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In order to bridge microscopic molecular motion with macroscopic diffusion MR signal in complex struc-
tures, we propose a general stochastic model for molecular motion in a magnetic field. The Fokker-Planck
equation of this model governs the probability density function describing the diffusion-magnetization
propagator. From the propagator we derive a generalized version of the Bloch-Torrey equation and the
relation to the random phase approach. This derivation does not require assumptions such as a spatially
constant diffusion coefficient, or ad hoc selection of a propagator. In particular, the boundary conditions
that implicitly incorporate the microstructure into the diffusion MR signal can now be included explicitly
through a spatially varying diffusion coefficient. While our generalization is reduced to the conventional
Bloch-Torrey equation for piecewise constant diffusion coefficients, it also predicts scenarios in which an
additional term to the equation is required to fully describe the MR signal.

� 2017 Elsevier Inc. All rights reserved.
1. Introduction

Measuring molecular self-diffusion in magnetic resonance (MR)
experiments is an important tool for understanding the geometri-
cal structure of materials ranging from porous media to brain tis-
sue. Translational diffusion within an inhomogeneous magnetic
field causes dephasing in a spin-echo experiment [1]. The macro-
scopic MR signal decay is related to the average overall molecular
spin phases [2]. The molecular displacement depends on random
thermal forces (Brownian motion), however it is also affected by
the boundaries dictated by the geometric structure of the speci-
men, such as cellular membranes or the edges of pores, which
modulate the motion of molecules. The goal of diffusion MR is ulti-
mately to recover information about geometrical structure from
the macroscopic, voxel scale, MR signal [3]. This structure can be
encoded through effective diffusion coefficients, or Probability
Density Functions (PDF), which are defined over a large population
of molecules.

The leading approach to relate the microstructure to the
macroscopic MR signal is the Bloch– Torrey (BT) equation [4], in
which the phenomenological Bloch equation [5] is expanded by
accounting for the behavior of a population of spins, explicitly
modeled by the diffusion coefficient, D, yielding

@

@t
hmi ¼ cðhmi �HÞ � r vhmið Þ þ r Drhmið Þ; ð1Þ

where hmi is the average magnetization (throughout the paper,
boldface describes three-dimensional vectors), H is the applied
magnetic field,2 c is the gyromagnetic ratio, and v is the velocity
of the spins due to the flow of the medium within which the spins
are embedded [6]. The complete equation also includes T1 and T2

weighted terms: � hmxix̂þhmyiŷ
T2

� hmzi�hm0i
T1

ẑ, where T1 is the longitudinal

(spin– lattice) relaxation time, T2 is the transverse (spin– spin) relax-
ation time [5], and hm0i is the thermal equilibrium magnetization of
the sample in the presence of a magnetic field. In our analysis we
assume that T1 and T2 are spatially invariant, in which case these
relaxation mechanisms affect all the nuclei in the same way and
their contribution can be factored out by comparing the diffusion-
weighted signal to a reference signal (e.g., without a diffusion
gradient). In what follows, we will omit these relaxation terms,
concentrating on the diffusion related terms.
z in the ẑ
ansverse
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Fig. 1. The derivation flow chart. We start by defining a microscopic stochastic
model for the motion of a single molecule. Next we derive the Fokker-Planck
equation for the probability density function, which we call the diffusion-
magnetization propagator. We use this propagator to model the macroscopic signal
in two ways: (i) by averaging over all the phases of the molecules, called the
random phase approach, and (ii) by deriving a generalized Bloch–Torrey (BT)
equation. Explicit derivation of the diffusion-magnetization propagator provides
the missing link between the microscopic domain and the macroscopic MR signal.
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The macroscopic MR signal is obtained by integrating the solu-
tion of the BT equation over the whole sample or over a given
voxel. The BT equation provides an explicit description of the com-
bined effects of diffusion, flow and spin dephasing, whereas the
microstructure is incorporated implicitly through boundary condi-
tions imposed on interfaces between various tissue components
or solid-fluid phases in porous media. This makes analytical and
even numerical solutions of the BT equation challenging [7–9]. In
particular, analytical approaches that solve the BT equation, such
as the Multiple Correlation Function (MCF) framework, are only
efficient for simple geometries [10–13].

Foraconstantdiffusioncoefficient, thesolutiontotheBTequation
can be related to an alternative formulation for modeling the
diffusion MR signal, known as random phase approach
[2,10,14–17]. It reliesonthePDFof thespindephasingwithinavoxel.
In the simplest case of free diffusion, the propagator is Gaussian that
implies a Gaussian distribution of the spin dephasing. However, the
microstructure of a sample can strongly affect diffusion and thus
the form of the propagator and the PDF of the dephasing. Neverthe-
less, theGaussianassumptionisthebasisofmanydiffusionMRmeth-
ods, such as diffusion tensor imaging (DTI) [18]. Other phase
averagingmethods, such as q-space imaging (QSI) [19] anddiffusion
spectrum imaging (DSI) [20], also assume constant diffusion coeffi-
cientswithin voxels. However, assumptions of free diffusion or even
aconstantdiffusioncoefficientmaynotbevalid inbiological applica-
tions. Spatial heterogeneities can result in space and timedependent
diffusion coefficients both on a microscopic cellular level (nucleus,
plasmamembrane) andona coarser tissue level (intracellular/extra-
cellulardiffusion, tumoral regions, etc.)One thereforeneeds toquan-
tify the effects of spatially dependent diffusion coefficients ontoMRI
measurements.

For this purpose, we introduce a general microscopic model,
which describes the interactions of a single molecule with its envi-
ronment in terms of molecular displacement, flow, and spin pre-
cession. From this model, we derive the Fokker-Planck equation,
which describes the time evolution of the transition probability
of the spins, which we refer to as the diffusion-magnetization
propagator. We use this propagator to derive a generalized form
of the BT equation for any space and/or time dependent diffusion
coefficient D. The microstructure is incorporated explicitly through
the spatial dependence of D (e.g., with lower diffusivity across
membranes or zero diffusivity on obstacles), eliminating the need
for boundary conditions. We then identify the set of assumptions
under which the conventional BT equation remains valid for a
space-dependent diffusion coefficient. Finally, we relate the
derived propagator to the microscopic random phase approach
[1,2] for cases of space dependent diffusion coefficients. Fig. 1 pre-
sents a flow chart of our derivation, highlighting the importance of
the diffusion-magnetization propagator as the connection between
the microscopic and macroscopic scales.

2. The microscopic model

Molecular motion in liquid is a process known as self diffusion.
It is caused by random molecular collisions, driven by thermal
energy. At the microscopic scale, it is not possible to predict which
way a particular molecule will move at a given time. We assume
that the forces acting on each molecule and the medium in which
they move can be modeled using the following stochastic
equations:

dr
dt

¼ rðr; tÞfðtÞ þ lðr; tÞ; ð2Þ

dml

dt
¼ cðm�Hðr; tÞÞl ¼ i

X3

j¼1
Kljðr; tÞmj: ð3Þ
In this microscopic model, Eq. (2) is a Langevin equation that
describes the velocity of a single molecule in a position r at time
t [21]. This equation includes two mechanisms: (1) thermal colli-
sions of a molecule with its environment, which are modeled by
a Gaussian white noise fðtÞ, with zero mean and delta correlated
covariance: hfðtÞi ¼ 0 and hfðt1Þfðt2Þi ¼ dðt1 � t2Þ; and (2) flow
and drift lðr; tÞ that can be caused by an external force. The matrix
rðr; tÞ in the stochastic term models the time correlation of the
process, allowing non-Gaussian dynamics [22]. This matrix reflects
the interaction of the molecules with the environment, which
depends on the underlying deterministic geometry, as well as the
temperature and viscosity of the medium. This matrix is naturally
related to the diffusion tensor Dðr; tÞ ¼ 1

2rðr; tÞrTðr; tÞ. In turn, Eq.
(3) describes how the magnetic moment m of each spin precesses
with the Larmor frequency, in the presence of a magnetic field, H,
which can be space and time dependent [1,2,5]. The component ml

in m is the magnetic moment in the direction l. It is useful to
describe the microscopic model in a matrix representation by con-
sidering the antisymmetric and self-adjoint matrix K,

K ¼ �ic
0 Hz �Hy

�Hz 0 Hx

Hy �Hx 0

0
B@

1
CA: ð4Þ

Then, by defining aðtÞ ¼ ðmðtÞ; rðtÞÞ, Eqs. (2) and (3) can be com-
bined to a matrix form:

da
dt

¼ A½a; t� þ B½a; t�gðtÞ; ð5Þ

where

A½a; t� ¼ iKðr; tÞm
lðr; tÞ

� �
; B½a; t� ¼ I 0

0 rðr; tÞ

� �
; gðtÞ ¼ 0

fðtÞ

� �
;

and the initial condition is aðt0Þ ¼ a0 ¼ ðm0; r0Þ.
The microscopic stochastic model describes the behavior of

each single molecule. In order to understand the behavior of a
mesoscopic concentration of molecules, we need to average over
all the trajectories of molecules. The Stratonovich’s Fokker-Planck
equation for this stochastic model reads [21]:
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@tPða; tja0; t0Þ ¼ �
X

i
@i Aiða; tÞPða; tja0; t0Þð Þ

þ 1
2

X
i;j;k

@i Bikða; tÞ@j Bjkða; tÞTPða; tja0; t0Þ
� �� �

ð6Þ
(an equivalent Itô formalism is derived in Appendix A, see [23] for a
discussion of the Itô versus Stratonovich derivations). The index i
runs over the spatial coordinate of rðtÞ and mðtÞ (i.e., i runs from
1 to 6 in three dimensions). Substituting the expressions for A
and B, we arrive to the following Fokker-Planck equation:

@tP ¼ �rmðiKmPÞ � rðlPÞ þ rðDrPÞ þ 1
2
rðPrDÞ; ð7Þ

where we define rm ¼P3
i¼1

@
@mi

. The equation is completed by the

usual initial condition Pða; t ¼ t0ja0; t0Þ ¼ dða� a0Þ, where dð�Þ is
the Dirac distribution. The solution Pða; tja0; t0Þ is a diffusion-
magnetization propagator describing the conditional probability
of finding a molecule with magnetic moment m and position r at
time t, given that there was a molecule with magnetic moment
m0 and position r0 at time t0. This is a generalization of the diffusion
propagator [15,21], since it accounts both for molecular displace-
ment and for magnetization changes. We note that the Fokker-
Planck Eq. (7) is associated with isotropic D, while its anisotropic
version is provided in Appendix A. As mentioned earlier, the struc-
tural boundary conditions can be included explicitly through the
diffusion tensor D and through the flow and drift term l, as will
be illustrated later in the numerical simulation.

3. Generalized Bloch-Torrey equation

Given the diffusion-magnetization propagator (Eq. (7)), we can
now derive the equation for the average magnetization hmiðr; tÞ, by
averaging over the magnetic moment m with respect to the prop-
agator Pða; tja0; t0Þ (a detailed calculation and a generalization to
anisotropic D can be found in Appendix B):

@

@t
hmiðr; tÞ ¼ iKhmi � r lhmið Þ þ r Drhmið Þ þ 1

2
rðhmirDÞ: ð8Þ

The MR signal is obtained by integrating hmi over a given voxel.
Comparing Eq. (8) with Eq. (1), we can see that Eq. (8) is a gener-
alized form of the BT equation that contains one additional term,
1
2rðhmirDÞ. This term accounts for changes in the density of mole-
cules that may occur due to a space or time dependent diffusion
coefficient.

We emphasize that a straightforward inclusion of a space-
dependent diffusion coefficient into the conventional BT Eq. (1),
which can be obtained by assuming a generalized phenomenolog-
ical Fick’s law, is consistent neither with the Stratonovich, nor with
the Itô interpretation of the microscopic diffusion model in Eqs. (2)
and (3). In particular, the fundamental relation between the BT
equation (in such an extension) and the random phase averaging
can be lost. Note that the conventional form of the Bloch-Torrey
equation (based on the Fick’s law) might be recovered by using
the Hänggi-Klimontovich interpretation [24,25]. The advantage of
our approach is that we start from the microscopic diffusion model
and then derive the associated BT equation. In this way, the rela-
tion to the random phase averaging is preserved, as shown below.
Finally, we stress that the choice of the stochastic interpretation
should be dictated by physics at the microscopic scales that results
in inhomogeneous diffusion at mesoscopic scales [26]. An experi-
mental justification of an appropriate interpretation presents a
very interesting perspective. To better understand the contribution
of the extra term, we first explore the cases in which the term is
canceled, resulting in equivalence between the generalized and
conventional BT equations.
3.1. Piecewise constant diffusion coefficient

Clearly, for a constant D, the extra term is nulled. Below, we
show that the additional term is also canceled when D is a piece-
wise constant. For simplicity, consider a one-dimensional system
of compartments ð‘j; ‘jþ1Þ with zero drift and a piecewise constant
diffusion coefficient

DðxÞ ¼
X
j

Dj½Hðx� ‘jÞ �Hðx� ‘jþ1Þ�;

where Dj is the constant diffusion coefficient in the j-th compart-
ment, and HðxÞ is the Heaviside step function. In this case, the term
is nulled within each compartment, whereas integrating Eq. (8) over
a small region near each boundary yields the flux continuity as the
boundary condition (see Appendix C). In principle, under the
assumption of an infinitely thin boundary, i.e., a sharp transition
between compartments, the local Dmay be defined by the structure
of the histology-based data, and the coefficients D and the external
drift l can account for boundary conditions of this structure. In
turn, if the diffusion coefficient varies less sharply across the bound-
ary, the extra term corrects the effective boundary condition by
accounting for a finite thickness of the boundary (see Appendix C).
3.2. Inhomogeneous diffusion coefficient in steady state

If D is not a piecewise constant, for example, if the boundaries
found from the histology-based data are not sharp, the extra term
is nulled only when both following conditions hold: (1) there exists
an equilibrium distribution at steady state; and (2) this equilib-
rium distribution is unique. Under these assumptions the extra
term in the generalized BT equation is compensated by the exter-
nal drift lðr; tÞ in Eq. (2), which takes the explicit form of (see
Appendix D)

l ¼ Dr lnðVqeqðrÞÞ þ
rD
2

þ Jeq
qeqðrÞ

; ð9Þ

where Jeq is the probability flux, and we define
qeqðrjr0; t0Þ ¼ Pðr; t ! 1jr0; t0Þ ¼ qeqðrÞ in a volume element V.
Therefore qeqðrÞ is determined by both the local diffusion coeffi-
cient, D, and the external drift, l. Substituting Eq. (9) in the gener-
alized BT Eq. (8), and assuming qeq – 0, the extra term is canceled.
Therefore, we arrive at the conventional BT Eq. (1), where v from
Eq. (1) takes the form of [27,28]

v ¼ Jeq
qeqðrÞ

þ Dr ln VqeqðrÞ
� �

: ð10Þ

We see that v is now composed of two terms, the first can be
identified as a flow term and the second as a drift term, which
maintains equilibrium by compensating for the density changes
created by inhomogeneous diffusion. Note that the emergence of
a drift due to inhomogeneous diffusion has been observed in a sin-
gle particle tracking experiment [29]. Interestingly, imposing the
Boltzmann equilibrium distribution on qeq leads to a version of
the fluctuation dissipation theorem (see Appendix E). In summary,
the derivation of the BT equation in the steady state shows that in
cases of inhomogeneous diffusion, the conventional BT equation is
valid only under the aforementioned conditions. In biological sys-
tems these conditions may not be satisfied [6,30,31]. Therefore, in
these systems, the generalized BT equation may give a better rep-
resentation of the forward model.
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4. The generalized random phase approach

Given the diffusion-magnetization propagator in Eq. (7), we can
also derive and explore the random phase approach which is the
basis for most diffusion MR applications today. In the random
phase approach, the measured macroscopic signal E is related to
the ensemble average over all the random phases acquired by indi-
vidual molecules due to their displacements [2]. It can be formally
written as a Feynman path integral over all trajectories rðtÞ started
from r0 at t0:

EðtÞ ¼ hei/ðtÞi ¼ lim
N!1

Z
DrPðrðtiÞ; tijrðti�1Þ; ti�1Þei/ðtÞqðr0; t0Þ; ð11Þ

where qðr0; t0Þ is the initial density at time t0, and the PDF
PðrðtÞ; tjrðt0Þ ¼ r0; t0Þ plays an important role as the weighting fac-
tor of a random trajectory rðtÞ to the average of the accumulated
phase /ðtÞ acquired up to time t by a single particle as a conse-
quence of its motion in the magnetic field. The symbol
Dr ¼ PN

i¼1drti refers to integration over all intermediate time steps
between t0 and tN ¼ t, such that ti ¼ t0 þ iDt, and Dt ¼ t

N. The phase
/ðtÞ is a functional of the trajectory rðtÞ started from r0.

Using our microscopic model, we can derive the diffusion equa-
tion that accounts for a given diffusion MR experiment, and thus
we can identify the source of the phase/displacement distribution.
For this purpose, we consider a conventional pulsed gradient spin-
echo diffusion MR experiment, where Hðr; tÞ ¼ H0 þ GðtÞrðtÞð Þẑ is a
magnetic field along the ẑ axis, H0 is the static magnetic field, and
GðtÞ is a linear time-dependent magnetic field gradient (known as
the diffusion gradient) with an arbitrary waveform vanishing at the
origin. In this case, the magnetic moment changes with time only
in the x and y components. The phase shift accumulated due to the
gradient field by a single molecule moving along a given trajectory,
r ¼ rðtÞ, is

/ðtÞ ¼ c
Z t

0
HðrðsÞ; sÞds ¼ cH0t þ c

Z t

0
GðsÞ � rðsÞds:

It is convenient to work with the components in the rotating
frame, the so-called transverse magnetization m�ðtÞ ¼ mxðtÞ�
imyðtÞ. To obtain the net diffusion-attenuated MR signal, we need
to average the contributions of individual molecules in all possible
initial positions and trajectories [1,2,10,15]. Using our microscopic
model (Eqs. (2) and (3)), we define themagnetic moment of a single
molecule as a function of the dephasing, /, which can in general
include some real deterministic function RðtÞ

mþðtÞ ¼ RðtÞei/ðtÞ: ð12Þ
Since our microscopic model is defined in the Stratonovich cal-

culus, it is easy to show that under this transformation,
RðtÞ ¼ Rð0Þ ¼ R is a constant which depends only on the initial con-
dition of the spins (see Appendix F). From Eq. (12) it is also clear
thatmþðt ¼ 0Þ ¼ R. Therefore, the average magnetization over time
and space is

hmþiðtÞ ¼ lim
N!1

Z
DrDm�PðaðtiÞ; tijaðti�1Þ; ti�1ÞRei/ðtÞqðr0; t0Þ

¼ mþðt ¼ 0Þhei/ðtÞi; ð13Þ

where the probability PðaðtiÞ; tijaðti�1Þ; ti�1Þ is calculated from Eq. (7)
at short time, themz component is traced out, and we assume a uni-
form distribution of spins at t0 due to a uniform rf pulse. Similar to
Eq. (11), the magnetic signal measured in Eq. (13) is the ensemble
average over all the accumulated phases of the molecule’s
trajectories, providing an analytic relation between the diffusion-
magnetization propagator and the MR signal modeled by the
random phase approach.
We note that originally, the PDF in the derivation by Carr and
Purcell [2] was determined ad hoc. The same ad hoc PDF with
the assumption of a constant diffusion coefficient within the voxel
is also the building block of the familiar q-space formalism [15]
and other advanced methods, which aim to improve the sampling
of the microstructure by using the phase spectrum [32]. Moreover,
the same representation was used to develop the matrix multipli-
cation method [14], which provides analytical solutions for some
specific geometries. Our analysis above, on the other hand, reveals
the connection between the BT equation for a general form of D
and the random phase approach through the derived Fokker-
Planck equation. This connection and the explicit extra term in
the generalized BT equation can help in developing approxima-
tions and simplified assumptions in order to analyze Eq. (11) in
complex geometries; see for example [16,33,34].

5. Methods

We illustrate the difference between the generalized and con-
ventional BT equations (Eqs. (1) and (8)) using synthetic data from
a two-dimensional system. Simulations of diffusion MR measure-
ments (with a magnetic field in the ẑ direction) were achieved by
choosing the spatially varying parameters, D;l, and H [30,35–
37]. For in vivo MR, these parameters generally vary on the micron
length scale associated with cells, and clusters of cells. For our
explicit illustration, we assumed no external force acting on the
system such that the entire structure is encoded through D only.
We compare two systems, one with a constant diffusion coeffi-
cient, D ¼ D0, and one with inhomogeneous diffusion with a para-
bolic shape Dðx; yÞ ¼ D0ðx2 þ y2Þ=‘2 over a structural unit of size 2‘
(i.e., x and y vary between �‘ and ‘), repeated periodically in both
directions. We simulated two signals: one using the conventional
BT equation, the other using the generalized BT equation. Specifi-
cally, we solved Eqs. (1) and (8) in two dimensions, in the presence
of a parabolic diffusion coefficient, using the finite differences
method, which approximates the computational domain by a
square lattice. The edges of the lattice, i.e., the borders of the voxel
itself, were defined with a pseudo periodic boundary condition [8].
The spatial dependence of D dictates the transition probabilities
between lattice sites (note that D ¼ 0 corresponds to no transition,
i.e. a solid wall). Single pulsed field gradient spin-echo experiments
[38] are simulated with increasing gradient pulse amplitude,
G ¼ 10� 70 mT=m, yielding a range of b-values of 30–1700 s/
mm2 depending on the diffusion time applied. Other parameters
were: the duration of the gradient pulse, d ¼ 5 ms, the free diffu-
sion coefficient of water D0 ¼ 2:3� 10�3 mm2=s, structural unit
size 0:02� 0:02 mm2, and two diffusion times, D ¼ 50 ms (Fig. 2
(a) and (b)) and D ¼ 200 ms (Fig. 2(c)). The total number of grid
points was 61� 61. From the diffusion MR simulation, we also cal-
culated an apparent diffusion coefficient by linearly fitting the log-
arithm of the average magnetic signal over a range of b-values.

6. Results

Fig. 2(a) shows the magnitude of the simulated signal for con-
stant D. As predicted, the simulated signals for the generalized
BT (red circles) and the conventional BT (blue stars) were identical.
Fig. 2(b) and (c) presents the simulated signal for the parabolic
shaped D. We can see that the simulated signal for the generalized
BT decays faster than the signal for the conventional BT.

The goal of this simulation is to show that the extra term, when
it exists, is not negligible. If we fit the results to a straight line and
calculate the corresponding apparent diffusion coefficients as if the
underlying tissue is homogeneous, then the difference is signifi-
cant: the one with the extra term is � 1:21� 10�3 mm2=s, and



Fig. 2. Comparison of the generalized and conventional Bloch-Torrey (BT) equations. The logarithm of the averaged magnetic signal (normalized by the b-value = 0 signal) as
a function of the b-value is plotted for (a) a constant diffusion coefficient and (b, c) a parabolic shaped diffusion coefficient, at short (b) and long (c) diffusion times. The signal
for the conventional BT equation (Eq. (1)) is plotted using blue stars, and the signal for the generalized BT equation (Eq. (8)) is plotted using red circles. A linear fit (dashed
line) of the two curves presents the apparent diffusion coefficients (the slope of the lines). In (b) and (c) the two curves differ, suggesting that in inhomogeneous diffusion
there is an additional decay that is not accounted for by the conventional BT equation. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)
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the other, calculated using the conventional BT equation is
� 0:73� 10�3 mm2=s. Fig. 2(c) presents the signal for the parabolic
D for a longer diffusion time (D ¼ 200 ms). It shows that even in
the long time limit the averaged diffusion coefficient converges
to a different value when taking into account the additional term
in the generalized BT equation.
7. Discussion

We have presented a simple microscopic stochastic model of
molecular motion under a spatially and temporally varying mag-
netic field. The model analytically bridges the microscopic descrip-
tion of molecular motion with the macroscopic MR signal, allowing
the simulation of complex microstructures with inhomogeneous
diffusion coefficients, anisotropic diffusion, and restricted
geometries.

One of the important results of our derivation is a generaliza-
tion of the BT equation to a form that has an additional term, which
accounts for inhomogeneous diffusion. Through our derivation, we
prove that the conventional BT equation is valid for constant or
piecewise constant diffusion coefficients, or under the assumption
of the existence and uniqueness of the equilibrium density. How-
ever, in complex biological systems, these assumptions may not
be valid, and the generalized BT equation would provide a more
accurate description of the diffusion MR signal.

The BT equation is an important theoretical pillar of diffusion
MRI, with extensive research taking place in the past 60 years
[10,3]. A solution to this equation for free diffusion and a piecewise
constant diffusion coefficient in simple geometries was derived
under different boundary conditions [4,6,10,12,33,39]. A solution
for more complex geometries may be achieved using numerical
simulation [7–9]; however it requires additional assumptions, such
as uniqueness and existence of the equilibrium distribution, which
affect the BT equation and its boundary conditions, but may not be
satisfied in general. Our generalized BT equation can improve the
interpretation of diffusion MR experiments by avoiding some
assumptions that otherwise might oversimplify complex systems.
Moreover, modeling structural features of the medium through
space-dependent diffusion coefficient allows one to withdraw
boundary conditions that present major challenges in the analysis
of the conventional BT equation. In particular, the inclusion of an
interface layer with lower diffusivity can replace transmission
boundary conditions [40], while the introduction of a boundary
layer with either enhanced T2 relaxation or localized internal
gradients can model surface relaxation. Note that inhomogeneous
D was previously considered [41] by representing microstructure
as a spatial disorder, DðrÞ, which is modeled following the effective
medium theory. Here, we do not assume the spatial changes in D to
be random and small, leaving it to be a general function which can
be space and time dependent.

The validity of the assumptions regarding the existence and
uniqueness of an equilibrium density is an open question
[6,30,31] that merits additional considerations. The existence of
an equilibrium density is easily justified in simple stationary
examples, yet it might not be true in living tissue, where compart-
ments may dynamically change their shape and size, and where
the water consistency of intracellular and extracellular spaces is
modulated by complex biological processes, such as membrane
permeability and exchange, molecular transport, aquaporins, and
inflammation. Due to the dynamic nature of biological systems, it
is likely that the density is not static as well.

For a complex system the conditions on the equilibriummay be
satisfied at one scale (in time and space), but not at the other. In
fact, in multiscale structures (such as living tissues), physical
description and governing mathematical equations can change
from scale to scale. For instance, density (qeq), diffusion coefficient
(D) and drift (l) may be constant at the lowest scales but become
time and space dependent at higher scales, requiring strict and
cross-scale assumptions in order to yield an equilibrium. In fact,
the explicit relation (9) suggests that to achieve an equilibrium
in inhomogeneous diffusion, there should be a drift force that
exactly balances the change of density that is dictated by the addi-
tional term in the generalized BT equation. While such forces may
be easily identified and verified at low scales and simple examples
[26], it is not clear if they can exist in a dynamic and multi-scale
specimen such as living tissue. Therefore, one cannot assume in
general the existence of time independent equilibrium state of
the system, especially if the structure of the system evolves with
time (e.g., brain tissue). For instance, non-equilibrium scenarios
might be more appropriate for diffusion imaging of brain metabo-
lites. It should also be mentioned that some dynamical properties,
such as the time dependence of the instantaneous diffusion coeffi-
cient at long diffusion times, which was verified using coarse
graining analysis, can also be measured from the macroscopic
MR signal [31].

In addition to the existence of a steady state, cancellation of the
extra term requires uniqueness of the equilibrium density. How-
ever, by definition, if the equilibrium density depends on the initial
conditions, then the equilibrium density is no longer unique.
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Dependence on the initial condition may be expected in dynamic
systems, or in open systems interacting with its surrounding envi-
ronment [6,30]. Clearly many biological systems are dynamic (e.g.,
cellular metabolism, changes in cellular shapes and sizes, exchange
of molecules across compartments). However, dynamics may have
different time scales, and further work is required to establish
which dynamics are on a time scale that would effectively cancel
the uniqueness of the equilibrium density and thus affect a diffu-
sion MRI measurement.

An additional key element in our analysis is the derivation of
the Fokker-Planck Eq. (7), which accounts for the joint effects of
magnetization and diffusion. The access to its solution, the
diffusion-magnetization propagator, reveals the analytical connec-
tion between the microscopic molecular model, the generalized BT
equation, and the random phase approach. The relation between
the random phase approach and the BT approach has been estab-
lished long ago, e.g., Das and Saha [17] combined relaxation and
diffusion, but, similar to Hahn’s approach [1], they only considered
Gaussian diffusion. Later, the relation between the two approaches
was rediscussed and generalized [10,16]. Mathematically, the rela-
tion between the random phase and the BT equation may also be
formulated using the Feynman-Kac formula [3,10,42,43]. This for-
mulation suggests that the BT equation is similar to a backward
Fokker-Planck equation [44]. When the coefficients of the BT
equation do not depend on space and time, the backward and for-
ward Fokker-Planck equations are identical. In turn, when the
coefficients are time and space dependent, the connection between
the BT equation and the random phase approach using the
Feynman-Kac formula is more complex. Here, we derived the rela-
tion between these approaches using the general case of the
forward Fokker-Planck equation with inhomogeneous coefficients
D and l.

The Langevin equation we used for the microscopic model orig-
inates from basic physical principles and has been considered pre-
viously, in different contexts, as the generating process of
molecular diffusion [15,17,22]. We chose to use the Stratonovich
microscopic description to prove the equivalence to the random
phase approach. In future work, the microscopic model can be fur-
ther generalized to non-Markovian systems which may also take
into account interactions between pores [45,46]. The model can
be generalized further, for example, by including hydrodynamic
flow or considering more general Louiville dynamics of spins
[47]. While our simulations demonstrated the effect of inhomoge-
neous diffusion in space, they are equally applicable to dynamic
diffusion changes over time. It is also worth noting that the extra
term predicts that inhomogeneous diffusion still affects the signal,
even if the magnetization is homogeneous. Therefore, this term
may also affect T2 weighted measurements.

When T1 and T2 are spatially invariant, they affect all the nuclei
in the same way and their contribution can be factored out by com-
paring the diffusion-weighted signal to a reference signal (e.g.,
without a diffusion gradient). This standard scheme is not applica-
ble for spatially dependent T1 and/or T2 relaxation that can poten-
tially lead to intricate links with the spatially dependent diffusion
coefficient. In general, the T2 relaxation mechanism is mathemati-
cally equivalent to random disappearance of the transverse mag-
netic moment of a particle. Such phenomena are well studied in
stochastic theory and can be modeled at the microscopic level by
introducing an exponentially distributed lifetime of a particle
(the T2 relaxation time being the mean lifetime). This formulation
could be extended to spatially dependent T2 as well. In our case,
the description is more subtle because the particle is preserved
while its magnetic moment exponentially ‘‘decays”. Moreover,
the effect would be different along the x̂; ŷ, and ẑ components.
Accounting for the T1 relaxation involves further complications
because while the x̂ and ŷ components vanish, the ẑ component
does not vanish but approaches an equilibrium value.

Another important observation is the way our approach handles
surface relaxation. The Robin boundary condition imposed to the
conventional Bloch-Torrey equation is an effective description of
the surface relaxation due to magnetic impurities on the surface.
The same phenomenon can be modeled in our framework by intro-
ducing a boundary layer, either with enhanced T2 relaxation, or
with an extra magnetic field (e.g., susceptibility-induced internal
gradients). In the former case, the generalization would be similar
to the generalization due to spatially dependent T2, which was dis-
cussed in the previous paragraph. In the latter case, the matrix K in
Eq. (4) would include both the externally applied gradient over the
whole voxel and the internal gradients localized near the relaxing
boundary. The exact relation of our framework to surface relax-
ation as well as a rigorous description of the links between inho-
mogeneous diffusion and inhomogeneous T2 or T1 are left for
future work.

In this work we presented the forward problem of predicting
the MR signal for inhomogeneous diffusion. Future studies should
investigate the inverse problem, in particular, the ability to infer,
based on the generalized BT equation, an appropriate diffusion ten-
sor to describe a more complex underlying geometry. The cur-
rently available MR technology gives access only to average
quantities at the millimeter scale. As a result, a large number of
possible different diffusion tensor configurations could be mapped
to the same measured signal. Solving this ill-posed inverse prob-
lem would require stabilizing the model fit by reformulation with,
for example, the inclusion of an application dependent prior
knowledge or a regularizer.
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Appendix A. The Fokker-Planck equation

In the Stratonovich calculus, the propagator corresponding to
Eqs. (2), (3) satisfies [21]

@tP ¼ �rmðiKmPÞ � rðlPÞ þ 1
2
rðPrrrÞ þ rðDrPÞ: ðA:1Þ

In the isotropic case, since rrr ¼ rD, we can write the equa-
tion with the extra term as follows:

@tP ¼ �rmðiKmPÞ � rðlPÞ þ 1
2
rðPrDÞ þ rðDrPÞ:

For completeness, we also derive the microscopic stochastic
equation in the Itô form using the Wong– Zakai corrections [21]

da
dt

¼ AI½aðtÞ; t� þ BI½aðtÞ; t�gðtÞ;

where the Itô coefficients denoted by AI and BI are related to the
Stratonovich coefficients as

BI ¼ B; AI
k ¼ Ak þ 1

2

X
ij

Bij@iBkj ¼
iKmðtÞ

lðr; tÞ þ 1
2rrr

" #
:

Using this relation we can derive the Fokker-Planck equation
from the Itô formalism
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@tP ¼ �ð½rm;r�AIPÞ þ 1
2
rrðrrTPÞ

¼ �rmðiKmPÞ � rðlPÞ � 1
2
rðPrrrTÞ þ 1

2
rrðrrTPÞ

¼ �rmðiKmPÞ � rðlPÞ þ 1
2
rðPrrrÞ þ rðDrPÞ

¼ �rmðiKmPÞ � rðlPÞ þ rðP
ffiffiffiffi
D

p r ffiffiffiffi
D

p
Þ þrðDrPÞ:

The transition to the second line is due to the symmetry of the
matrix r ¼ rT ¼

ffiffiffiffiffiffiffi
2D

p
.

Appendix B. Derivation of the generalized BT equation

In the main text we presented the generalized BT equation:

@

@t
hmi ¼ iKhmi � rðlhmiÞ þ r Drhmið Þ þ 1

2
rðhmirDÞ: ðB:1Þ

Here, we provide a detailed derivation. Taking the Fokker-Planck
equation (Eq. (A.1)), multiplying it by m, and then integrating over
it, we getZ

qða0;t0Þ@P
@t

mdmda0

¼
Z
qða0;t0Þ r DrPð Þþ1

2
rðPrrrÞ�rm iKmPð Þ�rðlPÞ

� �
mdmda0;

where the probability P ¼ Pða; tja0t0Þ is defined in a volume V, and
qða0; t0Þ is the initial probability density at time t0. Looking at the
left hand side, and defining �Pða; tÞ ¼ R qða0; t0ÞPða; tja0; t0Þda0, we
getZ
qða0; t0Þ @Pða; tja0; t0Þ

@t
mdmda0 ¼ @

@t

Z
�Pða; tÞmdm ¼ @

@t
hmi;

where m and a0 are integration variables and therefore do not
depend on time. The right hand side isZ

r Dr�P
� �þ 1

2
rð�PrrrÞ � rm iKm�P

� ��rðl�PÞ
� �

mdm

¼ r Dr
Z

�Pmdm
	 


þ 1
2
r

Z
�Pmdmrrr

	 


þ
Z

iKm�P
� �rmmdm�r l

Z
�Pmdm

	 


¼ r Drhmið Þ þ 1
2
rðhmirrrÞ þ iKhmi � rðlhmiÞ:

The surface term in the integration by parts is zero since
m � ðm�HÞ ¼ 0. Equating the two sides, we get the generalized
BT Eq. (B.1) for the average magnetization. In the case of isotropic
diffusion, one can substitute, rrr ¼ rD. For completeness, the
phenomenological relaxation terms can be added:

@

@t
hmi ¼ iKhmi þ r Drhmið Þ þ rðhmi

ffiffiffiffi
D

p r ffiffiffiffi
D

p
Þ

�r lhmið Þ � hmxix̂þ hmyiŷ
T2

� hmzi � hm0i
T1

ẑ; ðB:2Þ

where we use the relation r ¼ rT ¼
ffiffiffiffiffiffiffi
2D

p
. When D is not spatially

dependent, the additional term is zero, and the equation becomes
identical to the conventional BT equation [4,6].
Appendix C. The effect of the additional term on eventual
boundary condition

In this section, the effect of the additional term in the general-
ized BT equation will be analyzed. For simplicity, we will consider
here a one-dimensional system, whereas the generalization to
higher dimensions is straightforward. The generalized BT equation
in one dimension is

@

@t
hmi ¼ iKðxÞhmi � @

@x
ðlhmiÞ þ @

@x
D

@

@x
hmi

	 

þ 1
2

@

@x
hmi @

@x
D

	 

;

ðC:1Þ
where the notation KðxÞ highlights that the magnetic field is a func-
tion of x. Let us assume l ¼ 0 and first consider the piecewise con-
stant diffusion coefficient:

DðxÞ ¼ D0 � ðD0 � D1Þ HðxÞ �Hðx� ‘Þ½ �; ðC:2Þ
where HðxÞ is the Heaviside step function, D0;D1 are positive con-
stants, and ‘ > 0 is a point on the x-axis, such that

@

@t
hmi ¼ iKðxÞhmi þ D0

@2

@x2
hmi x < 0 or x > ‘;

@

@t
hmi ¼ iKðxÞhmi þ D1

@2

@x2
hmi 0 < x < ‘:

ðC:3Þ

In this case, the additional term disappears, and the interface
condition coupling two BT equations can be found in a standard
way. For this purpose, we can integrate Eq. (C.3) over a small
region ½‘� e; ‘þ e� around the boundary point ‘, assuming the mag-
netization is continuous at this point:

@

@t
hmið‘;tÞ2e� iKð‘Þhmið‘;tÞ2eþD0

@

@x
hmið‘þe;tÞ�D1

@

@x
hmið‘�e;tÞ:

The limit e ! 0 leads to the usual condition of flux conservation
across the boundary:

D0lim
e!0

hmið‘þ e; tÞ ¼ D1lim
e!0

hmið‘� e; tÞ: ðC:4Þ

In order to see the effect of the additional term, we replace the
unrealistic sharp drop in the diffusion coefficient in Eq. (C.2) by a
smooth transition over a small region of size e:

DðxÞ ¼ D0 þ ðD1 � D0Þ HeðxÞ �Heðx� ‘Þ½ �; ðC:5Þ
where

HeðxÞ ¼ 1
1þ expð�x=eÞ : ðC:6Þ

In contrast to the above analysis, in which e was just an auxil-
iary small parameter, here 2e plays the role of the characteristic
width of the boundary region. In the limit e ! 0, one retrieves
the Heaviside function HðxÞ.

Now, the integral of the generalized BT Eq. (C.1) over the bound-
ary region ½‘� e; ‘þ e� yields
@

@t
hmið‘;tÞ2e� iKð‘Þhmið‘;tÞ2eþD0

@

@x
hmið‘þe;tÞ�D1

@

@x
hmið‘�e;tÞ

�1
2
ðD0�D1Þ hmi @

@x
HeðxÞ�Heðx� ‘Þ½ �

	 
����
‘þe

‘�e
: ðC:7Þ

The derivative in the last term reads

@

@x
HeðxÞ �Heðx� ‘Þ½ � ¼ 1

4ecosh2ð x
2eÞ

� 1

4ecosh2ðx�‘
2e Þ

: ðC:8Þ

Substituting this expression into the last term in Eq. (C.7), we
get

1
2
ðD0 � D1Þ hmi 1

4ecosh2ð x
2eÞ

� 1

4ecosh2ðx�‘
2e Þ

 ! !�����
‘þe

‘�e

¼ 1
2
ðD0 � D1Þ hmið‘þ e; tÞ

4ecosh2ð12 þ ‘
2eÞ

� hmið‘� e; tÞ
4ecosh2ð� 1

2 þ ‘
2eÞ

 !

� 1
2
ðD0 � D1Þ hmið‘þ e; tÞ � hmið‘� e; tÞ

4ecosh2ð12Þ

 !
:
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For a boundary at point ‘ to be well defined, its characteristic
width 2e should be much smaller than other physical distances
of the problem, in particular, the distance ‘ between two bound-
aries. As a consequence, the first two terms in the above relation
are exponentially small and can be neglected. Substituting these
results into Eq. (C.7) and dropping the terms of order e yields the
following condition:

0 ¼ D0
@

@x
hmið‘þ e; tÞ � D1

@

@x
hmið‘� e; tÞ

� 1
2
ðD0 � D1Þ

@
@x hmið‘þ e; tÞ þ @

@x hmið‘� e; tÞ
4cosh2ð12Þ

 !
;

from which

D0� D0�D1

8cosh2ð12Þ

 !
@

@x
hmið‘þe;tÞ¼ D1� D1�D0

8cosh2ð12Þ

 !
@

@x
hmið‘�e;tÞ:

This is an effective boundary condition accounting for a smooth
drop of the diffusion coefficient across the boundary of width 2e.
This relation can be compared to the usual boundary condition
(C.4) at a sharp boundary.

Appendix D. The steady state solution

We derive the explicit condition on l, on which the extra term
disappears. We first derive the diffusion propagator from the
diffusion-magnetization propagator by integrating over the mag-
netic moments, such that

Pðr; tjr0; t0Þ ¼
Z

Pða; tja0; t0Þqðm0; t0Þdmdm0;

where qðm0; t0Þ is the initial distribution of spins, which we assume
to be uniform due to a uniform rf pulse at time t0. Performing an
integration over m and m0 leads to the following diffusion
equation:

@tPðr; tjr0; t0Þ ¼ rðDrPðr; tjr0; t0ÞÞ þ rðPðr; tjr0; t0Þ
ffiffiffiffi
D

p r ffiffiffiffi
D

p
Þ

�rðlPðr; tjr0; t0ÞÞ; ðD:1Þ
where the term that depends on the magnetic moment is zero on
the boundary due to the steady state constant magnetic field. This
equation can be written as the continuity equation

@tPðr; tjr0; t0Þ ¼ �rJðr; tjr0; t0Þ; ðD:2Þ
with the probability flux defined as

Jðr; tjr0; t0Þ ¼ lPðr; tjr0; t0Þ � DrPðr; tjr0; t0Þ � Pðr; tjr0; t0Þ
ffiffiffiffi
D

p r ffiffiffiffi
D

p
:

ðD:3Þ
At the steady state, @tPðr; tjr0; t0Þ ¼ 0, and the steady state prob-

ability flux,

Jeqðtjr0; t0Þ ¼ lqeq � Drqeq � qeq

ffiffiffiffi
D

p r ffiffiffiffi
D

p
; ðD:4Þ

does not depend on r, according to Eq. (D.2). Here we assumed the
existence of an equilibrium density, qeq ¼ qeqðrjr0; t0Þ ¼
Pðr; t ! 1jr0; t0Þ. We can extract the following expression for l
from Eq. (D.4):

l ¼ Dr lnðVqeqÞ þ
ffiffiffiffi
D

p r ffiffiffiffi
D

p
þ Jeq
qeq

; ðD:5Þ

where a volume element V is added to get a dimensionless quantity
(it disappears, anyway, because of the gradient operator). The
steady state flux can depend on times t and t0, and on the initial
position r0, whereas lðr; tÞ depends on the current position r and
time t, and not on the initial condition. Hence, Eq. (D.5) holds only
if the equilibrium density is unique, qeqðrjr0; t0Þ ¼ qeqðrÞ. The
requirement of uniqueness can be relaxed in the specific case when
the steady state flux is Jeqðtjr0; t0Þ ¼ �Dðr; tÞrqeqðrjr0; t0Þ, which
would require that rqeqðrjr0; t0Þ exactly cancels out the spatial

dependence of Dðr; tÞ. In this case, Eq. (D.4) implies l ¼
ffiffiffiffi
D

p r ffiffiffiffi
D

p
,

i.e. no external drift or flow exists.

Appendix E. The Einstein-Smoluchowski relation

The Einstein-Smoluchowski relation can be derived by assum-
ing Boltzmann equilibrium distribution qeq ¼ expð�bUðrÞÞ, where
FðrÞ ¼ lb ¼ �rU; b is a friction constant, and b ¼ 1=ðkBTÞ (kB being
the Boltzmann constant, and T the absolute temperature), such
that,

Jeq ¼ lqeq þ DbqeqrU � qeq

ffiffiffiffi
D

p r ffiffiffiffi
D

p

¼ qeq lþ DbrU �
ffiffiffiffi
D

p r ffiffiffiffi
D

p� �
:

Furthermore, stationary equilibrium requires no net flux of par-
ticles (or of probability) in the system. This property should hold
when the system asymptotically comes to rest, as long as there is
no production or consumption of particles through chemical reac-
tions. Therefore Jeq ¼ 0, which will lead to

ð1� bDbÞl ¼
ffiffiffiffi
D

p r ffiffiffiffi
D

p
: ðE:1Þ

This relation is known as the Einstein-Smoluchowski relation,
which is a form of the fluctuation-dissipation theorem. Substitut-
ing it back into the Fokker-Planck equation, we get the Smolu-
chowski equation:

@tP ¼ rðDrPÞ �rðbDblPÞ ¼ rðDðr � bFÞPÞ;
see also in [27,28].

Appendix F. The validity of the transformation for the
derivation of the random phase approach

In Eq. (12) we introduced the following transformation:

mþ ¼ RðtÞ expði/ðtÞÞ: ðF:1Þ
In the Stratonovich calculus, a regular chain rule holds:

dmþðtÞ
dt

¼ dRðtÞ
dt

expði/ðtÞÞ þ i
d/ðtÞ
dt

mþðtÞ: ðF:2Þ

We know from Eq. (3) in the main text that

dmþðtÞ
dt

¼ ic H0 þ GðtÞ � rðtÞð ÞmþðtÞ ¼ i
d/ðtÞ
dt

mþðtÞ: ðF:3Þ

In order to have a well defined transformation, a condition is
dictated on RðtÞ by equating Eqs. (F.2) and (F.3):

dRðtÞ
dt

¼ 0;

with the solution RðtÞ ¼ Rð0Þ ¼ R. We see that RðtÞ is constant,
which depends only on the initial condition of m. Therefore, under
this condition, the transformation is valid.

References

[1] E.L. Hahn, Spin echoes, Phys. Rev. 80 (1950) 580–594.
[2] H.Y. Carr, E.M. Purcell, Effects of diffusion on free precession in nuclear

magnetic resonance experiments, Phys. Rev. 94 (1954) 630–638.
[3] D.S. Grebenkov, From the microstructure to diffusion MRI, and back, in: R.

Valiullin (Ed.), Diffusion NMR of confined systems, RSC Publishing, Cambridge,
2016.

[4] H.C. Torrey, Bloch equations with diffusion terms, Phys. Rev. 104 (1956) 563–
565.

[5] F. Bloch, Nuclear induction, Phys. Rev. 70 (1946) 460–474.

http://refhub.elsevier.com/S1090-7807(17)30025-3/h0005
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0010
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0010
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0015
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0015
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0015
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0015
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0015
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0020
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0020
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0025


I. Seroussi et al. / Journal of Magnetic Resonance 277 (2017) 95–103 103
[6] E.O. Stejskal, Use of spin echoes in a pulsed magnetic field gradient to study
anisotropic, restricted diffusion and flow, J. Chem. Phys. 43 (10) (1965) 3597–
3603.

[7] J.R. Li, D. Calhoun, C. Poupon, D. Le Bihan, Numerical simulation of diffusion
MRI signals using an adaptive time-stepping method, Phys. Med. Biol. 59 (2)
(2014) 441.

[8] J. Xu, M.D. Does, J.C. Gore, Numerical study of water diffusion in biological
tissues using an improved finite difference method, Phys. Med. Biol. 52 (7)
(2007) N111.

[9] D.V. Nguyen, J.R. Li, D.S. Grebenkov, D. Le Bihan, A finite elements method to
solve the Bloch–Torrey equation applied to diffusion magnetic resonance
imaging, J. Comput. Phys. 263 (2014) 283–302.

[10] D.S. Grebenkov, Nmr survey of reflected Brownian motion, Rev. Mod. Phys. 79
(2007) 1077–1137.

[11] E. Özarslan, N. Shemesh, P.J. Basser, A general framework to quantify the
effect of restricted diffusion on the NMR signal with applications to double
pulsed field gradient NMR experiments, J. Chem. Phys. 130 (10) (2009)
104702.

[12] L. Bar, N. Sochen, A spectral framework for NMR signal with restricted
diffusion, Concepts Magn. Reson. A 44 (1) (2015) 16–53.

[13] N. Sochen, D. Morozov, L. Bar, Y. Cohen, Measuring small compartments with
relatively weak gradients by angular double-pulsed-field-gradient NMR,
Magn. Reson. Imaging 31 (3) (2013) 401–407.

[14] P.T. Callaghan, A simple matrix formalism for spin echo analysis of restricted
diffusion under generalized gradient waveforms, J. Magn. Reson. 129 (1)
(1997) 74–84.

[15] P.T. Callaghan, Principles of Nuclear Magnetic Resonance Microscopy, vol. 3,
Clarendon Press, Oxford, 1991.

[16] S. Axelrod, P.N. Sen, Nuclear magnetic resonance spin echoes for restricted
diffusion in an inhomogeneous field: methods and asymptotic regimes, J.
Chem. Phys. 114 (15) (2001) 6878–6895.

[17] T.P. Das, A.K. Saha, Mathematical analysis of the Hahn spin-echo experiment,
Phys. Rev. 93 (1954) 749–756.

[18] J. Mattiello, P.J. Basser, D. Le Bihan, Mr diffusion tensor spectroscopy and
imaging, Biophys. J. 66 (1) (1994) 259.

[19] Y. Assaf, A. Mayk, Y. Cohen, Displacement imaging of spinal cord using q-space
diffusion-weighted MRI, Magn. Reson. Med. 44 (5) (2000) 713–722.

[20] V.J. Wedeen, T.G. Reese, D.S. Tuch, M.R. Weigel, J.G. Dou, R.M. Weiskoff, D.
Chessler, Mapping fiber orientation spectra in cerebral white matter with
Fourier-transform diffusion MRI, in: Proceedings of the 8th Annual Meeting of
ISMRM, Denver, 2000, p. 82.

[21] Z. Schuss, Theory and Applications of Stochastic Processes: An Analytical
Approach, vol. 170, Springer Science & Business Media, 2009.

[22] M.C. Wang, G.E. Uhlenbeck, On the theory of the Brownian motion II, Rev. Mod.
Phys. 17 (1945) 323–342.

[23] N.G. Van Kampen, Itô versus Stratonovich, J. Stat. Phys. 24 (1) (1981) 175–187.
[24] P. Hänggi, H. Thomas, Stochastic processes: time evolution, symmetries and

linear response, Phys. Rep. 88 (1982) 207.
[25] Yu. L. Klimontovich, Nonlinear Brownian motion, Phys. Usp. 38 (1994) 737.
[26] I.M. Sokolov, Itô, Stratonovich, Hänggi and all the rest: the thermodynamics of

interpretation, Chem. Phys. 375 (2010) 359–363.
[27] N.G. Van Kampen, Stochastic Processes in Physics and Chemistry, vol. 1,
Elsevier, 1992.

[28] P.F. Tupper, X. Yang, A paradox of state-dependent diffusion and how to
resolve it, Proc. R. Soc. A 468 (2148) (2012) 3864–3881.

[29] P. Lançon, G. Batrouni, L. Lobry, N. Ostrowsky, Drift without flux: Brownian
walker with a space dependent diffusion coefficient, Euro. Phys. Lett. 54 (2001)
28.

[30] R. Valiullin, V. Skirda, Time dependent self-diffusion coefficient of molecules in
porous media, J. Chem. Phys. 114 (1) (2001) 452–458.

[31] D.S. Novikov, E. Fieremans, J.H. Jensen, J.A. Helpern, Random walks with
barriers, Nat. phys. 7 (6) (2011) 508–514.

[32] F.B. Laun, T.A. Kuder, W. Semmler, B. Stieltjes, Determination of the defining
boundary in nuclear magnetic resonance diffusion experiments, Phys. Rev.
Lett. 107 (2011) 048102.

[33] S.D. Stoller, W. Happer, F.J. Dyson, Transverse spin relaxation in
inhomogeneous magnetic fields, Phys. Rev. A 44 (1991) 7459–7477.

[34] P.P. Mitra, P.N. Sen, L.M. Schwartz, P. Le Doussal, Diffusion propagator as a
probe of the structure of porous media, Phys. Rev. Lett. 68 (1992) 3555–3558.

[35] J.H. Jensen, R. Chandra, Nmr relaxation in tissues with weak magnetic
inhomogeneities, Magn. Reson. Med. 44 (1) (2000) 144–156.

[36] C.H. Ziener, T. Kampf, G. Melkus, V. Herold, T. Weber, G. Reents, P.M. Jakob, W.
R. Bauer, Local frequency density of states around field inhomogeneities in
magnetic resonance imaging: effects of diffusion, Phys. Rev. E 76 (2007)
031915.

[37] C.H. Ziener, T. Kampf, G. Reents, H.P. Schlemmer, W.R. Bauer, Spin dephasing in
a magnetic dipole field, Phys. Rev. E 85 (2012) 051908.

[38] E.O. Stejskal, J.E. Tanner, Spin diffusion measurements: spin echoes in the
presence of a time dependent field gradient, J. Chem. Phys. 42 (1) (1965) 288–
292.

[39] D.S. Grebenkov, Laplacian eigenfunctions in NMR. I. A numerical tool,
Concepts. Magn. Reson. A 32 (4) (2008) 277.

[40] D.S. Grebenkov, Pulsed-gradient spin-echo monitoring of restricted diffusion
in multilayered structures, J. Magn. Reson. 205 (2) (2010) 181–195.

[41] D.S. Novikov, V.G. Kiselev, Effective medium theory of a diffusion-weighted
signal, NMR Biomed. 23 (7) (2010) 682–697.

[42] M. Kac, On some connection between probability theory, in: Differential and
Integral Equations. Proc. 2nd Berkeley Sympos. Math. Stat. Prob., 1951, pp.
189–215.

[43] M. Kac, On distributions of certain wiener functionals, Trans. Am. Math. Soc. 65
(1) (1949) 1–13.

[44] C. Yolcu, E. Özarslan, Diffusion-weighted magnetic resonance signal for
general gradient waveforms: multiple correlation function framework, path
integrals, and parallels between them, in: Visualization and Processing of
Higher Order Descriptors for Multi-Valued Data, Springer, 2015, pp. 3–19.

[45] R. Metzler, J. Klafter, The random walk’s guide to anomalous diffusion: a
fractional dynamics approach, Phys. Rep. 339 (1) (2000) 1–77.

[46] J.P. Bouchaud, A. Georges, Anomalous diffusion in disordered media: statistical
mechanisms, models and physical applications, Phys. Rep. 195 (4) (1990) 127–
293.

[47] I. Kuprov, Fokker-Planck formalism in magnetic resonance simulations, J.
Magn. Reson. 270 (2016) 124–135.

http://refhub.elsevier.com/S1090-7807(17)30025-3/h0030
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0030
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0030
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0035
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0035
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0035
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0040
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0040
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0040
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0045
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0045
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0045
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0050
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0050
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0055
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0055
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0055
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0055
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0060
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0060
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0065
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0065
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0065
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0070
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0070
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0070
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0075
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0075
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0075
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0080
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0080
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0080
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0085
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0085
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0090
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0090
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0095
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0095
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0100
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0100
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0100
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0100
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0100
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0105
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0105
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0105
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0110
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0110
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0115
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0120
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0120
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0125
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0130
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0130
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0135
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0135
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0135
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0140
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0140
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0145
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0145
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0145
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0150
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0150
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0155
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0155
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0160
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0160
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0160
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0165
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0165
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0170
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0170
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0175
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0175
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0180
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0180
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0180
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0180
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0185
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0185
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0190
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0190
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0190
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0195
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0195
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0200
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0200
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0205
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0205
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0210
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0210
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0210
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0210
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0215
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0215
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0220
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0220
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0220
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0220
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0220
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0225
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0225
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0230
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0230
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0230
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0235
http://refhub.elsevier.com/S1090-7807(17)30025-3/h0235

	Microscopic interpretation and generalization of the Bloch-Torrey equation for diffusion magnetic resonance
	1 Introduction
	2 The microscopic model
	3 Generalized Bloch-Torrey equation
	3.1 Piecewise constant diffusion coefficient
	3.2 Inhomogeneous diffusion coefficient in steady state

	4 The generalized random phase approach
	5 Methods
	6 Results
	7 Discussion
	Acknowledgments
	Appendix A The Fokker-Planck equation
	Appendix B Derivation of the generalized BT equation
	Appendix C The effect of the additional term on eventual boundary condition
	Appendix D The steady state solution
	Appendix E The Einstein-Smoluchowski relation
	Appendix F The validity of the transformation for the derivation of the random phase approach
	References


