength of theinitial noise.The mean-field modelWe consider a square lattice of N sites (coordination number z=4). Particles (A) are located onsites and ni={0,1} denotes occupation (ni=1) or non occupation (ni=0) of site i by an A; ni=0corresponds to an empty site (v) or to occupation by the other species B in a binary A-B model.Double occupancy of a site is forbidden, and there exists an attractive interaction (eAA= e > 0) betweennearest neighbour particles. This allows to define a Hamiltonian,H = — eninj�<i,j> — m0 ni�i ,(1)In the case of an A-B compound, e = eAA + eBB — 2eAB.To define the dynamics we suppose here that the particles can jump to nearest neighbouringempty sites: this corresponds in the case of A-B alloys to the simple exchange diffusion mechanism.A general master equation can be easily written for such a dynamics, but as it is untractable,simplifications are needed. The simplest is to consider a mean-field approximation and to determinethe kinetic equation satisfied by the average concentration pi = <ni>.It can be easily verified that the continuity equation,

¶¶t pi = — jik�k ,(2)corresponds to currents jik along the link i-k, of the formjik

= ni

1—nk wik

(n) — nk

1—ni wki

(n) .The factors ni(1—nk) take care of the exclusion principle: the initial site must be filled, the final siteempty. wik({n}) are transition probabilities depending on the local configuration. The physical picturebehind our model is that the lattice points are located at the equilibrium positions of atoms in a crystalstructure. Then an atom is trapped at its site in a potential well whose depth depends on the localconfiguration. As the thermal energy is supposed small compared to the barrier heights, the jumpprobabilities follow an Arrhenius law. We assume the barrier height to be the energy necessary forthe particle to reach the saddle point between the initial i and final k sites: it does not depend on thefinal site environment. This leads towik

(n) = w0 exp

—ekTni+a�a .(3)w0 is the jump frequency of an isolated particle, which sets the overall time scale and will be taken tounity for convenience. Here and in the following, a will denote a lattice unit vector, and summation

over a means summation over all nearest neighbours. Let us remark that this expression differs fromthe usual Monte Carlo rule, where the transition rate is proportional to exp(—DH/2kT) with DH beingthe energy difference between initial and final state. In deriving expression (3) we have chosen a formwhich allows a direct comparison with usual thermodynamics (see ref. [7] for discussion).We have shown [7,9] that the currents can be written in the form of a generalised transport equation,jik = — Mik (mk — mi) (4)where mi is the local chemical potential on site i, and Mik the mobility along the link i-k.mk = —e

pk+a — pk�a — z e pk — 12

+ kT log pk1 — pk .(5)Simplified expressions for the mobility can be derived in some circumstances. In homogeneoussystems, we have directlyMhom

(p) = p (1—p)kT exp (— kzp)(6)while close enough to equilibrium where the condition mi @ 0 holds, we can define a local mobility;the one which can be introduced in the generalised Cahn-Hilliard equation describing the kinetics ofthe system. To first order in the chemical potential,Mloc(pi) = w0 e—ze/2kTkT

1 — pi2(7)Eq.7 is equivalent to eq.6 in a homogeneous system at equilibrium.Dendritic growth and interface dynamicsAfter a quench in the unstable region of the phase diagram (which is here the phase diagram of asimple binary system in a mean field approximation), we observe phase separation, while in themetastable region, a supercritical germ of one phase (a, with pA>pB) imbedded in a supersaturatedbath of the other phase (b, with pB>pA) grows. In the linear approximation, the concentration pb justin front of the growing interface is such that, pb — peqbDp = d(q) K + b0(q) v .(8)where peqb is the bulk equilibrium value of the b phase, Dp the equilibrium miscibility gap, d(q) theorientation dependent capillary length, K the total curvature, v the normal velocity of the interface, andbo(q) the orientation dependent kinetic coefficient.If the initial conditions correspond to a rough surface where the first layer is formed of randomly occupied sites, the growth presents chaotic structures shown in the opposite figure. No other noise is added. The directions of easier growth is along the (11) directions.Fig.1. Growth from a rough interface on a 150·80 square lattice at T = 0.1Tc; the concentration far from thesubstrate is fixed at p¥ = 0.02Numerical simulations of eqns 2 and 4 lead to structures shown in figures 1, 2a and 2b. In figure2 the effect of the lattice anisotropy is reflected in the fourfold symmetry of the patterns.In the numerical experiments a germ is placed in the center of a 200·200 square lattice and theconcentration is maintained fixed p¥ = 0.02 on a large circle, the temperature is fixed at T = 0.1Tc. Infigure 2a, no noise is added, while a conservative Langevin noise term is superposed to the kineticequation in figure 2b. Sidebranches develop from the tips of the four branches, as expected.We have studied with some details the characteristics of the interface. An example of the shapeof a plane interface moving at velocity v = a wo v is shown in figure 3. To find the interface profile wehave solved the continuous approximation of eqns 2 and 4. The following results have been obtained[9]: In the lowest order approximation, the equilibrium (planar) profile takes the form,

Fig. 2. a) Fourfold �snowflake� grown on a 200·200 square lattice at T = 0.1Tc; concentration is fixed at p¥ =0.02 on a large circle. b) the same conditions but now a conservative Langevin noise has been added:sidebranches develop.p0

(x) = 12

— Dp2 tanh x2x0 ,(9)where Dp is the miscibility gap, and xo

= a e ceq the interface thickness. ceq = c(peq), where c(p)is the susceptibility defined by,c

(p) = p (1 — p)kT — ze p 1 — p ,

-10-505101520

u = x — vt

0.20.40.60.81p

p = 0.8v = 10eq-3

Equilibrium profilea

region Iregion IIregion III~Fig.3. Stationary interface shape for T = 0.86Tc and dimensionless velocity

v = 10—3, obtained from thecontinuum treatment. The broken line is the equilibrium profile.a)

-80-70-60-50-40-30-20-1000.50.60.70.80.91theory

(11)(10)kT—13.360

—13.7

—9.83

0.500

—12.045

—12.929

—12.157

0.728

—19.569

—20.428

—20.031

0.866

—42.967—44.703

—44.438

0.944

T / Tcpa1 b)01002003004005006000.50.60.70.80.91T / Tcx / x104Fig.4 Parameters of the moving interface : a) Solute trapping

v p1a, the solid line is the continuumapproximation, symbols are values of numerical simulations. Diamonds, (10) direction, circles (11) direction.

Inset : table with some numerical values of p1a. b) Correction v x1 to the interface thickness.When the interface moves at velocity v, the profile is deformed and for a planar interface we find that,in the moving frame (u = x—vt) the new profile is essentially of the form, p(u) = 12

— Dp2 tanh u

2x0 + v x1

+ v p1a

+ v g(u) .(10)We see thati) a constant term p1a is present which corresponds to �solute trapping� . This is the fact that duringthe interface motion, B particles (or vacancies) initially in the b phase (regions III) are trapped inregion I before reaching their equilibrium and cannot diffuse fast enough to return to the b phase. Thesolute trapping correction is shown in figure 4a.ii) the thickness of the interface increases (x = xo +

v x1), and figure 4b shows the behaviour of x1.We have determined analytically the critical behaviour of x1 and obtained a xo4 divergence close to Tc:x1 � C x04 ,(11)The last term, g(u) corresponds to the concentration gradient in region III, which fixes the current at agiven distance from the interface. Finally from the kinetic equations we can determine the kineticcoefficient bo (eq. 8). The graph of bo is represented in figure 5a, while its analytic expression is,b0

= 8kT x0 3 Dp e

—ze2kTe a3 (1+Dp)2

TcT + 11 — Dp

+ p1aDp .(12)Note that bo does not depend on the orientation in the continuum model.

-4-20240.50.60.70.80.91theory

(11)(10)kT1.541.600.500

2.212.612.900.728

3.103.543.680.866

—7.41—0.41

—5.34

0.944b0T / Tca)

00.010.020.030.040.050.060.070.080.50.60.70.80.91T / TcMIb)Fig.5 Symbols as in fig.4. a) Kinetic coefficient bo; b) Interface mobility MI.An interface mobility MI can be defined by v = MI D m where Dm is the chemical potential differencebetween the two sides of the interface. Its graph is represented in figure 5b. Explicitely [6],MI = ceq

/Dp b0 — p1a.(13)The Gibbs-Thomson effect due to the interface curvature K which is characterised by theparameter d(q) in eq.8 can also be easily determined,d(q

) = a2 ceq s0(Dp)2

1 — 15aS cos4q .(14)so is the average surface tension and aS the anisotropy of the surface tension.Surface modes in an ABv modelA second example of the present approach [10] is devoted to spinodal decomposition of adroplet of an unstable ABv mixture of concentrations pA = pB = 0.46464 in the numerical simulation,immersed in a vapor of concentration pA = pB = 0.03536 and a fixed temperature such that b eAA=2.In addition we choose a completely symmetrical phase diagram, by taking eAA=eBB=2eAB.In ABv systems eqns 4 and 5 now become

jik a = — Mik a (mka — mia) (15)where the mobility of species a (=A, B or v) is given by,Mik a = (1—piA—piB)(1—pkA—pkB)(ebmka — ebmia)/(mka — mia) (16)and the local chemical potential of species a by mka = — eaA

pk+a A— pkA�a — eaB pk+a B— pkB�a — z eaA pkA — z eaB pkB

+ kT log pka1 — paA — paB .(17)The chemical potential, and the pressure (negative of the grand potential) are equal in the two phaseswith the present choice of concentrations and temperature. A small amplitude noise is added and themean field equations integrated numerically. Phase separation first develops at the surface andpropagates into the bulk of the droplet with a checkerboard structure. This is shown in figure 6a.The charateristics of surface modes may be determined using a linear stability analysis. In theexample in figure 6a, for instance we found a wavelength of the mode parallel to the surface ly @ 16,while the mode normal to the surface was lx @ 6, with a velocity v @ 5·10—4, all in good agreementwith the numerial simulations.

a) b)Fig. 6 a) Snapshot pictures at t = 22400, 56900, and 79400 (from left to right) of a decomposing droplet on a128·128 lattice. White: vapor, black: A-rich, light grey: B-rich phase, dark grey: mixture. Parameter values asgiven in the text. b) Stripe of unstable material with asymmetric initial concentrations ( pA = 0.56007, pB =0.37338) at ˚˚˚˚˚˚˚˚˚˚˚˚˚beAA˚=˚2 on a 128·128 lattice with periodic boundary conditions; t = 89400 wo—1.The choice of an off critical composition (60:40) is shown in the stripe sample presented infigure 6b. The surface modes still expand, but the first layer is now destabilised and droplets form atthe surface which coarsen very rapidly.Finally we are interested in the parameters which fix the thickness of the surface layer. Itspropagation stops when the bulk decomposition reaches the nonlinear regime. The development ofthe spinodal decomposition in the bulk depends on the initial noise; considering that the growth isexponential before the non linear regime is reached, and comparing the propagation of the bulk andsurface modes, we find for the thickness, d = v (1/wb — 1/ws) ln (d/do)(18)where wb and ws are the growth rates of the fastest growing bulk and surface modes, do the initialnoise strength and d some threshold where nonlinear effects start to limit the growth.We thank W. Dieterich, H.P. Fischer, V. Fleury, M. Kolb, P. Maass and O. Penrose for veryinteresting discussions. M.P. benefitted from a grant by the Minist�re de l�Enseignement Sup�rieur etde la Recherche (MESR). Laboratoire de Physique de la Mati�re Condens�e is URA 1254 to CNRS.References[1]B.Caroli, C.Caroli and B.Roulet, and also Y.Pomeau and M.Ben Amar in �Solids far fromequilibrium�, C.Godr�che ed., collection Alea Saclay, Cambridge University Press (1992).[2]J. W. Cahn and J. E. Hilliard, J. Chem. Phys. 28 (1958), p.258.[3] J. S. Langer, Rev. Mod. Phys. 52 (1980), p.1.[4]D.A. Kessler, J.Koplik and H. Levine, Adv. Phys. 37 (1988), p.255.[5]G. Martin, Phys. Rev. B 41 (1990), p.2279.[6]O. Penrose, J. Stat. Phys. 63 (1990), p.975.[7]J.-F.Gouyet, Europhys.Lett. 21 (1993), p.335.[8]L.Q. Chen and J.A. Simmons, Acta Metall. Mater. 42 ( 1994), p.2943[9]M. Plapp, J.-F. Gouyet, Phys. Rev. E 55 (1997), p.45; 55 (1997), p.5321.

[10]M. Plapp, J.-F. Gouyet, Phys. Rev.Lett. 78 (1997), p.4970.Corresp. author : e-mail : jean-francois.gouyet@polytechnique.fr