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ABSTRACT

In this Supplementary Information, we provide mathematical and technical details of our derivation of the analytic solution for
the occupancy probability. We also discuss some additional insights onto this problem.

1 Formal definition of the switching diffusion model

We reproduce here a formal definition of the (M + 1)-state switching diffusion model following Ref.!. We consider a two-
component process (X;,V;), in which X, is the diffusion process in R?, and v, is the pure jump process with the states at
{0,1,...,M}. When there is no boundary, the process is defined by a standard stochastic equation

dX, = /2Dy, 1dW,, (Xo,v0) = (x,i), W

where W, is the standard Wiener process in R3, I is the identity matrix, and D; is the diffusion coefficient at the state i. The
jump process is defined for any i # j by

P{Virar = j | Vi =1, X, Vs,s <t} = kijdt +o(dt), 2)

where k;; is the rate of transition from the state i to the state j. The propagator p(x,i,t|xo, iy,0) is the probability density for the
process to be in (the vicinity of) the point x in the state i at time ¢ when stated from the point x in the state iy. The propagator
satisfies (M + 1) coupled forward Fokker-Planck equations

M
9, p(x,i,t|x0,i0,0) = DiAp(x,i,t|x0,i0,0) + Y [kjip(x, j,|X0,i0,0) — kijp(x,i,]x0,i0,0)], 3)
=0

subject to the initial condition p(x,i,0|xo,ip,0) = &, 8 (x — xo). Some properties of the propagator were discussed in>~* (see
also the references therein).
In turn, for a given smooth function f, the expectation of a functional f(X,,V;) given that the process has started at x and i,

M(x,i,t) ZE{f(X,,Vt) ‘X():x7\/0:l.}, (4)
satisfies the (M + 1) coupled backward Fokker-Planck (or Kolmogorov) equations for each i,
M
atu(x7 ivt) = DiAu(x: ivt) + Z kij (u(x7j7t) - u(x,i,t)), (5)
j=0

subject to the initial condition u(x,i,0) = f(x,i) (strictly speaking, this is a terminal condition but as the rates k;; do not depend
on time, one can recast it as the initial condition).



In the presence of a (partially) reflecting boundary, the diffusion component of the process is modified in a standard way
(via the Skorokhod equation)®~8, whereas the forward and backward Fokker-Planck equations need to be completed by the
associated boundary conditions, see' . Setting f = 1, one can interpret u(x,i,t) as the probability for a particle started at x in
the state i to survive up to time ¢.

2 General analytical solution
In this section, we present the derivation of the analytical solution for a general case with M buffers. Two particular cases

(without buffer and with one buffer) will be detailed in Sections 3 and 4.

2.1 Survival probabilities
We aim to find the survival probabilities S;(¢,x) satisfying Egs. (5) with f = 1 inside the domain

Q={xeR’: p<|x|<R} (6)

between two concentric spheres of radii p and R. The rotation symmetry of this domain implies that S;(¢,x) depend only on the
radial coordinate » = |x| so that we can drop the dependence on angular coordinates and write S;(z,r). Equations (5) are subject
to the initial condition

Si(t=0,r)=1, @)
and have to be completed by boundary conditions (see the main text)
p((?,Si(t,r))rzp = WSo(t,p), (8a)
(8,Sl-(t, r))r:R = 0, (8b)
at the inner and outer spheres, respectively, where
Ho=p= 0 =0 (i=1,M) )
TP DoNy

are dimensionless reactivities, with N4 being the Avogadro number, and ko, the on-rate binding constant.
Introducing the Laplace-transformed survival probabilities (denoted by tilde),

Si(pr) = [are s (e, (10)
0

one can rewrite the above equations as

M
(p+ki—Dir)S;— Y kijSi=1 (p<r<R), (11a)
j=0
8;=0 (r=R), (11b)
wSi—pa:Si=0 (r=p), (11¢)

where A = 97 4 (2/r)9, is the radial part of the Laplace operator, and
M
=Y 2)
j=0

As the rate k;; is undefined, we set k;; = 0 for convenience of notations.
We search the Laplace-transformed probabilities in the form

M
S,-(p7r):a,-+2b,-jv(5j,r), (13)
Jj=0

where a; and b;; are unknown coefficients, and

v(6,r) = l:<sinh(3(R—r)/p) —(1 +[3)5cosh(3(R—r)/p)>, (14)
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with
B=(R-p)/p, (15)

and §; are unknown factors. In fact, the function v(8, ) is a linear combination of two independent solutions ¢%”/r and e=%" /r
of the equation Au — 8%u = 0, and the chosen form (14) ensures the Neumann boundary condition at the outer sphere for any §:

(09(8,7)),_, = 0. (16)

r=R

Substituting Eq. (13) into Eq. (11), we get fori =0,... .M

M
(p—i—k,-)(a,-—i—Zb,-jv(Sj, ) Zb,j5jv N, Zkl/(a/—&-Zbg] ) (17)
j=0

Each of these M + 1 functional relations must be satisfied for any r € (p,R) that implies M + 2 relations on coefficients for
eachi=0,...,M:

(p+ki)a Zk,m_l (18)
and

(p+ki—(Di/p*)8})bij Zkl/bf]—o (19)
=0

The first set (18) of M + 1 linear equations on a; is uncoupled from the rest and can be solved separately. Inverting the
underlying matrix,

Yo  —kot —koo --- —kom
_klo f}/l 0 N 0
W= —koo 0 bl oo 0 (20)
_kMO 0 0 . '}/M

(with % = p+k;) and applying to the vector (1,1,...,1)7, one gets

koi )( M oikio >‘1 1
an = +k - = - (21)
’ ( = p+kio PR ,-;P-Fkio p

The other a; can also be found but their contribution will be canceled by u; = 0 for i > 0.

Next, we can treat Egs. (19) as a set of linear equations on b;;, in which 5j are some parameters. One can note that, for
each j, there are M + 1 equations whose form does not depend on j. In other words, we can decouple these equations into
M + 1 blocks, each having M + 1 equations. Let us write & instead of §; for one block. The equations in each block are
homogeneous, so that there is either none, or infinitely many solutions. For the existence of solutions, the determinant of the
underlying matrix in front of coefficients b;; should be zero. This matrix has precisely the same form as W in Eq. (20), but with
Y% = p+k; — (D;/p?)8>. The determinant of this matrix as a function of z = § is the polynomial of degree (M + 1)

A koikio
H(Z)=%"Y 70—277[ .
i-1 Y

(22)

The M + 1 zeros of this polynomial, z;, determine the unknown §;: §; = \/zi (here one can use either of two values +,/z;, the
final results remaining unchanged).

For each j, the set (19) of equations on b;; has infinitely many solutions. One can express b;; (fori=1,...,M) in terms of
by as

kio
by = bo;.
Y p+ki—(Difp?)87

(23)
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The remaining M + 1 unknowns by are determined by the (M + 1) boundary conditions at the inner sphere:
(wSi(p,r) = pSi(p.1)),_, =0 (i=0,...,M) (24)

that implies (M + 1) linear relations

M

Y bijcij = aip; (i=0,...,M), (25)

j=0
where

cij = (P(arij,r)),p - .uiV(6j7p)>

= sinh(86;) (14 B)8; — 1 — ;) + 8;cosh(B6;) (B+ (14 B)). (26)

Substituting Egs. (23) into these relations, one gets M + 1 linear equations on the remaining M + 1 unknowns b;:

M

Y Cijboj = ai; (i=0,...,M), 27

j=0
with

1 (i=0),
C,'j =¢ij X ki (i > O) (28)

p+ki—(Di/p?)8;

Inverting the matrix C, one obtains by; and thus fully determines Si(p,r). Given that y; = 0 for i > 0, by ; can formally be
written as

U foj(p)
b = 29
U pfp) (29)
with
f(p)=det(C),  fij(p)=(=1)""E;, (30)

where €;; is the (i, j) minor of C, i.e., the determinant of the M x M matrix that results from deleting row i and column j of C.
We get thus

o 1 W(pa I") )
=—(1 3
Solp.r) p(+-f@) , G31)
where
M
w(p,r) =Y fo;(p)v(8;,r). (32)
Jj=0

This is the exact analytic solution of the problem in the Laplace domain. In order to get the solution in time domain, one needs
to compute the poles of So(p, r) which are given by zeros of the function f(p) considered in the complex plane (p € C).

The survival probability So(p, r) also determines the probability density of the first binding time, ¥ (p,r) = 1 — pSo(p,r),
from which

w(p,7)
flp)

In the general case k;p > 0 (i.e., when buffers cannot bind calcium ions forever), one can show that ; (0, ) = 1 that corresponds
to the normalization of the probability density v (¢,7) (we omit the related asymptotic analysis of the minors f;;(p) and of f(p)
as p — 0; see the example for one buffer in Sec. 4). As a consequence, p = 0 is not a pole of So(p, ), and Sy (¢, r) vanishes in
the long time limit. In turn, if ko = O for some i, the calcium ions can be trapped forever by that buffer, and Sy(z, r) reaches a

l’ill(par):_ (33)
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nonzero limit (the fraction of such trapped ions). In this specific case, ¥ (0,r) < 1, i.e., the normalization of y; (¢, r) does not
hold. In practice, even if k;o is very small, it is nonzero, and this pathologic situation does not occur. Note also that Sy(p, r)
determines the moments of the first binding times; in particular, the mean time is simply

(T) :/dttllfl(t,r) :/dtso(hr)zgo(ovr)’ o
O 0

where we integrated by parts and used that v (¢,7) = —d,So(¢,7) and Sp(ee,r) = 0.

2.2 Occupancy probability
As discussed in the Methods Section, the probability density of the first binding times determines the occupancy probability
P(t,7) in the Laplace domain as

P(p,r) = (p,r)O(p), (35)
where
-1
@m=@+mm—w@m0. (36)

Substituting Eq. (33) into this equation yields

M -1
O(p) = (p+koff+Pkofbe0j V(5j,P)> . (37)
=0

j=

Next, substituting this expression and Eq. (75) into Eq. (35), we get explicitly

D W(p, r)
B(p.r) = ) (38)
(p,r) F)
with
F(p) = (p+koit) f(P) + kot w(p, P).- (39)
The poles of P(p,r) are given by zeros of the function F(p):
F(p,)=0 (n=0,1,...). (40)
One can invert the Laplace transform by using the residue theorem. In particular, if the poles are simple, one gets
P(t,r) = Y buw(pu,r) exp(pat), (41)
n=0
where
by = : “2)
n— " 1. 3 /.’
in which the derivative can be computed by using
J (6,r) cosh(B8)+ B(1+ B)3sinh(B6) 99 (43)
= )= — ’°
ap ap
and
J 99 8 82) + 8;sinh(BS 2
= 3y cosh(B8)) (i + B(1+B)87) + &;sinh(B8)) (B (1+B) + (B> +2B+2)) ¢ (44)
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It can checked that py = 0 whereas the other poles are strictly negative: p, < 0. As a consequence, as ¢ — oo, the probability
P(t,r) approaches a stationary value P., which is independent of the starting point r and given by the residue at py = 0.
Summarizing these results, the occupancy probability takes the form

o M
P(t,r) = Pat Y exp(pat) ) bjv(8;(pa), 1), (45)
n=1 j=0
where
b :liij(Pn)l_?n- (46)
Setting

0y =py/—pu/Do, & =—i8;(p), bY =ibi,

one can rewrite the occupancy probability in a more conventional form:

P(t,r) = Po+ i exp(—a2Dot /p?) % b u(a? ), (47)
n=1 Jj=0
where
w(8,r) = g (sin(S(R r)/p) — (14 B)8cos(8(R— r)/p)>. (48)

We note that the functions So(p,r) and P(p, r) involve complicated combinations of roots (e.g., square roots, see below)
emerging from the zeros of the polynomial H(z) in Eq. (22). As a consequence, the use of the residue theorem for evaluating
the inverse Laplace transform of these functions is not straightforward as one needs to introduce cuts in the complex plane to
properly deal with such multivariate functions. In addition, the application of Eq. (41) relies on the assumption of simple poles.
In this paper, we do not provide rigorous mathematical analysis of both statements. In turn, we have checked the correctness
and the accuracy of the derived formulas in time domain by comparison with the numerical inversion of the Laplace transform
(not shown).

In summary, the analytic solution requires three numerical steps: (i) computation of 7 as the zeros of Eq. (22); (ii) inversion
of the matrix C in Eq. (28), from which fy;(p), f(p) and thus by; are found; and (iii) finding the zeros of f(p) (for getting
So(t,r)) or of F(p) (for getting P(p,r)) for the inversion of the Laplace transform. We emphasize that §; and bg; depend on p,
i.e. one needs to perform the first two steps for all values of p at which Sy(p, ) has to be found. In practice, the number of
buffers, M, is not large so that these numerical steps can be done very rapidly and with any accuracy. We will discuss the cases
M =0 (Sec. 3) and M = 1 (Sec. 4), for which (some of) these steps can be done analytically.

2.3 Steady-state limit P,

As time ¢ goes to infinity, the occupancy probability P(z,r) from Eq. (47) approaches the steady-state limit P, which is
determined by the residue of P(p,r) at the pole p = 0. Even though all the formulas determining P(p,r) are given, the
computation of this residue is technically involved, see the related analysis below for the particular cases of no buffer and one
buffer. For this reason, we prefer to rely here on qualitative physical arguments that allow us to get the exact form of P., without
tedious computations.

In the steady-state, the system reaches an equilibrium between the free state, the buffer-bound states, and the sensor-bound
state. Moreover, as the binding/unbinding kinetics on the sensor occurs only through the free state, one can separate the
kinetics with the sensor and the kinetics with the buffers. The equilibrium kinetics with the sensor can be understood as
a two-state switching model, governed by two exchange rates: ko describes the transition from the sensor-bound state
to the free state, whereas an effective rate ko = ko co characterizes the opposite transition, where ¢y is the equilibrated
(homogeneous) concentration of calcium ions. If pg is the equilibrium fraction of calcium ions in the free state, then the
conventional concentration (in M = mol/liter) reads co = po/(NaV), where V = 471(R? — p?)/3 is the volume of the active
zone. In this setting, the occupancy probability (i.e., the probability of finding the calcium ion bound to the sensor) is simply
Poo = ko5 / (kos + kofr) or, equivalently,

1
ey = ——————————. 49)
1+ kot kl«\y]: 1‘7/0
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The fraction pg of calcium ions in the free state can be determined from the equilibrium between the free state and
buffer-bound states. For this purpose, we only consider the dynamics of the (M + 1)-state switching model governed by the
transition matrix W from Eq. (20) with ¥ = k; (i.e., at p = 0). The steady-state distribution is determined by the eigenvector
of W that corresponds to the eigenvalue 0: (1,ko; /k10,k02/k20, - - - kops /karo) . After normalization to 1, the probability of
finding the calcium ion in the free state (i.e., the fraction of calcium ions in this state) is

M k0j -1
n=(1+L ) (50)

j=1 kjo

We get therefore

M . -1
P = (1+koffNAV <1+Z"°1>) . (51)

kon j=1 ij

The same expression for P is retrieved for cases M = 0 (Sec. 3) and M = 1 (Sec. 4) from the rigorous computation of the
residue.

3 No buffer case

The survival probability for no buffer case is well known (see” and references therein). For illustrative purposes, we retrieve
this survival probability from our general approach. This step is also needed for finding the occupancy probability P(z,r).

When there is no buffer (M = 0), Eq. (22) is reduced to H = 3 = p — (Do/p?)8> = 0, from which & = p+/p/Do.
The matrix C consists of a single element Cyp = cgo, from which foo(p) = 1, f(p) = coo, and thus bgg = p/(pcoo). The
Laplace-transformed survival probability becomes then

So(por) = L M%) (52)
P pcoo(p)

where coo(p) is given by Eq. (26). Setting 8y = i@, one can rewrite the equation f(p) = 0 on the poles of Sy(p,r) in a
trigonometric form

(B+(1+B)u)&

sin(@f) = RN cos(@p), (53)

which has infinitely many nonnegative solutions denoted as &,, enumerated by n = 0,1,2,... (we use hat symbol here to
distinguish the quantities determining So (¢, 7) from similar quantities determining P(t,r) below). The poles are p, = —Do &2 /p>.
Note that the pole corresponding to & = 0 provides the contribution —1/p that precisely compensates the term ag = 1/p, and
thus it will be excluded. The inverse Laplace transform is then obtained by the residue theorem:

So(t,r) = i@nu(&n,r) exp(—6;2Dot /p?), (54)
where
b = fx“ (eos(écnm [~ B(B+1)é2] — duysin(@B) [B(B + D+ (B> +2B +2>]) h (55)
and u(8,r) is given by Eq. (48). The derivative with respect to ¢ yields the probability density of the first-binding time
i (t,r) = % Y 02 by u(64,.7) exp(—a; Dot /p?). (56)
n=1

Occupancy probability P(z,r)
The computation of the probability P(¢,r) follows the same lines. Setting &y = i in Eq. (39), one gets

F= ;D;’{sin(aﬁ) ((azl)((l +B)a? +1 +u)+/lu> —acos(af) ((azl)(ﬁ +u(1+p))+Au(l +[3)> } (57)
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from which the equation on « reads

[0?(B +p(1+B)) — AB]acos(apB)
ot (1+B)+a2(1+p—A(1+B))—A’

sin(aff) = (58)
where A = kogrp?/Do. This equation has infinitely many positive zeros that we denote as o,, with n = 1,2, ... (the zero &g = 0
will be considered separately). These zeros determine the poles: p, = —Doo2/p>. Since w(p,,r) = illug, (r) with u(8,r)
given by Eq. (48), we obtain by the residue theorem

Pt,r) =

1 > 2 2
——————+ ) byu(oy,r) e~ %Dot/p , (59)
142 B ng’I

where the first term comes from the residue at p = 0, and

b, = i = i . (60)

—— 2
Jim (P (P) - e (0aF (@) 4,

Recalling the definition of dimensionless parameters A, 1 and 3, one easily checks that the first term in Eq. (59) coincides with
the steady-state limit P in Eq. (51).
Taking the derivative of Eq. (57) with respect to &, one gets an explicit formula for b,:

" sin(oy,B) (2w +w2) + o cos(o4,B) (aFws +ws) o
with

wi=4(1+B)+B(B+u(l+p)),

wy =2(1+pu—A(1+B))—AB2, (62)

wy = B(1+B),
wy=B(1+u—A(1+pB))=3(B+u(1+p)).

Limiting cases
In the limit ko = O (or A = 0), there is no desorption event, and Q(p) = 1/p according to Eq. (36). In this case,

= Vip,r) _ 1-So(p,r)

P(p,r)=
p p

)

and thus P(z,r) = 1 — Sy(¢,r), as expected. One can also check that the solutions @, coincide with &,.
In turn, in the limit of perfectly adsorbing sensor (i.e., with infinitely fast binding kinetics: kop = i = o0), Eq. (53) is
reduced to

sin(&,B) = (1+ )b, cos(&,p), (63)
and the survival probability becomes
sin(dn%) -1 —&—B)éc,,cos(dn%)
0, (cos(0,B) — B(1+ B) 0y, sin(6,B))

The probability density y;(r,r) = —9,So(¢,r) is obtained by taking the derivative with respect to 7. Note that in this limit,
the unbinding events are effectively suppressed as a particle that unbinds from such a sensor immediately re-binds. As a
consequence, one gets again P(f,r) = 1 — So(z,r).

(64)

20 & .
So(t,r) = TP Z exp(—(x,%Dot/pz) X
n=1

Other results
Mean first-binding time
The mean first-binding time reads

s 2P(R =P/t 2pR (r—p) —rp*(r* —p?)
<y>r—S0(0ar)_ 61"[)2D0 ’

(65)

8/15



while the mean excursion time (at r = p) is

_ R3 _p3 - pV
3Dopp uDoA”

(T)p (66)
where V is the volume of the domain Q¢ and A is the area of the sensor. As a consequence, the mean first-binding time, which
is essentially proportional to the volume of the active zone, is a useless characteristics in this situation. In turn, the mode (i.e.,
the position of the density maximum, i.e., the most probable value) is representative.

Asymptotic analysis of the smallest eigenvalue

The long-time behavior of y;(¢,r), Q(¢), and the probability P(t,r), is determined by the smallest absolute value of the pole
|p1] of the underlying Laplace-transformed quantity. Let us first consider the density v (¢,7), for which the smallest |p] is
determined by &;. Denoting x = &, and assuming that x — 0, one can use the Taylor expansion of Eq. (53) to determine the
asymptotic behavior of & for large 8. In the lowest order in 1/f3, we get

3u 3up’

(T+wp* =~ I+ wr

According to Eq. (54), the above relation determines the slowest decay rate of the survival probability, p> / (Doéclz), which is
close to the mean time (66) when p < R.

62 o

(67)

Short-time asymptotic behavior
The short-time asymptotic behavior corresponds to the limit p — eo. In this limit, Eq. (38) becomes in the leading order in 1/p:

 uv/Dyexp(—(r—p)/p/Do)

p(pvr)— rp3/2

) (68)

from which the short-time asymptotic behavior follows for r > p

3/2
P(t,r) ~ m exp(—(r—p)z/(4Dot)). (69)

This asymptotic behavior is applicable at times as short as ¢ < (r — p)?/(4Dy). In turn, for r = p, Eq. (68) yields

2+/D
P(t’p):\\/f;;)fltl/z

4 One buffer case
For a single buffer (M = 1), Eq. (22) reads

H = (p+ko1 — (Do/p*)z) (p +kio — (D1/p*)z) — koiko, (71)

and its two zeros determine & and O;:

(t—0). (70)

2
& = ZDPODl (Do(p+k10) +Di(p+kor)— \/(Do(p+k1o) —Di(p+kor))? +4D0D1k01k10>, (72)
2
8= D (Do(p+k1o)+D1(p+k01)+\/(Do(p-i-km) —D1(p+ko1))2+4D0D1k01k10>~ (73)
oD
Getting
— CooC11 — Co1Cio,
f(p) = CooC11 —Co1Cro o
foo(p) =Cu1,  foi(p) =—Cio
from the 2 x 2 matrix C, one obtains the coefficients by
boo = Cip
P(CooCi1 —Coi1Cro)
C (75)
bt — — 10H
01 =

p(CooCi1 —Co1Cro)’
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where the elements C;; are given explicitly by Eq. (28). We obtain thus

1
So(p,r):;+boov(50,r)+b01v(51,r). (76)

In order to invert the Laplace transform, one needs to determine the poles of Sy(p, r) that are given by the zeros p, of the
function f(p). There are infinitely many zeros and they are nonpositive: p, < 0. To compute the residues, one needs the
derivative of f(p) with respect to p, which can be evaluated by using Eq. (44) and

35;  p*  2p+kotkio—(Do+D1)§;/p?
dp 28 Do(p+kio) +Di(p+ko) —2DoD1 8% /p?’

(77)

Finally, we proceed to check that the two zeros of f(p), p =0 and p = — (ko1 + k1), are not the poles of So(p, r), and thus
excluded from the analysis.
(1) In the limit p — 0, we get

ko1 + k10
e p?—2LT0 L o(p? 78
0 =P Dokt Dikor” (r7), (78a)
2
2 P~ (Dokio + Dikot)
o ~ DoD; +0(p). (78b)
v(89,p) = —& — & (B*/3+B*/2) + 0(&), (78¢)
- (P g BB 5
Coo =~ & + &y 3 +B*+B+u D) +0(8),
3
Cio~ & (B3 +B2+/3> +0(8), (78d)
whereas Cy; and Cy; approach constants. We get thus
I3 Cu 1 ~1)2
boo~ =~ = —— 4 0 :
W wdCn o) & OV
o) )
boy ~ —— 0 =0(1).

p 18Cii —O(83)

Since v(&,r) = —8 + O(8;), the singularities from ag = 1/p and bov(y, r) cancel each other so that p = 0 is not a pole of

50(p7r)'
(ii) Setting p = — (ko1 + k10) + €, one has

Dok Dk
5 = — oko1 + D1 10_1_0(8)’
DoD;
(80)
2 ko1 +kio +0(E)
Doko +Di1kio
As a consequence, we get
Cor =~ u&; = 0(e'/?), Ci =~ & = 0(e¥?), 81)
whereas ag, Cog and Cjg approach constants. We obtain then
u Ci1
bop=o— T —0(1),
0 P CooCr1 —Co1Cro m
(82)
bm:—ﬁ C1o o~ H :L:0(8—1/2).
p CooC11 —Co1C1o Cotp  &1p
Since v(8y,r) =~ — &1, the term by;v(J;,7) has no singularity so that p = — (ko + k¢ is not a pole of So(p, 7).
We conclude that
$0(17) = X (B2(8(pn).r) + Bov(81 (52).1) ) exolpn) )
n=1
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where v(8,r) is given by Eq. (14), and

A C11(pn) - 1 Cio(Pn)
bO = ‘lf ~ N\ 0 bl =" ANt (84)
! pnf/(Pn) " Pnf/(Pn)
The derivative with respect to ¢ yields
witr) =Y (52v(6o(ﬁn>,r) +byv (8 (ﬁn),r)> X | pul exp(put).- (85)
n=1

Probability P(z,r)
Similarly, the inversion of P(p,r) involves the zeros p, of F(p) from Eq. (39) that can be written explicitly as:

F(p) = (p+koft) f(P) + kotttt (C11v(80,p) — Crov(81,p)), (86)

with f(p) from Eq. (74). As previously, one can show that the zero p = — (ko1 + k1) is not a pole of P(p,r). In turn, p=0is a
pole. In fact, using Egs. (78), one get as p — 0

Do(ko1 +k10) ( 3

F(p)NSOP{HC“(O)JHIDokm—i-lem 3+l32+l3> X (CII(O)COI(O)NV(SI(O)vp))}a

where Cp; (0), C11(0) and 8, (0) denote the values of these functions evaluated at p = 0. In turn,

w(p,r) = n(Cuv(8,r) = Crov(81,7)) = —uC11(0)8 + 0(&),

so that the residue at p =0 is

Do(kor +kio) (1+B)*—1 0) — Co1 (0) — uv(8,(0 !
Pw{1+l o(kor +k10) (1+B)"—1  C11(0) —Coi(0) — uv(di( %P)} 7 &7)
Dokio + D1koi 3 uCii(0)
which is independent of the starting point r. After simplifications, we have
(1+B) -1 B
P.=(1+A o (1+ko1/kio) | - (88)
This expression coincides with Eq. (51).
We get thus
Pr) =Pt B ((3(00).0)+ D10(81 (1)) ) 59)
n=1
with
C C
F'(pn) F'(pn)
One fixed buffer
For the fixed buffer (D; — 0), Egs. (72) yield
2
koikio
2= (pik —), 52 =5 oo, 91
0 D0<p 01 btk i 91)

As a consequence, one needs to treat this case separately to avoid diverging terms.
The last relation in Egs. (91) implies that

1
e = 5 (1 +B)82P 50 (i=0,1).

In addition, we have

c1okio ciikio
Coo = coo, Cio= ; 1= )
p+kio p+kio
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so that in the limit D; — 0, we get

bo=——, by =0, 92)
Pcoo
given that
Co1 o1 o1
>0l _ = 0. 93)
C ko ptkio—(Do/p?)82
T e T

We conclude that

~ 1 v(6g,r
So(por) = 2+ KX, (94)
p P coo
i.e., we retrieved the solution (52) for the case without buffer, in which 8 = p+/p/Dy is replaced by & = p+/p’ /Do, where
koikio
/
= ptko — X0 95)
p=ptkor = (

The fixed buffer is expected to slow down the arrival onto the sensor because of binding calcium ions and thus stopping their
diffusion. In particular, one can notice this effect in an increase of the mean first-binding time to the sensor, given by So(0, 7).
Noting that p’ = 0 from Eq. (95) at p = 0, one finds that the mean first-binding time without buffer, (.7,;), is multiplied by the
factor (1 + ko1 /kio) in the presence of a fixed buffer:

~ k
(7)=500.0) = (T (1+2). %6)
The relation to the former solution without buffer allows one to easily invert the Laplace transform. In fact, the former poles
of So(p,r) were p, = —Do&,% /p?. Inverting the relation (95), one can see that each former pole p, splits in two new poles
ﬁn,l = *)Ln,l and ﬁn,Z = /M2, with
On —\/ 07 — 4kioDo 02/ p?
g = BV~ HhaoDuB /o2 ©72)
o7 02 — 4ki1gDo 02/ p?
Apz = " +\/0; . 100005 /p 7 ©7b)
with 6, = Dy (36,3 / p2 + ko1 + k19. As a consequence, the inverse Laplace transform of Eq. (94) becomes
So(t,r) = Z by u(,,r) (cml e Mt 4 Cn2 e_’l’hzt) , (98)
n=1
where u(8, r) is given by Eq. (48), the coefficients b, are given by Eq. (55), and the weights
Do /p? 1
Cn,l = z’" /p 1 kOlkl() bl (993)
! + (An,1—k10)?
Do&2 /p? 1
Cn2 = kﬂlip 1 koikijo "’ (99b)
’ + (Anp—k10)?

appear from the change of variables: dp’/dp = 1 +koik1o/(p +ki0)?, see Eq. (95), and from the factor 1/p in the second term
of Eq. (94). Note that if kg; = kjo =0, onehas A,; =0and A, = Dgéc,%/pz, and one retrieves Eq. (54).

Note also that A, 1 — ko and 4,2 — Dyé&?2/p? as n — oo and thus ¢p1 — 0 and ¢, 2 — 1. In other words, the exchange
kinetics does not affect the high-frequency eigenmodes.

Substituting Eq. (98) into (35, 36), we get

pv(So,7)
(P + kotr) coo + Koft V(0. )
so that one needs to find zeros of the denominator of this expression. As in the former case for Sy(p,r), one can expect two
sequences of zeros: p,1 — —kio and p,» — —oo. In fact, when p — —kjo + 0, p’ from Eq. (95) diverges to —eo, so that

there are infinitely many zeros accumulating towards —kjo. This accumulation requires a more subtle numerical procedure to
calculate zeros.

P(p,r)=— (100)
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5 Calcium channel model used for Monte Carlo simulations

We describe a VGCC by a 3-state Hodgkin and Huxley gating model'® so that the calcium release was modeled according to:

2wV0) Vi)
o = ¢ = 0YWcat, (101)

with two closed states Cp, C; and one open state O of the VGCC. Here ¢ (V (¢)) and B(V (¢)) are voltage dependent rates,
computed as

a(V(1)) = exp(V(1)/20.5),
BV (1)) = 0.14 exp(—V(1)/15),
for a given AP waveform V() in mV. The dynamics starts from the close state Cy. The parameters in these rates were adjusted

such that the resulting single channel open probability, current duration, and peak match experimentally observed quantities''.
The calcium ions are released from the open channel with the rate:

(102)

k(t) = %(V(t) —Viev), (103)

where g = 3.3 pS (picoSiemen) is the single channel conductance'?

reversal potential'!.

, e is the elementary charge, and Viey = —45 mV is the
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6 Supplementary Figures
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Supplementary Figure 1. P(z,r) with slow unbinding kinetics (koy = 0.157 mM~'ms ™) for 50 (A), 100 (B) and 200 (C)
simultaneously released ions for CD of 15 nm (top row) and 45 nm (bottom row). Black and green lines show respectively

analytical and MC results. The black and blue inset text on each plot represent FWHM error and MAE between analytical and
MC results correspondingly.
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Supplementary Figure 2. P(z,r) with fast unbinding kinetics (ko, = 1570 mM~'ms ™) for 50 (A), 100 (B) and 200 (C)
simultaneously released ions for CD of 15 nm (top row) and 45 nm (bottom row). Black and green lines show respectively
analytical and MC results. The black and blue inset text on each plot represent FWHM error and MAE between analytical and
MC results correspondingly.

14/15



References

1
2

. G. Yin and C. Zhu Hybrid Switching Diffusions: Properties and Applications (Springer, New York, 2010).

. G. Yin and C. Zhu, “Properties of solutions of stochastic differential equations with continuous-state-dependent switching”,
J. Diff. Eq. 249, 2409-2439 (2010).

. N. A. Baran, G. Yin, and C. Zhu, “Feynman-Kac formula for switching diffusions: connections of systems of partial
differential equations and stochastic differential equations”, Adv. Diff. Eq. 2013:315 (2013).

4. D. S. Grebenkov, “Time-averaged mean square displacement for switching diffusion”, Phys. Rev. E 99, 032133 (2019).

5. M. Freidlin, Functional Integration and Partial Differential Equations, Annals of Mathematics Studies (Princeton University

Press, Princeton, New Jersey, 1985).

. D. S. Grebenkov, “Partially Reflected Brownian Motion: A Stochastic Approach to Transport Phenomena”, in “Focus on
Probability Theory”, Ed. L. R. Velle, pp. 135-169 (Nova Science Publishers, 2006).

7. D. S. Grebenkov, “Residence times and other functionals of reflected Brownian motion”, Phys. Rev. E 76, 041139 (2007).
8. A. Singer, Z. Schuss, A. Osipov, and D. Holcman, “Partially Reflected Diffusion”, SIAM J. Appl. Math. 68, 844 (2008).

9. D. S. Grebenkov, R. Metzler, and G. Oshanin, “Strong defocusing of molecular reaction times results from an interplay of

10.

11.

12.

13.

geometry and reaction control”, Commun. Chem. 1, 96 (2018).

A. L. Hodgkin and A. F. Huxley, “A quantitative description of membrane current and its application to conduction and
excitation in nerve”, J. Physiol. 117, 500-544 (1952).

Y. Nakamura, H. Harada, N. Kamasawa, K. Matsui, J. S. Rothman, R. Shigemoto, R. A. Silver, D. A. DiGregorio, and T.
Takahashi, “Nanoscale distribution of presynaptic Ca 2+ channels and its impact on vesicular release during development”,
Neuron 85, 145-158 (2015).

J. Sheng, L. He, H. Zheng, L. Xue, F. Luo, W. Shin, T. Sun, T. Kuner, D. T. Yue, and L.-G. Wu, “Calcium-channel number
critically influences synaptic strength and plasticity at the active zone”, Nature Neurosci. 15, 998-1006 (2012).

L.-Y. Wang, E. Neher, and H. Taschenberger, “Synaptic vesicles in mature calyx of Held synapses sense higher nanodomain
calcium concentrations during action potential-evoked glutamate release”, J. Neurosci. 28, 14450-14458 (2008).

15/15



	Formal definition of the switching diffusion model
	General analytical solution
	Survival probabilities
	Occupancy probability
	Steady-state limit P

	No buffer case
	One buffer case
	Calcium channel model used for Monte Carlo simulations
	Supplementary Figures
	References

