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We present an analytical solution of the one-dimensional Bloch–Torrey equation for diffusion across mul-
tiple semi-permeable barrier. This solution generalizes the seminal work by Stoller, Happer, and Dyson, in
which the non-Gaussian stretched-exponential behavior of the pulsed-gradient spin-echo (PGSE) signal
was first predicted at high gradients in the so-called localization regime. We investigate how the diffusive
exchange across a semi-permeable barrier modifies this asymptotic behavior, and explore the transition
between the localization regime at low permeability and the Gaussian regime at high permeability. High
gradients are suitable to spatially localize the contribution of the nuclei near the barrier and to enhance
the sensitivity of the PGSE signal to the barrier permeability. The emergence of the localization regime for
three-dimensional domains is discussed.

� 2014 Elsevier Inc. All rights reserved.
1. Introduction

Diffusion magnetic resonance imaging (dMRI) is a broadly
applied non-invasive technique to study anatomical, physiological,
and functional properties of biological tissues such as brain, skin,
lungs, bones [1–6]. Since cells are separated from the extra-cellular
space by semi-permeable cellular membranes, a reliable interpre-
tation of dMRI signals requires accounting for water exchange
across these barriers. Numerous works have been devoted to water
exchange and aimed to estimate the permeability of cellular mem-
branes [7–39] (see an overview and extended bibliography in [40]).

In most approaches, the dMRI signal is measured (or computed)
at relatively small diffusion-encoding gradients g or b-values
(b / g2) at which the cumulant expansion of the signal can be trun-
cated after the second-order term in the gradient: S ’ expð�bDaÞ.
The estimated effective (or apparent) diffusion coefficient Da can
in turn be related to the permeability. This second-order approxi-
mation (known also as the Gaussian phase approximation), fails
at high gradients [3,41,42]. Many models have been proposed to
remedy this failure and to get a simple fitting formula for the dMRI
signal in an extended range of applied gradients: kurtosis model
based on the cumulant expansion [43,44] and phenomenological
models such as bi-exponential model [45–49], stretched-exponen-
tial model [50,51], and distributed models [52,53]. These models
start from the Gaussian dMRI signal and modify it in a convenient
way. For instance, two Gaussian signals are superimposed in the
bi-exponential model, while the next-order term of the cumulant
expansion is included in the kurtosis model. Although these mod-
els are often successful in fitting experimental data on a broader
range of gradients, none of them has addressed the theoretical
question how the dMRI signal is indeed modified at high gradients.

In the seminal paper, Stoller, Happer, and Dyson predicted the
emergence of the so-called localization regime at high gradients
[54]. Since the motion of the nuclei near an impermeable boundary
is more restricted, their local transverse magnetization is less atten-
uated, as compared to the bulk magnetization. This effect, known as
diffusive edge enhancement, has been observed experimentally
[55] (see also [56]). Stoller et al. provided a non-perturbative analy-
sis of the one-dimensional Bloch–Torrey equation and obtained
non-Gaussian asymptotic behavior of the dMRI signal at high gradi-
ents: ln SðgÞ / g2=3, in sharp contrast to the usual Gaussian form
ln SðgÞ / g2 [54]. Moreover, de Swiet and Sen extended this non-
Gaussian behavior to generic geometrical restrictions [57] while
Hürlimann and co-workers have confirmed these theoretical pre-
dictions experimentally [58] (see reviews [3,59] for details).

In the present work, we extend the concept of the transverse
magnetization localization to semi-permeable barriers. Applying
high gradients, one can eliminate the contribution from bulk diffu-
sion in order to enhance the relative contribution of the signal
coming uniquely from the nuclei near the barriers. In other words,
high gradients may serve as efficient ‘‘contrast agents’’ to enhance
interfaces. Moreover, the signal attenuation becomes very sensitive
to the permeability, as faster exchange yields much stronger signal
attenuation. The idea of removing the bulk water contribution
from the signal has been earlier suggested by Äslund et al. by
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adding a ‘‘diffusion filter’’: a preliminary pulsed-gradient spin-echo
(PGSE) block that selectively removes the transverse magnetiza-
tion of the extracellular water [34]. In the earlier paper [40], we
also explored the idea of enhancing the contribution from a
semi-permeable barrier under the narrow pulse approximation
(NPA) when the PGSE signal could be related to the diffusion prop-
agator. In particular, we showed that the contribution from the
barrier can be enhanced by adaptively changing the gradient inten-
sity with the diffusion time. Here, we relax the limitations of the
NPA and provide the exact non-perturbative solution of the
one-dimensional Bloch–Torrey equation in the presence of a
semi-permeable barrier. We derive then an explicit asymptotic
behavior of the PGSE signal and show that this analysis is also
applicable to multiple well-separated barriers. The derived formu-
las can potentially be used for fitting experimental signals and thus
estimating the permeability. Varying diffusive exchange, one can
explore the transition between non-Gaussian localization regime
at low permeability and Gaussian regime at high permeability. In
this way, one can better understand the mechanisms of the trans-
verse magnetization localization near barriers, the failure of the
Gaussian phase approximation, and the role of diffusive exchange
across the barriers. The validity of the localization regime for
three-dimensional domains is also discussed.

The paper is organized as follows. In Section 2, we formulate the
one-dimensional Bloch–Torrey equation in the presence of a single
semi-permeable barrier and present its rigorous solution, for both
free induction decay (FID) and PGSE sequence. In particular, we
establish the localization of the transverse magnetization near
the barrier and retrieve the long-time asymptotic behavior:
ln SðgÞ / g2=3, with the proportionality factor depending on the
permeability. In Section 3, we illustrate theoretical results and dis-
cuss their advantages, limitations, and applications: characteristic
scales, localization of the transverse magnetization, transition from
Gaussian to stretched-exponential behavior, higher sensitivity of
the PGSE signal to permeability at high gradients, danger of phe-
nomenological models, the effect of multiple barriers, and the
validity of the localization regime for three-dimensional domains.
At the end of Section 3, we summarize the conditions under which
the localization regime emerges, its relevance for dMRI, and the
related mathematical and physical challenges. Most mathematical
details are moved to Supplementary Materials (SM) which contain
a didactic derivation of the analytical (non-perturbative) solution
for a single semi-permeable barrier, an extension to an arbitrary
configuration of multiple barriers, and summary of numerical
aspects [60].

2. Theory

In this section, we formulate consider the one-dimensional
Bloch–Torrey equation for a single semi-permeable barrier (Section
2.1), discuss its analytical (non-perturbative) solution (Section 2.2),
and establish the exact spectral form of the PGSE signal and its non-
Gaussian stretched-exponential asymptotic behavior at long times
(Section 2.3). This section presents only the main steps and summa-
rizes major results while mathematical details are provided in SM
[60]. A reader who is less interested in theoretical background,
may skip this section and move directly to discussions in Section 3.

2.1. Bloch–Torrey equation

Following Stoller, Happer, and Dyson, we consider the one-
dimensional Bloch–Torrey equation [61]:

@

@t
MtðxjgÞ ¼ D

@2

@x2 þ icgf ðtÞx
 !

MtðxjgÞ; ð1Þ
where MtðxjgÞ is the (complex-valued) transverse magnetization, D
is the (self-)diffusion coefficient, c the gyromagnetic ratio (e.g.,
c ¼ 2:675 � 108 rad/s/T for water protons), and g and f ðtÞ are the
strength and normalized temporal profile of the applied magnetic
field gradient. The time-independent gradient (with f ðtÞ � 1)
describes free induction decay (FID), while a standard PGSE
sequence with two rectangular gradient pulses of opposite signs
is given by

f ðtÞ ¼
1 0 < t < d;

�1 D < t < Dþ d;

0 otherwise;

8><
>: ð2Þ

where d is the duration of pulses, and D is the diffusion time
between the starting of each pulse. We first focus on the time-
independent gradient (f ðtÞ � 1) and then extend results to the PGSE
sequence.

The Bloch–Torrey Eq. (1) describes the evolution of the trans-
verse magnetization MtðxjgÞ from an initial state, M0ðxjgÞ ¼ qðxÞ,
which is often considered to be uniform over the voxel after the
exciting 90� rf pulse. The first term in the right-hand side of Eq.
(1) describes diffusion of the nuclei, while the second term incor-
porates their dephasing due to the gradient (note that the second
term is often written with the negative sign; here, we keep Stoller’s
notation for convenience, given that the sign does not affect the
results for spin echoes). Throughout the paper, we ignore the T�2
relaxation caused by molecular interactions (spin–spin relaxation)
and local magnetic field non-uniformities. If this relaxation is
homogeneous, its contribution e�t=T�2 can be factored out and
ignored by considering the signal attenuation from a reference sig-
nal (without applied gradient).

Although the uniform excitation over the voxel is experimen-
tally performed, it is instructive to consider the transverse magne-
tization produced by the nuclei started from a fixed source point y.
The resulting transverse magnetization for time-independent gra-
dient is called the propagator, Gðx; y; tjgÞ, or the Green’s function
of the Bloch–Torrey equation:

@

@t
Gðx; y; tjgÞ ¼ D

@2

@x2 þ icgx

 !
Gðx; y; tjgÞ; ð3Þ

with the initial condition

Gðx; y; t ¼ 0jgÞ ¼ dðx� yÞ; ð4Þ

where dðxÞ is the Dirac distribution. From the propagator, the trans-
verse magnetization MtðxjgÞ is obtained by integrating Gðx; y; tjgÞ
over y with the prescribed initial density, while the FID is given
by the second integral over x with the voxel pick-up function.

For unrestricted diffusion, the propagator G0ðx; y; tjgÞ is well
known [54]

G0ðx; y; tjgÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
4pDt
p

� exp �ðx� yÞ2

4Dt
þ icgt

xþ y
2
� Dc2g2t3

12

 !
: ð5Þ

Note that Eq. (5) reduces to the standard Gaussian propagator at
g ¼ 0. No other exact explicit solution is available, even for the
one-dimensional problem over the semi-axis (with a single end-
point). For this reason, most of earlier theoretical investigations
relied either on the Gaussian phase approximation (that relates
the PGSE signal to the second moment of dephasing), or on the nar-
row pulse approximati[40]on (that relates the PGSE signal to a
purely diffusive propagator by choosing specific gradient profile)
[3]. The seminal work by Stoller et al. [54] presents a notable excep-
tion, in which the propagator was derived for one-dimensional
domains with one or two reflecting endpoints (see SM [60]).
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We extend the non-perturbative analysis to the whole line
with a single semi-permeable barrier at the origin that separates
the positive and negative semi-axes. Two boundary conditions at
the barrier represent the flux conservation across the barrier,
and the drop of transverse magnetization due to permeation
through the barrier:

D
@

@x
Gðx; y; tjgÞ

� �
jx¼0þ

¼ D
@

@x
Gðx; y; tjgÞ

� �
jx¼0�

¼ j Gð0�; y; tjgÞ � Gð0þ; y; tjgÞ
� �

; ð6Þ

where the approaches to the barrier (x ¼ 0) from the negative and
from the positive axes are distinguished explicitly by 0�. Here j is
the permeability, and the same diffusion coefficient D is taken on
the positive and negative semi-axes (one can also derive results
for different diffusion coefficients, see SM [60]). The limiting case
j ¼ 0 describes two isolated compartments (with zero diffusive
flux at x ¼ 0). The opposite limit of infinitely permeable barrier,
j ¼ 1, corresponds to absence of a barrier and implies the
continuity of the propagator Gðx; y; tjgÞ at x ¼ 0 : Gð0�; y; tjgÞ ¼
Gð0þ; y; tjgÞ. In intermediate cases (0 < j <1), the propagator
exhibits a discontinuity at the barrier due to its ‘‘resistance’’ to
exchange.

2.2. Exact (non-perturbative) solution

Following Ref. [54], we derive in SM [60] the exact representa-
tion of the propagator Gðx; y; tjgÞ satisfying the Bloch–Torrey
Eq. (3), the initial condition (4), and the boundary conditions (6).
For x > 0 and y > 0, one gets

Gðx; y; tjgÞ ¼ k
X1

n¼�1
cn expðDk2tsnÞ

Aiðe�2pi=3ðikx� snÞÞAiðe�2pi=3ðiky� snÞÞ; ð7Þ

where AiðzÞ is the Airy function,

‘g ¼ ðcg=DÞ�1=3
; k ¼ 1=‘g ¼ ðcg=DÞ1=3 ð8Þ

are the gradient length and its inverse, cn are dimensionless coeffi-
cients for which explicit formulas are derived in SM [60] (similar
expansions are applicable for both positive and negative x and y).
In Eq. (7), sn are the (complex-valued) poles of the Laplace-
transformed Green’s function of the Bloch–Torrey equation. These
poles satisfy the equation

f ðsÞ þ h ¼ 0; ð9Þ

with

h ¼ j
Dk
¼ j

D2=3ðcgÞ1=3 ; ð10Þ

and

f ðsÞ ¼ 2pAi0ð�e�2pi=3sÞAi0ð�e2pi=3sÞ; ð11Þ

where Ai0ðzÞ is the derivative of the Airy function. For convenience,
we associate complex conjugate pairs of solutions as s�n ¼ s�n. As
discussed below, the real part of sn is negative so that there is no
minus sign in the exponential function in Eq. (7).

Several comments are in order:

(i) The propagator in Eq. (7) depends on four dimensionless
parameters: starting and arrival positions yk and xk, time
Dk2t, and permeability h ¼ j=ðDkÞ, with the inverse gradient
length k from Eq. (8). While the first three parameters are
obtained just by rescaling y; x and t by characteristic length
and time scales, the last parameter h determines implicitly
all spectral properties, as discussed below.
(ii) The spatial dependence of the propagator enters through the
Airy functions which rapidly decay as jxj or jyj become large
compared to the gradient length ‘g because [62]
AiðzÞ 	
exp � 2

3 z3=2
� �

2
ffiffiffiffi
p
p

z1=4
ðj arg zj < p; jzj 
 1Þ: ð12Þ

As a consequence, the contribution from distant source
points (i.e., when jyj 
 ‘g) is negligible. This is precisely the
effect of localization of the transverse magnetization near
the barrier when only the nuclei around the barrier (within
a distance ‘g) do contribute to the signal at high gradients.
This localization effect disappears at small gradients at which
‘g becomes large. In turn, higher gradients reduce the gradi-
ent length ‘g and thus allow for a better spatial localization
of the barriers.
At the same time, the nuclei far from the barrier do not ‘‘feel’’
its presence so that one expects

Gðx; y; tjgÞ � G0ðx; y; tjgÞ; ð13Þ

for jxj 

ffiffiffiffiffiffi
Dt
p

or jyj 

ffiffiffiffiffiffi
Dt
p

, where the propagator G0ðx; y; tjgÞ
for unrestricted diffusion is given by Eq. (5). This property
illustrates challenges in the analysis of series representations
such as Eq. (7). In fact, although each Airy function in the ser-
ies exhibits the asymptotic behavior (12), the whole series
may decay differently. Note that the arguments of Airy func-
tions are complex so that the asymptotic relation (12) may
also represent a rapid growth in some regions of the complex
plane.
(iii) All poles sn have strictly negative real part, i.e., Refsng < 0, so
that each term in Eq. (7) exhibits exponential decay with
time t. Introducing the gradient time as
sg ¼ 1=ðDk2Þ ¼ D�1=3ðcgÞ�2=3
; ð14Þ

one can define the long-time limit as t 
 sg when the asymp-
totic behavior of the propagator is dominated by two com-
plex conjugate terms with the smallest decay rate jRefs1gj
(for indices n ¼ 1 and n ¼ �1). As a consequence, the propa-
gator exponentially decays with time, in sharp contrast to the
free propagator in Eq. (5), whose temporal decay is much fas-
ter: 	 expð�const t3Þ. On the contrary, the analysis of the
short-time behavior of the propagator involves (infinitely)
many terms in the series (7). In a first approximation, the
short-time behavior is similar to that of the propagator
G0ðx; y; tjgÞ for unrestricted diffusion.
(iv) The propagator exhibits a complicated dependence on the
gradient strength g which enters through k;h (and thus sn),
and cn. For large g (or k), the major dependence comes from
the exponential factor expðDk2ts1Þ. In the opposite limit of
small g (i.e., k! 0), (infinitely) many terms in the series
(7) do contribute. The formal derivation of this asymptotic
behavior requires a substantial analysis while the limit
Gðx; y; tj0Þ at g ¼ 0 can be found independently, for purely
diffusive problem:
Gðx;y;tj0Þ¼
exp �ðx�yÞ2

4Dt

	 

þexp �ðxþyÞ2

4Dt

	 

ffiffiffiffiffiffiffiffiffiffiffiffi
4pDt
p

�j
D

exp
2j
D
ðyþxþ2jtÞ

� �
erfc

yþxþ4jt

2
ffiffiffiffiffiffi
Dt
p

� �
;

Gðx;y;tj0Þ¼j
D

exp
2j
D
ðy�xþ2jtÞ

� �
erfc

y�xþ4jt

2
ffiffiffiffiffiffi
Dt
p

� �
; ð15Þ

where erfcðzÞ is the complementary error function, and the
first (resp., second) relation corresponds to x > 0 (resp.
x < 0). These expressions are valid for y > 0, while their
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extension to y < 0 is straightforward: Gð�x;�y; tj0Þ ¼
Gðx; y; tj0Þ.
(v) The permeability j defines in Eq. (10) the dimensionless
parameter h and thus determines the poles sn. In particular,
the decay rate jRefs1gj of the propagator in the long-time
limit is sensitive to the permeability and can thus potentially
be used to estimate this quantity. Fig. 1 shows the depen-
dence of the real part of the first three poles sn on h. For
small h, one gets (see SM [60]):
sn ¼ �e2pi=3a0n þ
epi=6

a0n
hþ Oðh2Þ; ð16Þ

where a0n are the (tabulated) zeros of Ai0ðzÞ : a01 � �1:0188;
a02 � �3:2482, etc. In particular, one has �Refs1g � 0:51þ
0:85h; �Refs2g � 1:62þ 0:27h, etc. This asymptotic relation
is illustrated in Fig. 1 by crosses.
At large h, the real part of sn logarithmically diverges to �1.
In a first approximation, one obtains (see SM [60])

Refsng ’ �
3
4

ln h
� �2=3

: ð17Þ

This relation, which is shown by circles in Fig. 1, is asymptot-
ically the same for all poles. Note that the limit g ! 0 for-
mally corresponds to h!1 for any nonzero permeability
j. Although the poles sn diverge logarithmically as g ! 0,
the propagator reaches the well defined limit (15).
As discussed below, the imaginary parts of sn are not relevant
for the signal attenuation but may be responsible for its oscil-
lating features.
2.3. PGSE signal

Knowing the spectral representation (7), one can compute the
spin-echo propagator for any PGSE sequence with a piecewise
constant gradient as convolution of multiple constant-gradient
propagators Gðx; y; tjgÞ. The integral of the resulting spin-echo
propagator with the initial density qðyÞ over y yields the transverse
magnetization, while the second integral with the voxel pick-up
function ~qðxÞ over x gives the PGSE signal (see SM [60] for details).
For instance, for a standard Stejskal–Tanner PGSE sequence from
Eq. (2) with two rectangular gradient pulses of duration d, sepa-
rated by the diffusion time D, the PGSE signal can be formally writ-
ten as

SðgÞ ¼ k�1
X1

n;n0¼�1
CS

n;n0 ðD� dÞ expðDk2ðsn þ s�n0 ÞdÞ; ð18Þ
0−3 10−2 10−1 100 101 102 103

h

−Re(s1)
−Re(s2)
−Re(s3)

he real part of the first three poles sn satisfying f ðsnÞ þ h ¼ 0, as functions of
mall-h approximation (16) is shown by crosses while the large-h asymptotic

(17) is shown by circles. Small h correspond to low permeabilities and/or
adients.
where the coefficients CS
n;n0 ðD� dÞ depend in D� d, gradient g, and

permeability j (see SM [60]). Although Eq. (18) is exact, its practical
use is limited because of the computational difficulties in getting
many coefficients CS

n;n0 .
In the long-time limit d
 sg , the dominating contribution

comes from four terms n ¼ �1; n0 ¼ �1 with the smallest decay
rate 2jRefs1gj. One retrieves therefore the exponential decay of
the Stejskal–Tanner PGSE signal and its characteristic g2=3 depen-
dence on the gradient strength:
SðgÞ ’ f
q0

ðcg=DÞ1=3 exp �ðcgÞ2=3D1=32djRefs1gj
	 


; ð19Þ
where the prefactor f includes four coefficients CS
�1;�1 which are

reduced to two terms:
q0f ¼ 2CS
1;1ðD� dÞ

þ 2Re CS
1;�1ðD� dÞ exp iðcgÞ2=3D1=32d Imfs1g

	 
n o
; ð20Þ
and q0 characterizes the initial density (e.g., q0 ¼ 1=ð2RÞ for a uni-
form initial density over an interval ½�R;R�). Strictly speaking, the
prefactor f depends on all the parameters: c; g;D; d;j, and even
on the form of the initial density qðyÞ. In the limit h ¼ 0, the coeffi-
cient CS

1;�1 vanishes, yielding f ¼ 2C1;1ðD� dÞ=q0. For instance, for
the particular case of a Hanh echo sequence with D ¼ d and the uni-
form initial density, the numerical value f � 5:8841 was first
reported by Hürlimann et al. [58]. Fig. 2a shows both coefficients
CS

1;1 and CS
1;�1 as functions of the dimensionless permeability h for

the Hanh echo sequence. At small h, the coefficient CS
1;1 is almost

constant while CS
1;�1 is negligible. When h increases, both coeffi-

cients grow, and the relative weight of CS
1;�1 increases that results

in time dependence and oscillating character of f in Eq. (20). These
features are illustrated in Fig. 2b which shows f as a function of g for
three fixed permeabilities. One can see that f is almost constant for
small permeabilities, and it varies slowly with the gradient for lar-
ger permeabilities.

For comparison, we recall the classical Stejskal–Tanner expres-
sion for the PGSE signal attenuation due to unrestricted diffusion
[64]:
S0ðgÞ ¼ e�Dc2g2d2ðD�d=3Þ ¼ e�ðd=sg Þ3ðD=d�1=3Þ: ð21Þ
For large gradients and/or long times, this Gaussian signal decays
much faster than Eq. (19).

We emphasize that the PGSE signal in Eq. (19) is proportional to
the density q0 which is equal to 1=ð2RÞ for the uniform initial dis-
tribution over an interval ½�R;R�. In [40], the PGSE signal under the
narrow pulse approximation was shown to be the sum of the
Gaussian term for unrestricted diffusion and the contribution from
a semi-permeable barrier which was also proportional to the den-
sity 1=ð2RÞ. Here, the Gaussian term is negligible because of too
high gradients so that the barrier contribution strongly dominates.
The rapid decay of the transverse magnetization in distant regions
allows one to extend the above result to multiple well-separated
barriers. If the voxel of size 2R contains n well-separated identical
barriers (with the same permeability), each of them provides the
same contribution to the signal. The total signal is therefore given
by Eq. (19), in which the density q0 is replaced by 1=‘b, where
‘b ¼ 2R=n is the average inter-barrier distance. As a consequence,
the localization regime can potentially be used to estimate this
important parameter.
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3. Discussion

3.1. Characteristic scales

The exact solution (7) of the Bloch–Torrey equation identifies
two characteristic scales: the gradient time sg from Eq. (14) and
the gradient length ‘g from Eq. (8), as first suggested by de Swiet
and Sen [57]. For water diffusion (with D ¼ 2:3 � 10�9 m2/s), sg

[resp., ‘g] varies from 183 ms [resp., 20 lm] at g ¼ 1 mT/m to
1:8 ms [resp., 2 lm] at g ¼ 1000 mT/m, as illustrated in Fig. 3.
One can see that a large gradient variation by three orders of mag-
nitude implies only a tenfold change in the gradient length because
‘g / g�1=3. In turn, the gradient time exhibits stronger variations as
sg / g�2=3.

It is instructive to compare ‘g to three other length scales:

(i) The diffusion length
ffiffiffiffiffiffiffiffiffiffi
2DD
p

varies from 6:8 to 21 microns as
D changes from 10 to 100 ms. This range is comparable to
variations of the gradient length ‘g .

(ii) The permeation length D=j varies from two millimeters at
j ¼ 10�6 m/s (considered as almost impermeable barrier)
to 23 lm at j ¼ 10�4 m/s (considered as almost fully perme-
able barrier), see discussion about the water permeability for
various biological membranes in [40]. The ratio between the
permeation and gradient lengths defines in Eq. (10) the
dimensionless parameter h which determines the solutions
sn of Eq. (9) and all other spectral parameters. Since the
permeation length remains larger (and typically much lar-
ger) than the gradient length ‘g ;h stays below 1 for a rele-
vant range of gradients.

(iii) The size of cells and extracellular regions can vary from sub-
microns (e.g., the diameter of dendrites) to 10 lm (e.g., the
soma of neurons) and much larger values in plant cells. Since
these sizes are comparable to ‘g , the effects of transverse
magnetization localization near membranes and the conse-
quent non-Gaussian signal attenuation at high gradients
can be relevant for relatively large cells.

The PGSE signal for unrestricted diffusion is often expressed in
terms of the b-value as S0 ¼ e�bD, with b ¼ c2g2d2ðD� d=3Þ for stan-
dard rectangular pulses described by Eq. (2). The b-value can be
expressed through the gradient time as bD ¼ ðd=sgÞ3ðD=d� 1=3Þ,
where the dimensionless factor D=d� 1=3 accounts for the partic-
ular form of this sequence (gradient form or temporal profile). Typ-
ical b-values up to 4000 s/mm2 used for modern brain dMRI [6]
require either long diffusion times D (that would slow down the
overall acquisition protocol) or long gradient pulse duration d or
large gradients (i.e., small sg). For instance, the PGSE sequence with
D ¼ 53 ms, d ¼ 47 ms, and g up to 34 mT/m was used in [63] to get
b-values up to 6800 s/mm2. At this maximal gradient, the gradient
time sg is around 17 ms that makes d threefold larger than sg and
suggests the potential relevance of the localization regime (note
that the PGSE signal for unrestricted diffusion would be extremely
small for these parameters). In what follows, we choose
D ¼ d ¼ 50 ms to illustrate theoretical results. For comparison,
we will also present results for a shorter PGSE sequence with
D ¼ d ¼ 10 ms, in which case much stronger gradients are required
to get significant signal attenuation. Although such gradients are
not currently implemented (or even permitted) on medical equip-
ment, they are available on small-bore scanners.
3.2. Numerical simulations

In spite of the exact character of theoretical results from Section
2, numerical calculation of the PGSE signal through its spectral rep-
resentation (18) is rather tedious (see SM [60] for details). In order
to overcome technical difficulties, we resort to a numerical tool
based on the matrix formalism in which the Bloch–Torrey equation
is projected onto the Laplace operator eigenfunctions and the
resulting linear system of first-order differential equations is trun-
cated and solved in a matrix form [3,65–69]. For this purpose, we
consider an interval ½�L; L� with two reflecting endpoints at �L
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Fig. 4. The absolute value of the normalized transverse magnetization M2DðxjgÞ=M0

at the echo time 2D for an interval ½�L; L� with two reflecting endpoints (thick
vertical lines) and one semi-permeable barrier at the center (dash-dotted vertical
line). The parameters are: D ¼ 2:3 � 10�9 m2/s, D ¼ d ¼ 50 ms, L ¼ 100 lm, and
g ¼ 5 mT/m (a) and g ¼ 50 mT/m (b). The initial transverse magnetization is
uniformly distributed. Horizontal solid line shows the normalized transverse
magnetization (i.e., the signal) for unrestricted diffusion (j ¼ 1) which is not
visible on (b). Thick bar indicates the gradient length ‘g .
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and a semi-permeable barrier at the center. The uniform initial
distribution is set over the whole interval ½�L; L�. The effect of the
artificially introduced reflecting barriers can be made negligible
by integrating the transverse magnetization over a smaller subin-
terval ½�R;R�  ½�L; L� so that the contribution of the nuclei affected
by the endpoints is excluded from the signal (see SM [60] for
details). Since the Laplacian eigenbasis is explicitly known for an
interval with single or multiple barriers, the matrix formalism pro-
vides a rapid and accurate numerical tool for computing propaga-
tors, magnetizations, and signals [3,70,71]. The matrix formalism
package for multilayered structures has been implemented in Mat-
lab and is available on request. We set D ¼ 2:3 � 10�9 m2/s for water
diffusion at room temperature and consider a broad range of per-
meabilities, as discussed in Section 3.1. The standard PGSE
sequence with two rectangular pulses is applied, with either
D ¼ d ¼ 50 ms and gradients up to 80 mT/m (with the maximal
b-value 4770 s/mm2), or D ¼ d ¼ 10 ms and gradients up to
800 mT/m (with the maximal b-value 3800 s/mm2). By default
we choose L ¼ 100 lm and R ¼ 50 lm so that the distance to
reflecting endpoints, L� R, is much larger than the diffusion lengthffiffiffiffiffiffiffiffiffiffi

2DD
p

. We checked numerically that very similar results were
obtained for larger L, i.e., the presence of reflecting endpoints can
indeed be ignored. In other words, restricted diffusion in this inter-
val is made equivalent to diffusion over the whole line with a sin-
gle semi-permeable barrier considered in Section 2.

3.3. Localization of the transverse magnetization

Fig. 4 shows the absolute value of the transverse magnetization
M2DðxjgÞ at the echo time 2D for two gradients: g ¼ 5 mT/m and
g ¼ 50 mT/m. For convenience, the dimensional magnetization
(in units m�1) is normalized by its initial value M0 ¼ 1=ð2LÞ. For
the small gradient g ¼ 5 mT/m (Fig. 4a), the weak dephasing of
the nuclei slightly perturbs the initial uniform distribution, result-
ing in the transverse magnetization which slowly varies along the
sample. As expected, higher (less attenuated) values are observed
near the barrier and two endpoints due to slower diffusion. More
attenuated values are found in the most distant regions from the
barriers (i.e., around �L=2). At the highest permeability
j ¼ 10�3 m/s (shown by full circles), diffusion is nearly Gaussian
and is close to the unrestricted case, for which the normalized
magnetization is flat: expð�Dc2g2ð2dÞ3=12Þ (shown by horizontal
solid line). The transverse magnetization near the semi-permeable
barrier exhibits a weak dependence on the permeability.

The situation changes at the higher gradient g ¼ 50 mT/m for
which the Gaussian phase approximation fails. In this regime, the
transverse magnetization is localized near the barrier and end-
points (Fig. 4b). At very low permeability (j ¼ 10�6 m/s), the bar-
rier separates the interval into two almost isolated subintervals.
The transverse magnetization is preserved around the barrier
(x ¼ 0) and strongly attenuated in distant regions. An increase of
the permeability enhances the exchange between two subintervals
and thus reduces the transverse magnetization peak around the
barrier. At very high permeability (j ¼ 10�3 m/s), the barrier has
almost no influence onto diffusion, and the transverse magnetiza-
tion is fully attenuated in this region. The strongest variation in the
height of the transverse magnetization peak occurs when the per-
meability changes in the range between 10�5 m/s and 10�4 m/s,
which is significant for biological tissues. In other words, the
application of high gradients may allow for a more accurate
permeability estimation.

3.4. PGSE signal: from Gaussian to stretched-exponential behavior

The transverse magnetization MtðxjgÞ which is not accessible at
the experimental spatial resolution, was presented only for
illustrative purposes. In turn, one can access the macroscopic PGSE
signal SðgÞ (i.e., the integral of the transverse magnetization
MtðxjgÞ) as a function of the gradient g, as shown by symbols in
Fig. 5. At small g; ln SðgÞ exhibits the characteristic quadratic
dependence on g. For comparison, dotted line presents the PGSE
signal (21) for unrestricted diffusion (corresponding to infinite
permeability).

The underlying Gaussian phase approximation breaks at g
around 15 mT/m (Fig. 5a) and 200 mT/m (Fig. 5b). At higher gradi-
ents, the localization regime is established, with the non-Gaussian
behavior ln SðgÞ / g2=3, according to Eq. (19). This behavior was
derived by Stoller et al. for impermeable barriers (j ¼ 0) [54],
and then extended to semi-permeable barriers in Section 2.
Remarkably, the explicit asymptotic relation (19) accurately repro-
duces the PGSE signal for moderate permeabilities that makes the
present study relevant not only for theoretical understanding of
dMRI at high gradients but also for approximation and interpreta-
tion of PGSE signals.

For the highest permeability j ¼ 10�3 m/s, the non-Gaussian
behavior is established for gradients larger than 30 mT/m at which
the signal attenuation is too strong (S < 0:001) that makes its
experimental detection too challenging. For this reason, we
ignored this situation (note also that so large permeability is not
biologically relevant).



0 20 40 60 80
10−3

10−2

10−1

10 0

g (mT/m)

S

(a)

κ = 10−6 m/s
κ = 10−5 m/s
κ = 10−4 m/s
κ = 10−3 m/s

0 200 400 600 80010−3

10−2

10−1

100

g (mT/m)

S

(b)

κ = 10−6 m/s
κ = 10−5 m/s
κ = 10−4 m/s
κ = 10−3 m/s

Fig. 5. PGSE signal as a function of the gradient g for an interval ½�L; L� with two
reflecting endpoints and one semi-permeable barrier at the center. The parameters
are: D ¼ 2:3 � 10�9 m2/s, L ¼ 100 lm, four values of j : 10�6 m/s (circles), 10�5 m/s
(crosses), 10�4 m/s (triangles), and 10�3 m/s (pluses), with D ¼ d ¼ 50 ms (a) and
D ¼ d ¼ 10 ms (b). Solid lines indicate the long-time asymptotic behavior in Eq.
(19). The initial transverse magnetization is uniformly distributed over the interval
½�L; L�, while the signal is computed over the subinterval ½�R;R�, with R ¼ 50 lm.
Black dotted line shows the PGSE signal (21) for unrestricted diffusion (j ¼ 1).

10−6 10−5 10−4 10−3
0

0.2

0.4

0.6

0.8

1

κ  (m/s)

S
/S

(κ
=0

)

g = 5 mT/m
g = 10 mT/m
g = 20 mT/m
g = 50 mT/m

Fig. 6. Normalized PGSE signal SðgÞ=Sj¼0ðgÞ as a function of the permeability j, for
an interval ½�L; L� with two reflecting endpoints and one semi-permeable barrier at
the center. The parameters are: D ¼ 2:3 � 10�9 m2/s, D ¼ d ¼ 50 ms, L ¼ 100 lm. The
initial transverse magnetization is uniformly distributed over the interval ½�L; L�,
while the signal is computed over the subinterval ½�R;R�, with R ¼ 50 lm. Signals at
higher gradients are more sensitive to variations of j. The normalization factor
Sj¼0ðgÞ takes the values: 0:7632 (g ¼ 5 mT/m), 0:3561 (g ¼ 10 mT/m), 0:0549
(g ¼ 20 mT/m), and 0:0075 (g ¼ 50 mT/m). Solid black line indicates the ratio
SðgÞ=Sj¼0ðgÞ from the approximate relation (22) for g ¼ 50 mT/m.

170 D.S. Grebenkov / Journal of Magnetic Resonance 248 (2014) 164–176
3.5. Higher sensitivity to permeability at high gradients

One can see in Fig. 5 that the asymptotic curves for different j
exhibit a similar dependence on g, being ‘‘shifted’’ along the
vertical axis. The sensitivity of the PGSE signal to the permeability
can be employed to estimate this quantity. In order to quantity this
‘‘shift’’, we normalize the signal SðgÞ for a given permeability j by
the signal Sj¼0ðgÞ with zero permeability. The ratio SðgÞ=Sj¼0ðgÞ as
a function of the permeability j is plotted in Fig. 6 for different gra-
dient intensities. One can see that signals at higher gradients, at
which the Gaussian phase approximation fails, are more sensitive
to variations of j. The strongest variation of the ratio occurs in
the range of permeabilities between 10�5 m/s and 10�4 m/s. As
we discussed above, the parameter h from Eq. (10) remains small
for biologically relevant permeabilities so that the small-h
asymptotics (16) yields in the long-time limit:

SðgÞ ’ fq0

ðcg=DÞ1=3 � exp �ja01jD
1=3ðcgÞ2=3d� j

ffiffiffi
3
p
ðcgÞ1=3

ja01jD
1=3 d

 !
; ð22Þ

where ja01j � 1:0188. The ‘‘shift’’ in the signal can be mainly attrib-
uted to the second term containing j, although the prefactor f also
exhibits weak variations with j (see Fig. 2). The approximate rela-
tion (22) is applicable at high gradients (when the localization
regime holds) and moderate permeabilities (for which h� 1).
Solid black line in Fig. 6 shows the approximate ratio
SðgÞ=Sj¼0ðgÞ ’ exp �j
ffiffi
3
p
ðcgÞ1=3

ja01 jD
1=3 d

� �
for g ¼ 50 mT/m. One can see

that this approximation is accurate at low permeabilities, while
deviations emerge at high permeabilities at which h is not small
(e.g., h ¼ 2:42 at j ¼ 10�3 m/s).

From theoretical point of view, the normalization by Sj¼0ðgÞ
was performed to remove the prefactor and the leading term in
the exponential function, and to highlight the stronger sensitivity
of the PGSE signal to permeability as higher gradients. On experi-
mental side, similar idea can potentially be realized in biological
tissues by measuring two PGSE signals, before and after the action
of aquaporin blockers that inhibit aquaporin water channels and
thus significantly reduce the water permeability of cellular mem-
branes [72–76].
3.6. Danger of phenomenological models

In medical applications, the PGSE signal is presented as a func-
tion of the b-value in order to stress the linear dependence of ln S at
small gradients and possible deviations from linearity at larger gra-
dients. Fig. 7 reproduces the PGSE signals from Fig. 5 for two per-
meabilities: j ¼ 10�6 m/s and j ¼ 10�4 m/s. As expected from our
analysis above, a linear slope of ln S at small b-values (Gaussian
phase approximation) gradually changes to the b1=3 behavior at
high b-values (localization regime). Deviations from a linear slope
have been reported in many experiments on dMRI of brain (see
review [6] and references therein). The kurtosis and bi-exponential
models are the most usual models for interpreting such
experiments.

The kurtosis model relies on the perturbative expansion of
the signal and includes the second-order term in
b : Sk ¼ expð�bDa þ b2ðDaÞ2Ka=6Þ, where Da and Ka are apparent
diffusion coefficient and apparent diffusion kurtosis [43]. Although
the inclusion of the next-order (b2) term allows one to account for
weak deviations from the linear slope, the applicability range of
this formula is obviously limited due to unphysical growth at large
b. Higher-order moments can further be included but such models
are impractical due to fitting problems. Moreover, the finite con-
vergence radius of the cumulant expansion sets a fundamental lim-
itation on the range of its applicability [41,49].
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The bi-exponential model relies on the idea of two co-existing
pools of water molecules exhibiting Gaussian diffusion with slow
and fast diffusion coefficients Dslow and Dfast:

Sb ¼ ae�bDfast þ ð1� aÞe�bDslow ; ð23Þ

where a is the relative volume fraction of the fast pool. For typical
range of applicability (between 0 and 4000 s/mm2), these two mod-
els often provide similarly good fits to experimental signals.

However, we emphasize that a good fit does not necessarily jus-
tify the applicability of the model and the consistence of the under-
lying interpretation [35,49]. We illustrate this point in Fig. 7, where
two PGSE signals exhibiting transition to the localization regime,
are fitted to a bi-exponential model on the range of b-values
between 0 and 4000 s/mm2. On this range, the bi-exponential
model provides an excellent fit, though there is no microscopic jus-
tification for slow and fast diffusion pools. On the other hand,
strong deviations from the bi-exponential model appear for larger
b-values. In order to further highlight the ability of a bi-exponen-
tial fit to reproduce dMRI signals, we also fit the same signals over
the whole range of b-values, from 0 to 10,000 s/mm2 (dashed lines
in Fig. 7). Once again, the bi-exponential fit is perfect over this
extended range while the fit parameters are different (see Table 1).
This example illustrates the danger of using phenomenological
models without microscopic justifications.

It is tempting to interpret the transition to the localization
regime as a possible explanation of experimentally observed
deviations from the classical Gaussian behavior at high gradients
(or b-values). However, this potential interpretation needs further
Table 1
Parameters of bi-exponential fits from Fig. 7 for j1 ¼ 10�6 m/s and j2 ¼ 10�4 m/s.
Here ‘‘short’’ and ‘‘full’’ refer to two ranges of b-values used for fitting: 0–4000 s/mm2

(‘‘short’’) and 0–10,000 s/mm2 (‘‘full’’).

Fit name a Dfast (ms/lm2) Dslow (ms/lm2)

j1 bi-exp1 (short) 0.92 1.96 0.25
bi-exp1 (full) 0.94 1.84 0.16

j2 bi-exp2 (short) 0.97 2.07 0.28
bi-exp2 (full) 0.985 1.98 0.13
analysis to be justified and remains speculative at the present stage
because of highly complicated microstructure of biological tissues.
The relevance of the localization regime for lung dMRI has already
been discussed [77].

3.7. Multiple semi-permeable barriers

The case of a single semi-permeable barrier is an idealized
scheme for a better understanding of the mechanisms of signal for-
mation at high gradients by analytical tools. In practice, a macro-
scopic voxel contains multiple microscopic barriers. The very
rapid decay of the transverse magnetization far from the barrier
allows one to consider many barriers independently if the inter-
barrier distance ‘b is much larger than the gradient length ‘g . When
the distance between adjacent barriers is not large, the transverse
magnetizations near each barrier interfere and form a non-additive
contribution to the signal. Here we illustrate this effect by consid-
ering two semi-permeable barriers of the same permeability j,
separated by distance ‘b. Although the transverse magnetization
and the PGSE signal can be deduced from the propagator for which
an exact solution is constructed in SM [60], we used the matrix for-
malism for multilayered structures [35]. Another illustration with
4 semi-permeable barriers is reported in SM [60].

Fig. 8 shows the absolute value of the transverse magnetization
M2DðxjgÞ at the echo time 2D, normalized by the initial magnetiza-
tion M0. The parameters are D ¼ 2:3 � 10�9 m2/s, D ¼ d ¼ 50 ms. For
two gradients g ¼ 5 mT/m and g ¼ 50 mT/m, the gradient length
‘g ¼ ðcg=DÞ�1=3 is equal to 12:0 lm and 5:6 lm, respectively, while
the diffusion length

ffiffiffiffiffiffiffiffiffiffi
2DD
p

is 15 lm.
In Fig. 8a and c, the inter-barrier distance ‘b ¼ 50 lm is large as

compared to the diffusion length
ffiffiffiffiffiffiffiffiffiffi
2DD
p

so that water molecules
rarely cross both barriers. As a consequence, two barriers affect
the transverse magnetization almost independently, and one
retrieves the patterns from Fig. 4 for a single barrier.

The situation changes when the inter-barrier distance ‘b is small
(or comparable) to the diffusion length

ffiffiffiffiffiffiffiffiffiffi
2DD
p

. Even if the gradient
length ‘g is small enough, rapid diffusion between two barriers
reduces or fully destroys the localization effect. Fig. 8b and d illus-
trates this situation for ‘b ¼ 10 lm, for which the transverse mag-
netization is essentially flat even at high gradient g ¼ 50 mT/m. At
small permeability j ¼ 10�6 m/s, the interior domain (between
two barriers) does not almost exchange with the exterior space.
Due to rapid diffusive equilibration inside the interior domain,
the non-Gaussian localization regime is replaced by Gaussian
motional narrowing regime [78,79]. For an isolated interval of
length ‘b, the PGSE signal reads [78]

SmnðgÞ ’ exp � c2g2‘4
bð2dÞ

120D

 !
; ð24Þ

when the diffusion length is much larger than ‘b (see [3] for details).
In particular, the transverse magnetization becomes
M2DðxjgÞ � M0SmnðgÞ, as illustrated in Fig. 8b and d by horizontal
dashed line. Note that Eq. (24) can be deduced from the exact solu-
tion for two impermeable barriers in the limit of small g (see SM
[60]). At higher permeabilities, faster diffusive exchange with the
exterior space violates Eq. (24), and the level of nearly flat trans-
verse magnetization is gradually reduced.

Since the PGSE signal is obtained by integrating the transverse
magnetization over the voxel, contributions from different subdo-
mains are superimposed. The relative contributions from short and
long intervals can be comparable because higher amplitude of the
transverse magnetization for short intervals is integrated over
shorter domains. As a consequence, the dependence of the PGSE
signal on the gradient can be rather complicated, being a
superposition of Gaussian contributions from short intervals and
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non-Gaussian contributions from long intervals. The general ana-
lytical formulas derived in SM [60] and the numerical matrix for-
malism allow one to investigate this behavior for any given
configuration of multiple semi-permeable barriers. Note that the
effect of spatial arrangement of semi-permeable barriers onto
time-dependent diffusion coefficient was investigated by Novikov
and co-workers [39]. Their analysis relied on a purely diffusive
problem and is therefore relevant in the limit of small gradients.
In contrast, our study focuses not only on the diffusive dynamics
of the nuclei but essentially on the PGSE signal as an NMR tool
for probing this dynamics. In this light, the influence of spatial dis-
order of barriers onto the PGSE signal remains almost unknown
and presents a promising perspective for future research.

3.8. Three-dimensional domains

In this paper, we have employed analytical tools to investigate
the emergence of stretched-exponential signal attenuation due to
restricted motion of the nuclei near a single semi-permeable
barrier at high gradients. The analysis essentially relied on the
one-dimensional character of the problem for which an appropri-
ate rescaling reduced the (Laplace-transformed) Bloch–Torrey
equation to the Airy equation (see SM [60]). In higher dimensions,
an applied gradient pins one direction that prevents a reduction to
standard special functions even for such simple domains as disk or
sphere. In other words, an exact analytical solution of the
Bloch–Torrey equation is unavailable for nontrivial two- and
three-dimensional domains. Numerical schemes such as finite-
element or finite-difference methods, Monte Carlo simulations,
and matrix formalisms remain the principal investigation tools
[35,65–70,80–84] (see also review [3] and references therein). To
our knowledge, the only exception is the work by de Swiet and
Sen who performed an asymptotic analysis to demonstrate that
the stretched-exponential behavior of the PGSE signal from the
one-dimensional case remains valid for an isolated sphere in three
dimensions [57]. Although similar analysis could be performed for
a sphere with a semi-permeable surface, we merely focus on
illustrating the validity of the localization regime for three-
dimensional domains.

First, we consider a three-dimensional semi-permeable plane
which forms an angle h with the applied gradient. Since the dis-
placements of the nuclei in parallel and perpendicular directions
to the plane are independent, the signal is the product between
the classical attenuation factor expð�Dc2ðg sin hÞ2t3=12Þ due to
unrestricted lateral motion along the plane, and the signal S from
Eqs. (18) or (19) due to restricted one-dimensional motion in the
gradient g cos h. Fig. 9 shows the dependence of the whole signal
on the angle h at small gradient g ¼ 5 mT/m and high gradient
g ¼ 30 mT/m (with d ¼ D ¼ 50 ms). When the gradient is parallel
to the plane (h ¼ 90�), one retrieves the Gaussian signal due to
unrestricted diffusion which is negligible at g ¼ 30 mT/m. In turn,
when the gradient is perpendicular to the plane (h ¼ 0), one deals
with the one-dimensional problem studied above, with either
Gaussian behavior at small gradients (Fig. 9a), or stretched-expo-
nential signal attenuation at high gradients (Fig. 9b). In other
words, one can explore the transition between these two regimes
by varying the angle h. Although the signal is much more attenu-
ated at high gradients, the effect of permeability is more pro-
nounced in this situation. Note that similar anisotropic effects
are broadly used for fiber tracking at small gradients when the
Gaussian phase approximation holds. The present results indicate
that larger gradients may be beneficial for revealing microscopic
tissue anisotropy.

In general, a smooth curved membrane can be locally approxi-
mated by a flat plane if the radius of curvature is much larger than
the diffusion length. In this way, the signal attenuation can be
locally decomposed into restricted and unrestricted (Gaussian) fac-
tors as discussed above. The integral of these local contributions
over surface points provides a first approximation to the overall
signal. However, the dependence of the signal from one-dimen-
sional restricted motion on the gradient is rather complicated,
especially for semi-permeable barriers, that would make such an
approximation impractical. At the same time, one can deduce an
important qualitative conclusion: the signal is expected to be more



0 10 20 30 40 50 60 70 80 90
0.7

0.71

0.72

0.73

0.74

0.75

0.76

0.77

θ

S

(a)

κ = 10−6 m/s
κ = 10−5 m/s
κ = 10−4 m/s
κ = 10−3 m/s

0 10 20 30 40 50 60 70 80 90
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

θ

S

(b)

κ = 10−6 m/s
κ = 10−5 m/s
κ = 10−4 m/s
κ = 10−3 m/s

Fig. 9. PGSE signal as a function of the angle h between the gradient and the normal
vector to the plane, for g ¼ 5 mT/m (a) and g ¼ 30 mT/m (b). The parameters are:
D ¼ 2:3 � 10�9 m2/s and D ¼ d ¼ 50 ms. Horizontal dashed line represents the PGSE
signal for unrestricted diffusion (that corresponds to h ¼ 90�).

0 0.5 1 1.5 2 2.5 3
10−4

10−3

10−2

10−1

100

(bD)1/3

S

κ = 0 m/s
κ = 10−5 m/s
κ = 10−4 m/s
κ = 10−3 m/s

Fig. 10. PGSE signal as a function of ðbDÞ1=3 for a spherical barrier of radius
R ¼ 50 lm and several permeabilities j, with b ¼ c2g2d2ðD� d=3Þ. The parameters
are: D ¼ 2:3 � 10�9 m2/s, D ¼ d ¼ 50 ms, and g varies from 0 to 50 mT/m. The initial
transverse magnetization is uniformly distributed over the larger sphere of radius
3R with artificially introduced reflecting surface, while the signal is acquired over
the smaller sphere of radius 2R to exclude the effect of this outer surface. For
comparison, pluses show the PGSE signal for an isolated sphere of the same
radius R.

D.S. Grebenkov / Journal of Magnetic Resonance 248 (2014) 164–176 173
attenuated for nonflat membranes than for flat ones. In fact, when
the membrane is not flat, the gradient cannot be chosen perpendic-
ular to the barrier in all points so that lateral (Gaussian) attenua-
tion factors in the signal are inevitable.

We illustrate this effect by considering a sphere with semi-
permeable surface that allows for water exchange between the
interior compartment and the exterior space. Fig. 10 shows the
PGSE signal as a function of ðbDÞ1=3, for D ¼ 2:3 � 10�9 m2/s,
D ¼ d ¼ 50 ms, g varying from 0 to 50 mT/m, R ¼ 50 lm (radius
of sphere), and several permeabilities j. The signal was computed
numerically by a matrix formalism for multilayered structures
[35]. For this purpose, we considered a sphere of radius R sur-
rounded by a spherical shell with reflecting outer surface of radius
3R. In order to exclude the effect of this artificial outer surface, the
signal was computed by integrating the transverse magnetization
over the spherical domain of radius 2R. Since the diffusion lengthffiffiffiffiffiffiffiffiffiffi

2DD
p

� 15 lm is much smaller than R, the contribution from
the nuclei that hit the outer surface is negligible. For comparison,
we also plot the PGSE signal for an isolated sphere of the same
radius R, for which the exterior space is ignored (the signal is
formed only by the nuclei inside the sphere).

For an isolated sphere (shown by pluses), one retrieves the
localization regime at large gradients, as predicted by de Swiet
and Sen [57]. The same trends are seen for a sphere with the exte-
rior space, for both impermeable and semi-permeable barriers.
Similarly to our observations for the one-dimensional case, there
is a transition from the localization regime to Gaussian regime as
the permeability increases. However, the localization regime is
established when the signal is already strongly attenuated. As
discussed above, the stronger attenuation results from less
restricted lateral motion for which the dephasing of nuclei is much
stronger than that for more restricted perpendicular motion.

3.9. When does the localization regime emerge?

We summarize the conditions under which the leading terms
with the smallest decay rate jRefs1gj dominate over all other terms
in the spectral decomposition (18), resulting in the localization
regime and the non-Gaussian stretched-exponential decay (19) of
the PGSE signal.

For a single impermeable barrier, the only condition is d
 sg

or, equivalently, ‘g �
ffiffiffiffiffiffiffiffiffi
2Dd
p

, where ‘g and sg are defined by Eqs.
(8) and (14). As g ! 0, the gradient length diverges, and the Gauss-
ian behavior is necessarily recovered.

For a single semi-permeable barrier, the diffusive exchange
should not be too strong that implies the second condition:
‘g � D=j or, equivalently, h� 1, where h is defined in Eq. (10).
In fact, for large h, the gap between the smallest jRefs1gj and other
jRefsngj becomes small [see Fig. 1 and the asymptotic relation (17)]
so that many terms in Eq. (18) provide comparable contributions,
‘‘blurring’’ the stretched-exponential decay. In addition, the signal
is much more attenuated as all jRefsngj are increased. This is the
mathematical mechanism of the transition from the localization
to Gaussian regime as h grows (either due to increasing j or
decreasing g).

Finally, when there are many barriers, the inter-barrier distance
‘b should be large compared to the diffusion length

ffiffiffiffiffiffiffiffiffiffi
2DD
p

in order
to maintain the localization mechanism and to get independent
contributions from multiple barriers, as discussed in Section 3.7.
In the opposite limit ‘b �

ffiffiffiffiffiffiffiffiffiffi
2DD
p

, the Gaussian form (24) is recov-
ered in the motional narrowing regime. Hürlimann et al. plotted
a diagram of three regimes (almost free diffusion, motional nar-
rowing regime, and localization regime), in terms of two ratios of
the characteristic lengths: ‘g=‘b and

ffiffiffiffiffiffiffiffiffiffi
2DD
p

=‘b [58]. The present
study extends this diagram into the third dimension by accounting
for the diffusive exchange across barriers.

3.10. Does the localization regime matter?

Almost sixty years have passed since the formulation of the
Bloch–Torrey equation [61]. During this period, diffusion MRI has
became a routine experimental tool in medicine and material sci-
ences [1–6], while numerous theoretical and numerical studies
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have reinforced our understanding and interpretation of the
acquired signals [3]. Theoretical research mainly relied either on
the narrow pulse approximation (short gradient pulses), or on
the Gaussian phase approximation (weak gradient amplitudes),
while most practical attempts to correct for experimentally
observed deviations from the familiar Gaussian behavior remained
phenomenological. Amazingly, only few works dealt with high and
long gradient pulses for which the localization regime was theoret-
ically predicted and experimentally confirmed [54,57,58]. Why has
this non-Gaussian behavior been ignored so far? Apart from rather
involved mathematics and unconventional features of the localiza-
tion regime, we discuss two reasons that might have hindered a
better understanding of the localization regime and further devel-
opments of diffusion MRI at high gradients.

The mathematical reason originates from the spectral theory. It
is well known that the Laplace operator governing pure diffusion is
self-adjoint (or Hermitian) while its spectrum is discrete for
bounded domains and continuum for unbounded domains [85].
Since the governing operator of the one-dimensional Bloch–Torrey
equation, Lg ¼ D@2

x þ icgx (also known as complex Airy operator) is
not Hermitian, standard tools and usual statements about spectral
properties are not applicable. In particular, the existence and com-
pleteness of an eigenbasis are not granted, eigenvalues are not nec-
essarily real, while the spectrum (if exists) may exhibit peculiar
features (e.g., infinitely many branch points [54]). Our analysis in
SM [60] suggests that the operator Lg has a discrete spectrum for
any, even unbounded, one-dimensional domain (except the whole
line).1 Strikingly, the inclusion of any obstacle (a barrier) or any gra-
dient drastically changes the spectral properties of the operator Lg ,
from a continuum spectrum for g ¼ 0 (no gradient, pure diffusion)
or j ¼ 1 (no obstacle, whole line), to a discrete spectrum for g > 0
and j <1. This explains the difficulty in understanding and quanti-
fying the transition from the localization to Gaussian regime when
the gradient g vanishes or the permeability j diverges. For instance,
as g ! 0, the spectral properties of Lg cannot continuously approach
that of the Laplace operator L0 for unbounded domains. Ironically,
the classical Gaussian form of the PGSE signal which has found innu-
merable experimental applications and validations in dMRI, is a
‘‘pathological’’ (singular) limit of the non-perturbed solution of the
one-dimensional Bloch–Torrey equation from the spectral point of
view. This remark does not obviously discredit the practical useful-
ness of Gaussian signals but highlights our still limited understand-
ing of the signal formation at high gradients.

In sharp contrast to the one-dimensional case, the governing
operator Lg ¼ DDþ icgx for unbounded domains in higher dimen-
sions is expected to have a continuum spectrum for any g. This is
obvious for a flat barrier in two or three dimensions for which
the motions of nuclei in parallel (unrestricted) and perpendicular
(restricted) directions to the barrier are decoupled. In practice,
the localization regime in three-dimensional domains can still be
relevant though possibly coupled to the Gaussian-type attenuation
in lateral directions, as discussed in Section 3.8. Further mathemat-
ical analysis of this problem in two and three dimensions is
important.

The physical reason for ignorance to the localization regime
might be related to the need for an experimental setup with rela-
tively high signal-to-noise ratio for reliable acquisition and inter-
pretation of PGSE signals which are attenuated by at least one
order of magnitude (or stronger). However, since the first
experimental observation of the localization regime by Hürlimann
et al. in 1995 [58], MRI scanners have been significantly improved.
Nowadays, the limiting factors for observing the localization
1 This statement is rigorously proved in [85] for a semi-axis with Dirichlet
boundary condition. Similar proofs are expected to be applicable to other boundary
conditions considered in this paper.
regime in biological tissues can be the short inter-barrier distances
and the coupling of the localization and Gaussian attenuation
mechanisms due to nonflat three-dimensional structures of cellu-
lar membranes. In other words, although modern experimental
setups allow one to observe the localization regime, the character-
istic stretched-exponential decay of the PGSE signal can be super-
imposed with Gaussian decay and thus remain unnoticed.

So, does the localization regime matter in dMRI? Even if the
one-dimensional setting of multiple barriers for which we derived
the explicit formulas may look idealized, the localization mecha-
nism and the consequent failure of the Gaussian phase approxima-
tion remain generic. The localization regime can emerge at
gradients as moderate as 15–20 mT/m and thus be relevant under
routinely used experimental conditions. Moreover, the current
trend in increasing b-values is pushing experiments beyond the
validity of the Gaussian phase approximation, thus requiring ade-
quate mathematical tools and better understanding of the mecha-
nisms of signal formation at high gradients. The present study
makes a step in this direction by revealing the role of the diffusive
exchange across barriers in the localization regime.

4. Conclusion

We presented a non-perturbative analytical approach for solv-
ing the one-dimensional Bloch–Torrey equation for diffusion
across semi-permeable barriers. At high gradients, the transverse
magnetization is localized near the barrier and very strongly atten-
uated in distant regions. In this localization regime, the Gaussian
phase approximation fails, and the PGSE signal exhibits a non-
Gaussian stretched-exponential decay, as first predicted by Stoller,
Harper, and Dyson for impermeable barriers. Accounting for the
diffusive exchange across the barrier enlarges the set of character-
istic length scales of the problem and opens a new dimension for
understanding the mechanisms of signal formation. In fact, varying
the permeability, one can control the diffusive exchange and inves-
tigate the transition from the non-Gaussian behavior for weakly
permeable barriers (small j) to Gaussian behavior for highly per-
meable barriers (large j). The ratio between the permeation length
D=j and the gradient length ðcg=DÞ�1=3 has been identified as the
major parameter determining the spectral properties. Although
water exchange across semi-permeable membranes plays an
important role in most biological structures, earlier studies of its
influence onto the PGSE signal mainly relied on either the Gaussian
phase approximation, or the narrow pulse approximation. The
present approach is the first rigorous (non-perturbative) analysis
at high gradients.

The analytical approach has been extended to an arbitrary con-
figuration of semi-permeable barriers. When the inter-barrier dis-
tance is (much) larger than the diffusion length, different barriers
can be treated separately and provide independent contributions
to the PGSE signal. For instance, the localization regime can be rel-
evant for large regularly arranged plant cells [86]. The gradient
pulse duration d should be large enough (d
 sg) to ensure the
localization regime, and small enough (d� ‘2

b=D) to prevent diffu-
sive mixing between adjacent barriers. In turn, when two barriers
are close, their localization effects onto the transverse magnetiza-
tion interfere, and the Gaussian form of the PGSE signal is recov-
ered in the motional narrowing regime. When both short and
long inter-barrier gaps are present, the PGSE signal is a weighted
superposition of Gaussian and non-Gaussian contributions. We
also discussed the emergence of the localization regime for
three-dimensional domains and showed the role of coupling
between perpendicular and lateral motions of nuclei and the
underlying mechanisms of signal attenuation.

Although our analysis remains largely theoretical, it prepares a
mathematical ground for exploring new modalities in diffusion
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MRI. On one hand, proper accounting for the localization phenom-
enon can improve the physical interpretation of experimental
measurements. For instance, we showed that a bi-exponential
function can accurately fit the transition from Gaussian to non-
Gaussian localization regime that illustrates the danger of using
phenomenological models which rely only on fit quality. The expli-
cit asymptotic relation (19), which accurately reproduces the PGSE
signal for physiologically relevant permeabilities, can be used
instead to approximate and interpret dMRI data at high gradients,
at least for a simple situation of parallel barriers. Note that ‘‘high
gradients’’ needed to observe the localization regime can be as
low as 15–20 mT/m (for water diffusion) and thus easily available
in conventional MRI scanners. The related mechanism of signal for-
mation (with non-Gaussian stretched-exponential dependence on
b-value) may therefore be relevant for current dMRI experiments
in medicine (e.g., for brain and lungs) and in material sciences
(e.g., for sedimentary rocks and cements). Moreover, it is tempting
to interpret the transition to the localization regime as a possible
explanation of experimentally observed deviations from the classi-
cal Gaussian behavior at high gradients. However, further analysis
in complicated domains modeling the microstructure of biological
tissues is needed to justify such an interpretation.

On the other hand, one can design new acquisition protocols
profiting from the transverse magnetization localization and non-
Gaussian features of the PGSE signal to reduce the acquisition time.
In particular, high gradients are suitable to spatially localize the
contribution of the nuclei near the barrier and thus estimate the
barrier permeability. In fact, we showed the higher sensitivity of
the PGSE signal to the permeability at high gradients. In a future
work, the effect of the diffusion time D and of other temporal pro-
files (e.g., CPMG sequence, oscillating gradients, rectangular gradi-
ents with different gradients strengths/orientations, etc.) onto the
localization regime can be analyzed. Such a study may help to
answer the practically important question what are the ‘‘best’’
PGSE sequences to estimate the permeability in biological tissues.
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