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An approximate method for solving the Bloch–Torrey equation by surface integrals is developed. The
method presents a fast means for calculating pulsed-gradient spin-echo nuclear magnetic resonance sig-
nals in porous systems, and it is especially efficient when the surface-to-volume ratio is low. The number
of operations for retrieving echo decays scale as Oðk2Þ, where k is the number of surface elements. The
theory is numerically validated for pulsed-gradient spin-echo sequences on two-dimensional and
three-dimensional examples.
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1. Introduction

Pulsed-gradient spin-echo (PGSE) nuclear magnetic resonance
(NMR) is an experimental method commonly used for studying
molecular diffusion in porous materials [1]. In particular, it has
been successfully applied for extracting quantities such as pore
distributions [2] and surface-to-volume ratio [3]. To interpret the
signals from the experiments, one uses the Bloch–Torrey (BT)
equation [4] that describes the evolution of the transverse magne-
tization due to diffusion in a magnetic field. It is however compu-
tationally challenging to solve the BT equation for porous media,
especially when the gradient pulses cannot be approximated as
infinitely short [5]. Several matrix formalisms that can handle fi-
nite gradient durations have been proposed [6–10]. These methods
employ the eigenfunctions of the Laplace operator and have the
advantage, as described in [9,10], that a moderate number of
eigenfunctions may be sufficient for an accurate signal computa-
tion. However, for large scale models of porous systems, finding
even a moderate number of Laplacian eigenfunctions is in itself a
challenging problem. The commonly used numerical techniques
involve a discretization of the domain that results in a large size
matrix representation of the Laplace operator. The eigenvalues
and eigenfunctions of this matrix are then obtained by iterative
ll rights reserved.

+46 31160062.
rdin).
eigensolvers, where each iteration scales with the total number
of volume elements in the computational domain.

In this paper we transform the Bloch–Torrey equation to a
boundary problem, thus substantially reducing the number of
operations needed, and form an approximate solution by surface
integrals. The approach follows the outline of [11,12], where an
approximation of the first N eigenfunctions and eigenvalues of
the Laplace operator was calculated on the boundaries.
2. Theory

The transverse magnetization of diffusing spins subject to a
time-independent external magnetic field gradient is described
by the Bloch–Torrey equation

@

@t
mðr; tÞ ¼ ðDDþ icgBðrÞÞmðr; tÞ; ð1Þ

where D denotes the Laplace operator, D the self-diffusion coeffi-
cient, c the gyromagnetic ratio, g the gradient strength and BðrÞ
the normalized spatial gradient profile which is assumed to be lin-
ear and directed in the x-direction: BðrÞ ¼ ðex � rÞ ¼ x. For simplicity
the relaxation of the spins is not taken into account. Formally one
can integrate Eq. (1) in time:

mðr; tÞ ¼ exp½�tðDDþ icgBðrÞÞ�m0ðrÞ: ð2Þ

Here m0ðrÞ denotes the initial magnetization which is transformed
by the above evolution operator. Barzykin [9] represented Eq. (2)
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through the eigenbasis of the Laplace operator, i.e. by expanding
over L2-normalized eigenfunctions uk satisfying

DukðrÞ þ kkukðrÞ ¼ 0 ðr 2 XÞ;
D @

@nþ j
� �

ukðrÞ ¼ 0 ðr 2 CÞ;

(
ð3Þ

where X denotes the pore volume and C the internal surface of
the porous material. The corresponding eigenvalues are denoted
by kk and @=@n denote the normal derivative (pointing outwards
from the confining domain). The boundary condition on the sur-
face C may also include the surface relaxation j. This approach
leads to a formal solution for a standard PGSE sequence with
rectangular gradient pulses of duration d separated by diffusion
time t

mðr; tÞ ¼
X
n;k

ukðrÞWk;n

Z
X

dr0unðr0Þm0ðr0Þ;

W ¼ e�dðDK�icgBÞe�tDKe�dðDKþicgBÞ;

ð4Þ

where the matrices K and B are defined as Knm ¼ dnmkn and

Bnm ¼
Z

X
drunðrÞBðrÞumðrÞ: ð5Þ

The matrices K and B in Eq. (4) can often be truncated to relatively
small N � N matrices since the eigenvalues of the Laplace operator
grow rapidly yielding an exponential decay of the error with N. The
truncated solution is valid down to some smallest time scale and
arbitrary refinement can be made by increasing the size of matrices.
Since the evolution of the magnetization is calculated from m0ðrÞ to
mðr; tÞ, each change of the gradient and diffusion time can be imple-
mented through a chain-like matrix product, providing solutions for
a variety of pulse sequences [10].1

Although the approach by Barzykin [9]) provides a practical
way of solving the Bloch–Torrey equation, one crucial remaining
question is how to obtain the N first eigenfunctions and eigen-
values to the Laplace operator in a prescribed confined geometry.
This is in itself a challenging problem when the domains are com-
plex and require fine resolution. Here, we suggest to use the mixed
basis method [12]. In a nutshell, the method relies on a small set of
basis functions which capture the most relevant part of the low
frequency spectrum of the Laplace operator in a confined geome-
try. The basis consists of two sets of functions: Fourier functions
with wave numbers q fjqigN

q¼1, mimicking the free diffusion behav-
ior,2 and surface functions fjsigM

s¼1 capturing the influence of the
boundaries. The surface functions are chosen to be dipole potentials
from sources at the boundaries C

jsi ¼
Z

C

rsðr0Þnðr0Þ
jjr� r0jj2

dr0; ð6Þ

where nðr0Þ denotes the (outward) surface normal at point
r0 2 C and r denotes the charge distribution. Using dipoles to
model Neumann conditions at the boundaries is a standard
approach (see e.g. [13]), which motivates the choice of the di-
pole potentials. The mixed basis can express an approximate
solution of Eq. (2) and, importantly, be formed only on the
boundaries C. The new matrices K̂ and B̂ are expressed in
the mixed basis as
1 In this context, an alternative matrix formalism developed in [6,7] deserves some
comments. This approach is similar ours, in the sense that the evolution of the
magnetization is represented in a chain-product and the magnetization at the end of
the sequence is found by multiplying matrix exponents. An important difference is
that the alternative formalism discretizes the time interval in short steps s that
requires huge matrices, making it impractical for other than systems with analytically
known propagators.

2 A more precise notation is jqx ; qy; qzi. This is avoided for readability but should be
kept in mind.
K̂nm ¼ hnjDjmi;
B̂nm ¼ hnjBðrÞjmi;

ð7Þ

where jni; jmi 2 fjqigN
q¼1 [ fjsig

M
s¼1. An expression for the matrix K̂

through surface integrals was suggested in [12] (where it is referred
to as a perturbation matrix). The focus of this paper is the matrix B̂,
describing the gradient term. This matrix consists of three types of
scalar products, namely the Fourier–Fourier, the surface–Fourier
and the surface–surface terms. We now show how these terms
can be calculated through surface integrals.

(i) The Fourier–Fourier terms describe the free diffusion interac-
tion with the gradient and can be calculated analytically. For
example, in the case of Dirichlet boundary conditions on the
exterior boundary of the computational domain (a cube of size
L), the ‘‘free’’ diffusion is described by (normalized) sine
functions,
jqi ¼ ð2=LÞ3=2 sinðqxpx=LÞ sinðqypy=LÞ sinðqzpz=LÞ:
The scalar products (in three dimensions) with the gradient can be
integrated directly
hqjxjq0i ¼ dqyq0y dqzq0z L�
16ð�1þð�1Þqxþq0x Þqxq0x

p2ðq2
x�q02x Þ

if qx – q0x;
2 if qx ¼ q0x:

(
ð8Þ
(ii) The surface–Fourier terms can be reduced to surface integrals
using the commutator relations
½D; x� ¼ 2
@

@x
; ½D; @

@x
� ¼ 0: ð9Þ
Using Djqi ¼ �kqjqi with kq ¼ p2ðq2
x þ q2

y þ q2
z Þ=L2, one gets
hqjxjsi ¼ hsjxjqi

¼ 1
kq
hrsjxjqi þ

2
k2

q

hrsjq0i � hsj½D;
@

@x
�jqi

� �
: ð10Þ
The last commutator relation is still kept in Eq. (10) as a remin-
der that the above commutator relations are exact only for the
Laplace operator without exterior boundary conditions. Hence,
in an implementation care must be taken at these points. Three
suggestions to solve this issue are: (1) to approximate the
potentials jsi to be zero at the exterior boundaries; (2) to solve
the potentials also at the exterior points; or (3) to expand the
derivative in the eigenspace of the Laplace operator. For this
study we chose the last option since (1) require a large distance
from the interior boundary to the exterior boundary to reduce
the error, (2) require an efficient implementation for solving
the boundaries and (3) is a direct (although probably not the
most computationally efficient) way to obtain a good
approximation.

(iii) Finally, the surface-surface products are calculated in the
following way
hsjxjs0i ¼
Z

xdr
Z

C

rsðr0Þnðr0Þ
jjr� r0jj2

dr0
Z

C

rs0ðr00Þnðr00Þ
jjr� r00jj2

dr00; ð11Þ

¼
Z

C

Z
C
rsðr0ÞNgðr0; r00Þrsðr0Þdr0dr00;
where the last line is obtained by exchanging the order of
integrations and introducing a kernel Ngðr; r0Þ. The kernel
Ngðr; r0Þ can be calculated analytically for the case of Neumann
boundary conditions, where the source distribution rsðrÞ is
formed by dipoles. This is done by integrating the product of
two dipole-potentials located at r and r0, weighted by the gra-
dient g:



(a)

(b)

Fig. 1. Two domains used to validate the theory. (a) A two-dimensional heteroge-
neous domain which consists of a grid of 200� 200 points. The spins are located in
the white regions, separated from the black regions by reflecting boundaries with
Neumann boundary condition. Periodic boundary conditions were set on the
exterior boundary of the computational box. The red line indicates the diffusional
length during the gradient pulse, l ¼ 2

ffiffiffiffiffiffi
Dd
p

. (b) A three-dimensional domain, in
which a plate of width w with Neumann boundary condition is located in the center
of the computational box of width L. Dirichlet boundary condition was set on the
exterior boundary of the computational box. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Ngðr; r0Þ ¼
Z

dr00ðg � r00Þ nðrÞ
jjr00 � rjj2

nðr0Þ
jjr00 � r0jj2

¼ p½g� âðr; r0Þ� � ½nðrÞ � nðr0Þ� � pg � âðr; r0Þ ½nðrÞ � nðr0Þð
�:�½nðrÞ � âðr; r0Þ�½nðr0Þ � âðr; r0Þ�Þ; ð12Þ
Fig. 2. Spin-echo decays for the two-dimensional domain shown in Fig. 1a. The
spin-echo decays were calculated using Eq. (4) for t ¼ 0 (blue line) and t ¼ 1 (red
line) using approximate eigenfunctions in the mixed basis [12]. The signals were
validated with the full diagonalization of the Laplace operator obtained by a finite
difference approximation, with t ¼ 0 (circles) and t ¼ 1 (triangles). The signals are
plotted against d� ¼ cgdL3=ðD2pÞ where L is the computational box side length.
where âðr; r0Þ ¼ r�r0
jjr�r0 jj is the directional (unit) vector between r and

r0.

It should be noted that most calculations scale linearly with the
number of surface elements, OðkÞ. The exception is the surface–
surface integrals in Eq. (11) which, due to the double integral, re-
quire Oðk2Þ operations. It is thus worth to analyze Eq. (12) and to
find means of reducing this calculation to a linear number of oper-
ations. Possible directions could be to find an eigenspace of the
kernel Ng or in using multipole expansions, but we did not yet ex-
plore these options.

By using the new matrices from Eq. (7), the magnetization for
the PGSE sequence is expressed in the mixed basis as

mðr; tÞ ¼
X
n;k

jkiWk;nhnjm0ðrÞi;

Wk;n ¼ e�dðDK̂�icgB̂Þe�tDK̂e�dðDK̂þicgB̂Þ;

ð13Þ

where both sums run over both Fourier and surface modes. From
this relation, the magnetization can be written in a concise form:
mðr; tÞ ¼
XN

q¼1

aqjqi þ
XM

s¼1

asjsi; ð14Þ

with explicit formulas for the weights aq and bq.
3. Results

In the first example, we consider the domain shown in Fig. 1a,
where the diffusing spins are located in the white areas (domain
X) and the Neumann boundary condition was imposed at the
boundary C that separates white and black regions. The domain
is discrete and consists of 200� 200 grid points. Periodic boundary
conditions were used on the computational domain (exterior box
of length L). The diffusion length during the gradient pulse,
l ¼ 2

ffiffiffiffiffiffi
Dd
p

, is marked on the figure by a red line. In Fig. 2, two
spin-echo decays are shown for two diffusion times t between
the gradient pulses: t ¼ 0 (blue line) and t ¼ 1 (red line). The sig-
nals were calculated according to Eq. (4) but instead of using exact
eigenfunctions of the Laplace operator, approximate eigenfunc-
tions in the mixed basis (see [11,12] for details) were used. This ap-
proach was validated by a full diagonalization of the discrete
Laplace operator, formed by a finite difference approximation of
the grid size (signals shown by circles and triangles for t ¼ 0 and
t ¼ 1, respectively). In contrast to the mixed basis approach, the
full diagonalization was performed in the volume and therefore re-
quired a discretization of the whole computational domain.

The second example explores the continued reformulation of
the spin-echo decay in the mixed basis, where the PGSE signals
were calculated through Eq. (13) by using only surface integrals.
For this purpose, a three-dimensional example is considered,
where the domain consists of an infinitely thin square shaped plate
of width w centered in a computational box of length L (see
Fig. 1b). Neumann boundary condition was imposed on the plate
and Dirichlet boundary conditions was set on the exterior bound-
ary of the computational domain (Fig. 3). The gradient was applied
perpendicular to the plate so that all terms in Eq. (12) are zero. The
calculations of the approximate eigenfunctions and eigenvalues
(the matrix K̂) took less than one second on a standard laptop com-
puter and the calculation of the matrix exponent in Eq. (13) took in
total 42 s for two hundred gradient points. Reference signals were
calculated by Monte Carlo simulations, with about 107 trajectories



Fig. 3. Spin-echo decays calculated using Eq. (13) for the plate shown in Fig. 1b of
width w for a PGSE sequence, with: d ¼ 1000;w ¼ 0:16L (blue solid line),
d ¼ 1000;w ¼ 0:32L (red solid line), d ¼ 500;w ¼ 0:16L (green solid line), and
d ¼ 500;w ¼ 0:32L (black solid line). Monte Carlo simulations are shown respec-
tively by squares (w ¼ 0:16L) and triangles (w ¼ 0:32L). The accuracy of the
approximation (13) is expected to decrease as d becomes small enough due to the
truncation of the eigenfunction expansion [the finite sizes of the matrices K̂ and B̂
in Eq. (13)]. The number of Fourier modes was set to N ¼ 200 and the number of
surface functions to M ¼ 10. The signals computed through the matrix formalism
and by Monte Carlo simulations agree well. The signals are plotted against
q ¼ cgd=ð2pÞ.
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contributed to each NMR signal, resulting in signals with an error
less than 10�3.

4. Discussion

The mixed basis approach provides an interesting combination
of computational efficiency and analytical representation. The rel-
ative error of the approximate eigenvalues is typically in the order
of 10�5—10�2, and thus spin-echo decays of subpercent accuracy in
complex geometries can be obtained efficiently. The ‘‘interaction’’
of the gradient with the approximate description of the bound-
aries, Eqs. (10, 11), reveals some interesting features. For example,
Eq. (10) shows how the solution for free diffusion (the q-vectors)
influences the surfaces via the gradient and Eq. (11) shows how
the curvature of the boundaries responds to the applied gradient.

We add a few remarks on the computational aspects. The calcu-
lations presented above are all performed in OðkÞ operations, with
the exception of the inner products in Eq. (11) that require Oðk2Þ
operations. To form the jsi-functions, an effective solver for Pois-
son’s equation is needed. There exist such solvers that can perform
in Oðk log kÞ operations (k being the number of surface elements),
e.g. Fast Multipole Methods [14]. This improvement has not yet
been implemented in our method.

Finally, although the method is presented for a rectangular
PGSE sequence, it is straight forward to model general pulse se-
quences as each matrix exponent describes the magnetization evo-
lution from a given initial state [10].

5. Conclusions

An approximate surface integrals formulation for solving the
Bloch–Torrey equations was presented. This formulation splits
the diffusive behavior into free diffusion and a surface contribution
which is represented by a mixed basis. The echo decay is calculated
using these two contributions as well as their cross-terms. The
method was shown to be fast and efficient. Validation for PGSE se-
quences was shown for two-dimensional and three-dimensional
examples. The approach might also cast light on theoretical aspects
of diffusion NMR in porous media as the individual element-wise
contribution from each surface element is analytical.
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