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1 Introduction

In this chapter, we discuss the mathematical background of diffusion mag-
netic resonance imaging (dMRI), also known as diffusion weighted imag-
ing (DWI) and nuclear magnetic resonance (NMR) diffusometry. This non-
invasive technique is broadly applied in material sciences to investigate struc-
tural and transport properties of porous media (such as sedimentary rocks,
concrete, cement, gypsum, clays), as well as in medicine and neurosciences
to study anatomical, physiological, and functional properties of biological
tissues and organs such as brain, skin, lungs, bones [1–8]. Conventional MRI
employs inhomogeneous magnetic fields to locally excite the nuclei (e.g., wa-
ter protons) in a small region of a sample, and then to measure the resulting
overall magnetization in this region (called a voxel). Repeating the procedure
for many voxels yields an image of the sample, with typical spatial resolution
from around 1 mm in clinical scanners to ∼ 50 µm in research scanners for
small animals and mineral samples. This resolution is essentially limited by
thermal motion of the nuclei which can diffuse away from their voxel during
the measurement. Being unable to prevent diffusion, one attempts to benefit
from it to gain new information on the microstructure at much smaller length
scales. For this purpose, a diffusion-weighting (or diffusion-sensitizing) gra-
dient is applied to create spatially uneven nuclear precession and thus encode
random trajectories of the nuclei. When the nuclei diffuse inside a heteroge-
neous medium, the statistics of their random displacements is affected by the
presence of walls or obstacles. Although these microscopic restrictions are
not visible at the spatial resolution of MRI, their geometric features are sta-
tistically aggregated into the macroscopic signal. Roughly speaking, denser
obstacles are more difficult to diffuse through, the nuclei are then less spread,
their precessions are less dephased, and the macroscopic signal is thus less at-
tenuated. Measuring the signal at different diffusion times and gradients, one
aims at infering the morphological structure of a sample and to characterize
the dynamics of a system. In spite of numerous applications of dMRI and
more than sixty years of intensive theoretical work, this formidable inverse
problem has no been fully solved.

Starting from the Bloch-Torrey equation that provides the accurate mi-
croscopic description of the magnetization evolution, we overview various
theoretical and phenomenological approaches to relate the microstructure to
the macroscopic signal. Both classical approaches and more recent advances
will be presented, with the main focus on the mathematical aspects. In spite
of an attempt of a systematic presentation, the chapter is not exhaustive,
while the choice of the presented materials is biased by the author’s own
research interests and views.
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2 Mathematical background

2.1 Bloch-Torrey equation

In dMRI, the magnetic field is first applied to split the energy level of the
diffusing nuclei and to create two distinct populations. The resulting mag-
netization is oriented along the magnetic field which is conventionally di-
rected along the z axis: B = (0, 0, Bz). After that, the 90◦ radio-frequency
(rf) magnetic field pulse flips the nuclear magnetization into the transverse
plane (xy) where it starts to precess with the Larmor frequency γBz, γ be-
ing the nuclear gyromagnetic ratio (in units rad/T/s). The magnetization
M = (Mx,My,Mz) obeys the Bloch-Torrey equation [9]

∂Mx

∂t
= ∇ ·D∇Mx + γ(M×B)x −

Mx

T2
,

∂My

∂t
= ∇ ·D∇My + γ(M×B)y −

My

T2
,

∂Mz

∂t
= ∇ ·D∇Mz + γ(M×B)z −

Mz −M0

T1
,

where ∇ is the gradient operator, · and × denote the scalar and vector
products, respectively. The right-hand side of this equation includes three
different mechanisms affecting the magnetization: (i) diffusion of the nuclei
with the diffusion tensor D (in units m2/s); (ii) precession around the mag-
netic field B, and (iii) relaxation to the equilibrium magnetization Meq =
(0, 0,M0). The longitudinal and transverse relaxation times T1 and T2 re-
flect two distinct relaxation mechanisms for the transverse and longitudinal
components of the magnetization: the so-called spin-lattice relaxation (T1)
and the spin-spin relaxation (T2). Combining Mx and My into the complex-
valued transverse magnetization m = Mx + iMy and writing explicitly the
components of the vector product M × B yield the conventional compact
form of the Bloch-Torrey equation:

∂m(r, t)

∂t
=

[

∇ ·D∇− iγBz(r, t)−
1

T2

]

m(r, t). (1)

The precessing magnetization of the nuclei induces electric current in the
coils surrounding the bore of the magnet that allows one to monitor the
evolution of the total magnetization in time. In other words, although the
Bloch-Torrey equation provides the accurate microscopic description of the
magnetization evolution, one can only measure the macroscopic signal from
the voxel,

S =

∫

dr m(r, t), (2)
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the magnetization m(r, t) itself remaining inaccessible experimentally. Al-
beit this averaging eliminates structural information about the medium, the
great challenge of dMRI consists in recovering some lost geometric features
from understanding the effect of a medium onto diffusion and the resulting
macroscopic signal.

Although the transverse relaxation of a nucleus can in general depend
on its position r, we assume the transverse relaxation time T2 to be space-
independent. In other words, all the nuclei are affected by the transverse
relaxation in the same way, and the resulting signal attenuation is factored
out as exp(−t/T2), independently of diffusion and precession. The related
term in the Bloch-Torrey equation (1) can be omitted. Similarly, the diffu-
sion tensor D is treated as space-independent. Moreover, we make a stronger
assumption that diffusion of the nuclei at the microscopic level is isotropic
so that the diffusion tensor is reduced to the diffusion coefficient D. We
emphasize that this assumption does not prevent to observe anisotropic dif-
fusion at the macroscopic level, e.g., for a bundle of neurons in brain dMRI
[10]. In fact, our isotropic assumption ignores possible structural features
of the medium on even smaller scales than those of the Bloch-Torrey equa-
tion (e.g., the fine structure of the cytoplasm is replaced by a homogeneous
medium surrounded by a permeable membrane). Such coarse-grained sim-
plifications are mandatory to describe multiscale complex systems such as
biological tissues. At the same time, the applicability of these simplifications
is not granted and has to be carefully thought of for each studied system.
Although we will ignore microscopic anisotropy for the sake of simplicity, the
majority of presented results can be extended to the anisotropic case. The
two assumption simplify the Bloch-Torrey equation (1) as

∂m(r, t)

∂t
= D∇2m(r, t)− iγBz(r, t)m(r, t), (3)

where ∇2 is the Laplace operator describing isotropic diffusion. This is a
standard diffusion-reaction equation, except that the second (reactive) term
contains the imaginary “reaction rate” iγBz(r, t). This “minor” detail com-
pletely changes many properties of this partial differential equation, e.g., the
governing operator D∇2 − iγBz(r, t) is in general not Hermitian (see Sec.
3.5).

It is instructive to evoke the probabilistic interpretation of the macro-
scopic signal [5]. Diffusing in inhomogeneous magnetic field Bz(r, t), each
nucleus acquires a random phase ϕt obtained by integrating the position-
dependent Larmor frequency γBz(r, t) along the random trajectory R(t) of
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the nucleus:

ϕt =

t∫

0

dt′ γBz(R(t′), t′). (4)

This random variable is a functional of the random trajectory R(t). When
there is no T1/T2 relaxation, the amplitude of the local magnetization does
not change, and the macroscopic signal can be obtained by averaging the
phase factors eiϕt over all the nuclei. Since the number of nuclei in a macro-
scopic voxel is gigantic, the average can be replaced by the expectation over
all random trajectories R(t):

S = S0 E{eiϕt}, (5)

where the starting points of trajectories are uniformly distributed over the
voxel, and S0 is the reference signal without diffusion-weighting gradient. In
other words, the macroscopic signal appears as the characteristic function
of the phase ϕt in Eq. (4), while its relation to the integral (2) of the
solution m(r, t) of the Bloch-Torrey equation (3) is known as the Feynman-
Kac formula [5, 11–13].

2.2 Boundary conditions

Except for the trivial case of unrestricted diffusion in the whole space, the
Bloch-Torrey equation (1) has to be completed by boundary conditions on
every surface that may hinder the motion of the nuclei. Three boundary
conditions are typically considered (Fig. 1):

• Neumann boundary condition for an inert impermeable surface that
just reflects the nuclei and does not affect their magnetization:

∂m(r, t)

∂n
= 0, (6)

where ∂/∂n = (nr · ∇) is the normal derivative oriented outwards the
medium (i.e., the derivative is taken along the normal unit vector nr

at the boundary point r). This boundary condition is often employed
to simplify the analysis when permeation or surface relaxation can be
neglected.

• Robin boundary condition for a relaxing impermeable surface on which
the nuclei can partly lose their magnetization:

D
∂m(r, t)

∂n
+ ρ m(r, t) = 0, (7)
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where ρ is the surface relaxivity (in units m/s). This boundary condi-
tion is relevant for mineral samples whose solid walls contain magnetic
impurities that relax the magnetization of the nuclei near the wall [14–
16]. Note that Eq. (7) was also used to describe “one-way permeation”
(or leakage) through a membrane [17–19], although this description re-
mains oversimplified as the nuclei are not allowed to permeate back.
One retrieves the Neumann boundary condition (6) by setting ρ = 0
(no surface relaxation).

• Transmission boundary condition for a permeable surface between two
adjacent domains (e.g., intracellular and extracellular regions in a tissue
[20]):

D+
∂m+(r, t)

∂n
= −D−

∂m−(r, t)

∂n
= κ

[
m−(r, t)−m+(r, t)

]
, (8)

where m±(r, t) denote the magnetization on two sides of the surface,
D± are the corresponding diffusion coefficients, and κ is the surface
permeability (in units m/s) [21–23]. In contrast to former boundary
conditions, Eq. (8) combines two conditions: the continuity of the
magnetization flux across the surface (first relation) and the drop of
magnetization due to a finite permeation (second relation). When κ =
0, there is no permeation across the surface, and one retrieves the
Neumann boundary condition for both domains. In the limit κ → ∞
(fully permeable surface), a finite magnetization flux is only possible
by setting m−(r, t) = m+(r, t), i.e., by imposing the continuity of the
magnetization across the boundary. Finally, setting m−(r, t) = 0 in one
domain, one recovers the Robin boundary condition (7) for the other
domain.

We excluded from the above list the so-called Dirichlet boundary condition,
m(r, t) = 0, which is often imposed for diffusion-reaction processes. This
condition describing a perfectly reactive surface which would immediately
relax the magnetization of any coming nucleus, is not realistic for dMRI.

Since the solutionm(r, t) of the Bloch-Torrey equation depends on bound-
ary conditions, the microstructure of a medium is incorporated implicitly into
the magnetization, resulting in an intricate relation between the microstruc-
ture and the macroscopic signal.

2.3 Diffusion-weighting magnetic field

Inferring the structural properties of a medium from the macroscopic sig-
nal S would be hopeless if there was no possibility to control the magnetic
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Figure 1: Illustration of several boundary conditions employed in dMRI: (a)
inert impermeable solid/liquid interface reflects all nuclei yielding zero mag-
netization flux at the wall (Neumann boundary condition); (b) paramagnetic
impurities (red circles) dispersed on the solid impermeable wall partly relax
the magnetization at the wall and are modeled through surface relaxivity ρ
(Robin boundary condition); (c,d) diffusive exchange between two compart-
ments can be modeled either by infinitely thin semi-permeable membrane
(dashed line) with the permeability κ in the transmission boundary condi-
tion on the magnetizations m±(r, t) on both sides (c), or by a thick mem-
brane with a smaller diffusion coefficient Dm and continuity conditions on
the magnetizations in three regions (d). When the membrane thickness ǫ is
small, the last situation can be approximated by the transmission boundary
condition with κ = Dm/ǫ.

field Bz(r, t). The choice and controlled variations of the magnetic field of-
fer numerous ways to tackle with the inverse problem. In a standard dMRI
measurement, Bz(r, t) includes two terms: a constant magnetic field B0 to
induce sufficient magnetization, and a small spatially inhomogeneous correc-
tion to encode the diffusive motion. The first term affects all the nuclei in
the same way that allows one to factor out its contribution to the solution
of the Bloch-Torrey equation as e−iγB0t. The second term is necessary to
distinguish the precession of the nuclei in different spatial positions. The
simplest and most common choice of the second term is a linear gradient in
a prescribed direction, i.e. Bz(r, t) = B0 + (r · g(t)). While the gradient g(t)
can in general vary in amplitude and direction, most dMRI experiments are
realized with a fixed gradient direction e during one acquisition cycle. It is
therefore convenient to factor out the dimensionless temporal profile f(t) as

Bz(r, t) = B0 + g f(t) (e · r). (9)

The choice of the amplitude g (in units T/m), direction e, and temporal
profile f(t) of the linear gradient remains at experimentalist’s hands. There
are several standard choices for the temporal profile (see Fig. 2).

(i) The simplest choice f(t) = 1 produces the signal known as free induc-
tion decay (FID). Although this choice is particularly simple from both the-

7



oretical and experimental points of view, it is not used for diffusion measure-
ments because of the rephasing problem: small heterogeneities of a medium
lead to uncontrollable dephasing of the nuclei and fast decay of the signal
[1].

(ii) Hahn proposed to apply the 180◦ rf pulse at time ∆ (in the middle of
acquisition) in order to invert the precession direction of the nuclei [24]. The
dephasing acquired during the first period (from 0 to ∆) is compensated by
the rephasing during the second period (from ∆ to 2∆). At the so-called echo
time T = 2∆, the nuclei are again in phase and form the macroscopic signal
called an echo. The rephasing is complete for immobile nuclei and incomplete
for diffusing nuclei, signal attenuation being related to diffusion. The effect
of the rephasing 180◦ rf pulse is mathematically equivalent to inverting the
gradient direction (Fig. 2a). The effective temporal profile is then

f(t) =

{

1, 0 < t < ∆,

−1, ∆ < t < 2∆.
(10)

(iii) Carr-Purcell-Meiboom-Gill sequence consists in a multiple repetition
of 180◦ rf pulses to produce a train of echoes [25, 26]. The progressive attenu-
ation of their amplitudes yields the effective attenuation rate which includes
the T2 relaxation, the diffusion effect onto incomplete rephasing, surface re-
laxation or other mechanisms.

(iv) Stejskal and Tanner proposed a pulsed-gradient sequence with two
rectangular gradient pulses of duration δ separated by the inter-pulse time
∆ (Fig. 2b) [27, 28]:

f(t) =







1, 0 < t < δ,

−1, ∆ < t < ∆+ δ,

0, otherwise

(11)

The Hahn echo is retrieved by setting δ = ∆. The separation of the pulse
duration δ and the inter-pulse delay ∆ gave a new degree of freedom in
the analysis of dMRI measurements. This Stejskal-Tanner sequence and its
extensions (e.g., the trapeze-shaped gradient pulses shown in Fig. 2c whose
form is closer to experimental setup) are the most often choice in dMRI.
In experiment, both gradient pulses are usually slightly delayed from the
respective 90◦ and 180◦ rf pulses.

Stimulated spin-echo sequences [2–4], in which the refocusing 180◦ rf pulse
is replaced by two new 90◦ rf pulses, can be described by the temporal profile
(11). The first of these 90◦ rf pulses turns the nuclei back to the longitudinal
direction (z axis) in order to preserve the magnetization from the T2 spin-spin
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relaxation which is usually much faster than the T1 spin-lattice relaxation.
The last 90◦ rf pulse moves the stored nuclei again to the transverse plane for
“decoding” by the second gradient pulse. This “trick” is used to overcome
the T2 relaxation mechanism and to allow for long-time measurements (up to
seconds) but it does not alter the gradient encoding and all the consequent
mathematical analysis. In other words, from the diffusion-weighting per-
spective, there is no difference between spin-echo and stimulated spin-echo
sequences.

(v) More recently, rectangular gradient pulses of different amplitudes and
durations were analyzed [29–31]:

f(t) =







1, 0 < t < δ,

−β, ∆ < t < ∆+ δ/β,

0, otherwise

(12)

where β is a parameter of the sequence (Fig. 2d). We emphasize that the
amplitude and duration of the second pulse are modified to still fulfill the
so-called rephasing condition

T∫

0

dt f(t) = 0. (13)

This condition is satisfied by all sequences that produce an echo.
(vi) Oscillating gradient profiles (Fig. 2e) were suggested to access the

short-time scales of the diffusive motion [32–36].
It is worth emphasizing that the macroscopic signal is experimentally ac-

cessible only at the echo time T , in contrast to the mathematical description
which accesses m(r, t) and thus S at any time t. Bearing in mind this exper-
imental constraint, the analysis of the inverse problem should be restricted
to a single value S(T ). At the same time, measurements can be repeated for
different gradient amplitudes and directions, as well as for different temporal
profiles (e.g., different ∆ and/or δ). In spite of numerous proposed sequences,
this opportunity is not yet fully explored.

As mentioned earlier, we restrict the analysis to the common situation
when the gradient direction e is fixed, while its amplitude varies in time.
This restriction does not prevent one to repeat independent measurements
in different gradient directions to access the macroscopic anisotropy of the
sample. More generally, one can apply two or many pairs of gradient pulses
successively to probe correlations between displacements in different direc-
tions [37–43]. This is an extension of CPMG sequence in which two gradient
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90° rf 180° rf echo
t

(a)

(b) ∆ δ

(c)

(d)

(e)

Figure 2: Several temporal profiles of the applied gradient: (a) Hahn echo,
(b) bipolar rectangular (Stejskal-Tanner) profile, (c) trapeze-shaped profile,
(d) rectangular profile with unequal pulses, and (e) oscillating sine profile.
The thick red line indicates the effective temporal profile f(t), in which the
second gradient polarity is inverted by the 180◦ rf pulse. The echo emerges
at t = 2∆, where ∆ is the inter-pulse delay (between the exciting 90◦ and
refocusing 180◦ rf pulses).

pulses in each pair are oppositely directed to ensure the refocusing condition,
while gradient directions between pairs can be chosen arbitrarily. These so-
called double-PGSE sequences were argued to be more sensitive in detecting
local diffusion anisotropy than their single-PGSE counterpart but this is-
sue remains controversial [44]. Although most results of the chapter can be
extended to double-PGSE sequences, we do not discuss these points.

The above discussion concerned only the diffusion-weighting gradients.
In both conventional and diffusion MRI, another kind of magnetic field gra-
dients, the so-called imaging gradients, are used to excite the nuclei locally
and thus to create the magnetization selectively in a well localized macro-
scopic region (voxel) of a sample. By means of imaging gradients, one can
probe the diffusive motion and infer the geometric properties of a sample
in various voxels. For instance, one can create a map of inferred properties
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over the sample on larger scales than the size of a voxel (e.g., typical voxel
size for human brain imaging is around 1 mm, while the field of view of the
head can be 10-20 cm). In contrast, imaging gradients do not help to access
to smaller scales, i.e., the microstructure of the medium. The imaging and
diffusion-weighting gradients should not be confused. Throughout this chap-
ter, we focus on the signal in a macroscopic region, either the whole sample,
or one selected region (a voxel). In this way, we do not distinguish diffusion
NMR or NMR diffusometry (when the signal comes from the whole sample)
and diffusion MRI (when the signal comes from a macroscopic region of the
sample). In both cases, the analysis of diffusion effects onto the macroscopic
signal is essentially the same, while it is repeated for each voxel in the case
of dMRI1. In particular, we do not discuss imaging gradients any more.

Finally, the form (9) of the magnetic field ignores internal gradients that
often exist in a heterogeneous sample. In particular, differences in the mag-
netic properties of liquid and solid phases create susceptibility-induced inter-
nal gradients near the liquid-solid interface. Although these local gradients
rapidly decay from the interface, their contribution can be dominant in small
pores (as compared to externally applied linear gradients) that may signif-
icantly bias diffusion measurements. In the simplest model, the parasitic
effect of internal gradients can be incorporated through surface relaxation
but this description is oversimplified as the direction of internal gradients
is ignored. In order to check for internal gradients bias, diffusion-weighted
measurements can be performed for two opposite directions of the applied
gradient, i.e., with temporal profiles f(t) and −f(t). Two signals are iden-
tical without internal gradients, while their difference allows one to estimate
internal gradients and to (partly) correct for their effect. Alternatively, inter-
nal gradients can potentially substitute externally applied diffusion-weighting
gradients for encoding trajectories of the nuclei [47]. However, a reliable in-
terpretation of such measurements is still challenging due to the unknown
distribution of internal gradients over the sample and the consequent uncon-
trollable effect onto the macroscopic signal. We do not further discuss these
effects.

1We mention another, more technical difference between these two techniques. When
the signal is acquired over a voxel, an appropriate boundary condition has to be imposed
on the outer boundary of the voxel. This condition should account for the nuclei that were
excited in the voxel and then moved to neighboring voxels so that they do not contribute
to the macroscopic signal in the studied voxel. To account for the consequent loss of
the signal, one often imposes the Robin boundary condition. Another choice consists in
pseudo-periodic boundary conditions [45, 46]. Finally, one can consider a larger domain
(including the neighboring voxels) and use non-uniform excitation and pick-up functions
to delimit the current voxel [23]. Whatever the method is used, the effect of inter-voxel
nuclei migration is typically small, at least for large voxels.

11



2.4 Characteristic scales

From now on, we focus on the following Bloch-Torrey equation

∂m(r, t)

∂t
= D∇2m(r, t)− iγgf(t)(e · r)m(r, t), (14)

subject to the uniform initial condition over the voxel of volume V : m(r, 0) =
1/V , and eventual boundary conditions as discussed in Sec. 2.2. This equa-
tion includes two separate causes of the magnetization evolution: diffusion
and dephasing. It is instructive to quantify the relative contributions of these
two terms through characteristic length (or time) scales. The ratio between
the dimensional coefficients in front of these terms, D and γg, has units of a
volume that yields a natural gradient length ℓg:

ℓg = (D/(γg))1/3. (15)

Note that this length appears independently of the temporal profile and, in
particular, of the echo time. Large values of ℓg mean diffusion dominating
contribution. But large with respect to what? What are the other length
scales of the problem? The introduction of other length scales is less straight-
forward.

The nuclei undergoing unrestricted diffusion in the whole space travel
on average the distance

√
6DT during the experiment of duration T . How-

ever, this distance is not representative in general by several reasons: (i)
obstacles, solid walls, tortuous channels or pores hinder the diffusive motion
and may either slow down or even alter normal diffusion; it may therefore
be unjustified to use the intrinsic diffusion coefficient D, especially for long
measurements; (ii) since dMRI probes diffusion in the gradient direction, dis-
placements in other directions are less relevant; the factor 6 (coming from the
three-dimensional character of diffusion) may need to be replaced by factor 2.
As a consequence, the expression

√
6DT can only estimate orders of magni-

tude of the diffusion length. For this reason, we remove the uncertain factor
6 from this expression and call the diffusion length ℓD =

√
DT , bearing in

mind that it is only a rough estimate.
Another often employed length scale is the dephasing length ℓd = 1/(γgT )

which characterizes the overall phase shift during time T . Once again, this
notion is ambiguous because the gradient causing the dephasing is not nec-
essarily switched on during the whole measurement. On the contrary, short
gradients pulses are often applied, in which case the above quantity may be
misleading. For the Stejskal-Tanner sequence, it is more appropriate to de-
fine the dephasing length as the inverse of the wavevector amplitude q = γgδ:
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ℓq = 1/q = 1/(γgδ) = (T/δ)ℓd. Whatever the definition is used, the dephas-
ing length strongly depends on the temporal profile. Note that the gradient
length, diffusion length, and dephasing length are not independent, and one
can be expressed through the two others, e.g., ℓd = ℓ3g/ℓ

2
D.

While the above length scales characterize the experimental setup and
the intrinsic motion of the nuclei, the microstructure can impose a set of
geometric length scales. In the simplest situation, one deals with monodis-
perse obstacles of a single size L. In Sec. 3.2.3, we will discuss restricted
diffusion inside simple isolated pores (such as spheres or cylinders) which
are characterized by their sizes. In turn, most mineral and biological sam-
ples exhibit polydispersity and are characterized by multiple length scales.
One of the theoretical challenges in dMRI consists in developing appropriate
statistical tools to aggregate multiple length scales of the sample into the
macroscopic signal. In particular, several works aimed at determining the
pore size distribution from the signal (see Sec. 3.3).

Finally, surface relaxation or permeation can be characterized by a length
ℓρ = D/ρ or ℓκ = D/κ, respectively. This length can be interpreted as an
effective distance traveled by the nucleus between the first arrival onto the
surface and the full relaxation or permeation [48–50]. The role of the relax-
ation/permeation length in diffusion-reaction processes has been thoroughly
investigated [5, 51–61].

Before starting any experiment or numerical simulation, it is instructive
to estimate the characteristic length scales in order to anticipate the behavior
of the macroscopic signal. For this purpose, we summarize the parameters
and discuss the resulting length scales. For water diffusion, the proton gyro-
magnetic ratio is γ ≃ 2.675 · 108 rad/T/s. The water diffusion coefficient D
changes between 3 ·10−9 m2/s at 37◦ (body temperature) and 2.3 ·10−9 m2/s
at 20◦ (room temperature), these variations being insignificant for estimat-
ing length scales. The gradient g varies from 0 to 30 − 50 mT/m in clinical
scanners, to few T/m in small bore research scanners, and up to few hun-
dreds of T/m in stray field experiments [62]. The gradient pulse duration
δ can take values from 1 ms to tens or even hundreds of milliseconds. It is
possible to get sub-millisecond values of δ but the non-rectangular form of
the temporal profile has to be accounted for. The inter-pulse time ∆ ≥ δ
can be increased up to few hundreds of milliseconds or even seconds by using
stimulating spin-echo sequences (Sect. 2.3). The water permeability can vary
significantly among biological tissues, from 10−8 m/s for Fundulus eggs up to
(5− 8) · 10−5 m/s for red blood cells, brain and lung tissues (see [63–66] for
summaries of permeabilities in different cells). Similarly, the surface relaxiv-
ity ρ varies from negligible values in some biological tissues up to 1.5·10−5 m/s
in limestone and 3 ·10−5 m/s in sandstone [67, 68] (see also [69]). Combining
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Expression min (µm) max (µm) parameter variations

ℓg (D/(γg))1/3 ∼ 2 ∞ g from 1 T/m to 0

ℓD
√
DT ∼ 2 ∼ 20 T from 1 ms to 100 ms

ℓq 1/(γgδ) ∼ 0.5 ∞ g from 1 T/m to 0, δ = 10 ms
ℓρ D/ρ ∼ 70 ∞ ρ from 3 · 10−5 m/s to 0
ℓκ D/κ ∼ 25 ∞ κ from 8 · 10−5 m/s to 0

Table 1: Characteristic length scales.

these parameters, one can estimate the characteristic length scales (Table 1)
that are to be compared to the geometric length scales of a sample.

2.5 Solutions of the Bloch-Torrey equation

In spite of a simple form of the Bloch-Torrey equation, its solution is surpris-
ingly complicated. An exact explicit solution of the Bloch-Torrey equation
(14) is only available for unrestricted diffusion in the whole space [1, 70] for
which the macroscopic signal takes the classical exponential form:

S = S0 exp(−Db), (16)

where S0 is the reference signal (without diffusion-weighting gradient), and
the b-value is defined as [71]

b = γ2g2
T∫

0

dt





t∫

0

dt′ f(t′)





2

, (17)

where the rephasing condition (13) was assumed. For instance, the b-value
for the Stejskal-Tanner profile reads as

b = γ2g2δ2(∆− δ/3). (18)

Varying the magnetic field parameters (g, δ or ∆), one can access the diffusion
coefficient D of freely diffusing molecules [72, 73]. For this sequence, ∆−δ/3
from Eq. (18) is often called the diffusion time.

The presence of any boundary with any (nontrivial) boundary condition
violates the above solution. Even for the simplest confining domains such as
cylinders or spheres, there is no exact explicit solution of the Bloch-Torrey
equation with a nontrivial temporal profile f(t). Few exact solutions are
known only for one-dimensional configurations (e.g., semi-axis, interval, ar-
ray of intervals) and involve infinite series of complex-valued Airy functions
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[74, 75] (see Sec. 3.5). The very limited set of known analytical solutions
illustrates the mathematical difficulties in understanding the interplay be-
tween the microstructure and the macroscopic signals. Missing the exact
solutions of the problem stimulated numerous works on both numerical tools
and approximations. The overwhelming majority of theoretical publications
on dMRI deal with approximate solutions of the Bloch-Torrey equation that
we discuss in the next section. To conclude this section, we mention three
classes of numerical schemes employed to solve the Bloch-Torrey equation.

• Monte Carlo simulations. The probabilistic interpretation of the
macroscopic signal as the characteristic function of the random phase
suggests the most natural way for its computation. In fact, it is suffi-
cient to simulate a random trajectory R(t) of the nucleus diffusing in a
medium and then to compute the acquired phase ϕt in Eq. (4). Repeat-
ing this computation N times, one can approximate the macroscopic
signal in Eq. (5) by the empirical average over N independent real-
izations of the random variable ϕt. This Monte Carlo method is very
flexible and easy to implement for various microstructures [76–82]. Its
major drawback is the slow convergence of the empirical average to the
expectation (which typically goes as 1/

√
N).

• Finite differences method (FDM) and finite elements method
(FEM). The Laplace operator∇2 can be discretized on a regular lattice
(finite differences) or an adaptive mesh (finite elements) that reduces
the Bloch-Torrey PDE to a large system of linear ordinary differen-
tial equations [45, 46, 83–86]. This system can be solved numerically
by an appropriate time discretization. Both finite difference and finite
elements methods are usually more accurate than Monte Carlo simu-
lations and can provide not only the macroscopic signal but also the
magnetization m(r, t). In turn, the spatial discretization of complex
multiscale media may lead to extremely large systems of equations,
especially in three dimensions, that would prohibit their numerical so-
lution (for comparison, the efficiency of Monte Carlo simulations is
almost independent of the space dimension).

• Matrix formalisms. Considering the magnetic field Bz(r, t) in Eq.
(14) as a perturbation of the Laplace operator, one can decompose
the magnetization m(r, t) on the complete basis of Laplacian eigen-
functions when dealing with restricted diffusion in bounded domains
[5, 87–91]. The projection onto eigenfunctions reduces the Bloch-Torrey
PDE to an infinite system of linear differential equations which can
be truncated and then solved numerically. The solution is obtained
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by matrix operations which are fast and very accurate. Solving the
Bloch-Torrey equation is thus “reduced” to computing Laplacian eigen-
functions. In general, this new problem is even more time-consuming
than the original one. However, for a special class of “symmetric”
domains, the Laplacian eigenfunctions are known explicitly [92] that
tremendously speeds up computations and greatly improves the accu-
racy. Examples of such domains are intervals/rectangles/rectangular
parallelepipeds, equilateral triangles, disks/cylinders, spheres, circular
annuli and spherical shells, and multilayered structures [23, 29, 88, 89].
For these domains, the matrix formalisms are much faster and more
accurate than other numerical techniques. Note that in earlier versions
of matrix formalisms, the temporal profile was approximated by a finite
sum of delta-functions [93–95].

Both Monte Carlo and finite differences/elements methods become more
time-consuming at longer echo times T and higher gradients g. Evidently,
longer T requires simulating longer trajectories or solving the system of linear
equations for a larger number of time steps. In turn, higher gradients need
finer time or space resolution for both techniques. For matrix formalisms,
longer times do not present any problem, while higher gradients require larger
matrices and thus may slow down computations.

3 Theoretical approaches

In the previous section, we presented the mathematical background to re-
late the macroscopic signal to the microstructure. We stressed that the
microstructure appears implicitly through the boundary conditions to the
Bloch-Torrey equation. How can one infer the microstructure without hav-
ing an exact explicit solution of this equation? In this section, we discuss
several theoretical approaches that were developed to overcome this prob-
lem. In particular, we present two classical approximations that are useful
in many practically relevant cases: the narrow-pulse approximation (NPA)
and the Gaussian phase approximation (GPA).

3.1 Narrow-pulse approximation

Since the Bloch-Torrey equation does not admit simple solutions for generic
temporal profiles f(t), is it possible to simplify the related mathematics by
adapting the physical setup? After all, the magnetic field is the “ingredient”
of the problem that is under an experimentalist’s control. Stejskal and Tanner
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gave an elegant solution by suggesting to narrow the gradient pulses [27, 28].
When the pulse duration δ is very short, the contribution of the diffusion
term in the Bloch-Torrey equation (14) can be neglected as compared to that
of the gradient term. Solving this equation without the diffusion term for
f(t) = 1 during 0 < t < δ yields m(r, δ) = e−iγδ(g·r)/V , where the factor 1/V
comes from the initial condition. When the gradient pulse is switched off,
the Bloch-Torrey equation becomes simply the diffusion (or heat) equation
which is easier to solve and analyze [96, 97]. A general solution of the diffusion
equation can be expressed through the diffusion propagator, Gt(r0, r), which
satisfies

∂Gt(r0, r)

∂t
= D∇2Gt(r0, r), (19)

subject to the initial condition G0(r0, r) = δ(r0 − r) and eventual boundary
conditions discussed in Sec. 2.2. The diffusion propagator characterizes the
probability density of moving from r0 to r in time t. Using the propagator
and considering m(r, δ) as a new initial condition, one gets

m(r′, t) =
1

V

∫

Ω

dr e−iγδ(g·r) Gt−δ(r, r
′) (δ < t < ∆).

Applying the same arguments for the second gradient pulse and the remaining
gradient-free period, one gets the macroscopic signal at the echo time 2∆ as

S =
1

V

∫

Ω

dr

∫

Ω

dr′
∫

Ω

dr′′ e−iγδ(g·r)G∆−δ(r, r
′)eiγδ(g·r

′)G∆−δ(r
′, r′′). (20)

When there is no surface relaxation, the total magnetization is preserved,
and the integral of Gt(r

′, r′′) over r′′ is equal to 1, from which

S =
1

V

∫

Ω

dr

∫

Ω

dr′ e−iγδ(g·(r−r′)) G∆(r, r
′), (21)

where ∆ − δ was replaced by ∆ in agreement with the assumption of very
small δ. Changing the integration variable R = r−r′, the macroscopic signal
can be represented as a Fourier transform

S(q) =

∫

R3

dR e−i(q·R) P (R,∆), (22)

where q = γδg is the wavevector2 associated to the gradient g, and

P (R,∆) =
1

V

∫

Ω

dr G∆(r, r+R) (23)

2Here we omit the conventional prefactors 2π and (2π)−1 in the Fourier transform and
the definition of the wavevector.
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is the averaged propagator (here we used the convention thatG∆(r, r+R) = 0
if r+R /∈ Ω). Measuring the macroscopic signal at various q and then invert-
ing the Fourier transform, one can access to the averaged propagator that
incorporates the geometric features of the microstructure. In other words,
the particular choice of very narrow gradient pulses allows one to reduce
the sophisticated NMR-dependent quantity, S, to a simpler purely diffusive
characteristics of a medium, P (R,∆). This is a rare situation when the mea-
surement features (gradients) can be fully disentangled from the geometric
characteristics.

For simple isolated domains (e.g., slab, cylinder, sphere), the diffusion
propagator is known explicitly from which the averaged propagator and the
macroscopic signal can be deduced [78, 98–100]. For instance, the NPA
signal for an isolated slab of width L and for an isolated sphere of radius L
are respectively

S = 2(qL)2
(
1− cos(qL)

(qL)4
+ 2

∞∑

n=1

e−Dπ2n2∆/L2 1− (−1)n cos(qL)

(π2n2 − (qL)2)2

)

, (24)

and

S = 6(qL)2
∞∑

n,k=0

e−Dλnk∆/L2 (2n+ 1)λnk

λnk − n(n + 1)

[j′n(qL)]
2

[λnk − (qL)2]2
, (25)

where j′n(z) is the derivative of the spherical Bessel function jn(z) of the
first kind, and

√
λnk are the positive roots of the equation j′n(z) = 0 (n =

0, 1, 2, . . .), enumerated by an index k = 0, 1, 2, . . .. Note that λ0,0 = 0, and
the ratio λnk/(λnk − n(n+ 1)) is set to 3/2 for n = k = 0.

At long times ∆, the NPA signal exhibits oscillating behavior known as
diffusion-diffraction patterns [98, 99]. This is particularly clear in the limit
∆ → ∞, when all terms except the one with n = k = 0 vanish, and the
signals in Eqs. (24, 25) approach to

S∆=∞ =







2(1− cos(qL))

(qL)2
(slab),

9[qL cos(qL)− sin(qL)]2

(qL)6
(sphere).

(26)

Both functions oscillate and have infinitely many zeros, e.g., the zeros for
a slab are at qL = 2π, 4π, 6π, . . ., while the first zero for a sphere is at
qL ≈ 4.4934. Detecting the first minimum of the NPA signal at long times
allows one to estimate the size L of the confining domain.

Figure 3 illustrates the oscillating character of the signal for water molecules
diffusing in isolated slab and sphere. The macroscopic signal S for a Stejskal-
Tanner rectangular profile is computed by the matrix formalism [23, 89]. The
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Figure 3: Signal attenuation S/S0 as a function of qL/(2π) = γgδL/(2π)
for diffusion in a slab of width L = 30 µm (a) and in a sphere of radius
L = 15 µm (b), with D = 2.3 · 10−9 m2/s, ∆ = 100 ms, and three values
of the gradient pulse duration: δ = 1, 10, 100 ms. In order to keep the same
range of q for three curves (with qmax = 1 µm−1), the gradient g was rescaled
by 1, 1/10, and 1/100, respectively. Symbols present the signals computed
by the matrix formalism (with very high accuracy). The solid line shows the
NPA signal from Eqs. (24, 25), while the dashed line shows its asymptotic
limit (26). The dash-dotted line indicates the asymptotic behavior (66) in
the localization regime (see Sec. 3.5).

signal attenuation S/S0 as a function of qL/(2π) is shown by symbols for
three gradient pulse durations: δ = 1, 10, 100 ms (with ∆ = 100 ms for all
cases). The NPA signal from Eqs. (24, 25) which formally corresponds to
the limit δ → 0 and g → ∞, is shown by solid line. One can see that the
NPA signal accurately approximates the macroscopic signal at short gradi-
ent pulses (δ = 1 ms, circles), while this approximation gets worse at longer
gradient pulses, as expected. Note that even at δ = 1 ms, the approximation
starts to deviate after the third minimum. We also show the long-time limit
(26) by dashed line. Experimental validation of the NPA approximation in
simple domains was reported in [78]. The influence of surface relaxation onto
the NPA signal was thoroughly investigated [78, 100].

The oscillating behavior of the macroscopic signal at long times is ex-
pected for any bounded domain Ω. In fact, in the long time limit (when
D∆ ≫ L2, L being the size of the domain), the starting and arrival points of
the propagator G∆(r, r

′) in Eq. (21) become independent, G∆(r, r
′) ≃ 1/V ,

and the macroscopic signal approaches the squared absolute value of the
form-factor of the domain:

S∆=∞ =

∣
∣
∣
∣
∣
∣

1

V

∫

Ω

dr e−iγδ(g·r)

∣
∣
∣
∣
∣
∣

2

. (27)
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The location of the first minimum of this function determines the character-
istic length scale of the domain. For instance, Callaghan and co-workers have
applied this technique to investigate water diffusion in a disordered medium
of monodisperse glass beads and to experimentally determine the average
distance between neighboring beads [98].

It is worth noting that the signal in Eq. (27) appears here “almost” as
the squared Fourier transform of the indicator function of the domain. While
the amplitude the form-factor is available, its phase remains inaccessible
because of identical gradient pulses. Recently, pulsed-gradient sequences
with different pulses have been employed to overcome this limitation and to
reconstruct the shape of simple confining pores from dMRI [29–31].

In spite of conceptual simplicity and numerous applications of the NPA,
there are several drawbacks. (i) The assumption of immobile nuclei during
the gradient pulse may not be valid, especially for gas diffusion. (ii) An exper-
imental implementation of very short and strong gradient pulses (for getting
appropriate wavevectors q = γgδ) has instrumental limitations. (iii) The
analysis of diffusion-diffraction patterns becomes challenging for disordered
media for which oscillations at various length scales superimpose, interfere,
and may cancel each other. The seminal work by Callaghan et al. [98] on
diffusion in monodisperse spherical beads remains one of the best experimen-
tal realizations of this technique in porous media. (iv) Finally, encoding just
the starting and the arrival positions of the nuclei was suggested to simplify
the analysis of dMRI measurements. This idea which was revolutionary in
the sixties, has to be revised nowadays. In fact, encoding the whole trajec-
tory of the nuclei can provide more substantial information on diffusion and
microstructure, if appropriate “decoding” tools are developed.

3.2 Gaussian phase approximation

The Gaussian phase approximation (GPA) is another pillar of the modern
dMRI. A naive argument behind the GPA consists in saying that diffusion in
a medium would remain Gaussian but be slowed down due to bumping and
rebouncing of the nuclei on obstacles or walls. Under this hypothesis, one can
still apply the exponential form (16) in which the intrinsic diffusion coefficient
D is replaced by an effective or apparent diffusion coefficient (ADC) [101]:

S ≃ exp(−ADC b), (28)

with the b-value defined in Eq. (17). Measuring the macroscopic signal
at several b-values allows one to estimate ADC which is related to the mi-
crostructure: tighter confinement is expected to yield smaller ADC. The
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concept of ADC and the underlying GPA have found numerous applications,
especially for medical imaging. For instance, ADC maps of brain and lungs
were used to identify tumors and emphysematous regions, respectively [6–
8, 102–106].

The success of the ADC concept is inherently based on the rigorous per-
turbative analysis of the macroscopic signal at weak gradients. The Taylor
expansion of the exponential function in Eq. (5) at t = T reads

S

S0

= 1 + iE{ϕT} −
1

2
E{ϕ2

T} −
i

6
E{ϕ3

T}+
1

24
E{ϕ4

T}+ . . . , (29)

which, by using the properties of the exponential function, can also be written
as the cumulant expansion:

ln(S/S0) = i〈ϕT 〉c −
1

2
〈ϕ2

T 〉c −
i

6
〈ϕ3

T 〉c +
1

24
〈ϕ4

T 〉c + . . . , (30)

where the cumulant moments 〈ϕn
T 〉c can be expressed in terms of ordinary

moments E{ϕn
T}. The even-order moments determine the real part of the sig-

nal, while the odd-order terms set the imaginary part. Under the rephasing
condition (13), all odd-order moments vanish, and the leading (lowest-order)
contribution is given by the second moment 〈ϕ2

T 〉c = E{ϕ2
T }. The Gaussian

phase approximation consists in neglecting higher-order terms which are ex-
pected to be small at weak gradients (given that ϕT is proportional to the
gradient g), from which

S ≃ S0 exp(−E{ϕ2
T/2}). (31)

According to the definition (4), the second moment can be written in terms
of the position autocorrelation function (PAF):

E{ϕ2
T/2} = γ2g2

T∫

0

dt1f(t1)

T∫

t1

dt2f(t2) E{(R(t1) · e)(R(t2) · e)}, (32)

where we used the symmetry of PAF to order time variables t1 and t2. For
unrestricted diffusion, the PAF is well known, E{(R(t1) · e)(R(t2) · e)} =
2Dmin{t1, t2}, from which the second moment becomes precisely bD, and
one retrieves Eq. (16), with the b-value from Eq. (17). Moreover, all higher-
order cumulant moments of the Gaussian variable ϕT vanish, and Eq. (31)
becomes exact.
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3.2.1 Apparent diffusion coefficient

In the presence of obstacles, the random phase ϕT is not necessarily a Gaus-
sian variable, but Eq. (31) is approximately valid for small gradients. The
comparison of Eqs. (28, 31) yields the rigorous definition of the ADC:

ADC0 ≡
E{ϕ2

T/2}
b

=
≺ E{(R(t1) · e)(R(t2) · e)} ≻

≺ 2t1 ≻
, (33)

where we introduced the “temporal average” ≺ F (t1, t2) ≻ of any function
F (t1, t2) based on the temporal profile f(t):

≺ F (t1, t2) ≻≡
T∫

0

dt1f(t1)

T∫

t1

dt2 F (t1, t2). (34)

The subscript 0 highlights that ADC0 reflects the behavior of the signal at
small gradients, as discussed below. As expected, one retrieves ADC0 = D
for unrestricted diffusion. For very narrow gradient pulses (δ → 0), the ADC
is related to the mean-square displacement of the nuclei along the gradient
direction e:

ADC0 =
E{([R(∆)−R(0)] · e)2}

2∆
(δ → 0). (35)

In this case, ADC0 represents a purely geometric characteristic of the medium.
In general, the ADC also incorporates the NMR features through the tem-
poral profile f(t).

While the GPA in Eq. (31) may or may not be valid, the definition (33)
of ADC0 is rigorous and always applicable. According to Eqs. (29, 30), the
second moment and therefore ADC0 can also be expressed through the signal
as

ADC0 = − lim
b→0

∂(S/S0)

∂b
= − lim

b→0

∂ ln(S/S0)

∂b
. (36)

We emphasize that ADC0 in Eq. (33) or (36) depends on the gradient di-
rection e and temporal profile f(t), but it is independent of the gradient
amplitude g. In particular, one often accesses the behavior of ADC0 (which
is also called time-dependent diffusion coefficient) as a function of the inter-
pulse time ∆ [89, 107–119]. The relation of ADC0 to the second moment of
the phase ϕT and thus to the PAF significantly simplifies theoretical analysis.
As we briefly discuss below, many theoretical results have been obtained un-
der the GPA. The mathematical problem is reduced from the Bloch-Torrey
equation (including the gradient encoding) to computing the PAF for a dif-
fusive process.
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Before proceeding, several comments are in order (see also [120]).
(i) The definition of the ADC0 in Eq. (33) from the second moment of

the phase is different from the conventional definition, in which the ADC is
either as the slope of a linear fit of ln(S/S0) over a range of small b-values,
or simply − ln(S(b)/S0)/b at a single b-value [101]. When b-values are small,
the conventional ADC is very close to ADC0 from Eq. (33) or (36). In
fact, the ADC0 is an extrapolation of the conventional ADC to b = 0. So
what is the difference between ADC and ADC0? From theoretical point of
view, the conventional definition remains inaccurate because the value of
ADC depends on the used b-values. In other words, the conventional ADC
may depend on gradient amplitude. Note that writing ADC = − ln(S/S0)/b
does not simplify the problem but just transforms one sophisticated object
(the signal) into another sophisticated object (ADC). The major advantage
of ADC0 is that this quantity does not depend on the gradient amplitude
(or b-value). From practical point of view, the interpretation of ADC as a
characteristics of a medium is meaningful only when this characteristics does
not depend on the way how it is measured. For instance, the use of ADC
as a pathology biomarker requires that the measured ADCs in biological tis-
sues of two individuals under similar physiological conditions are close to
each other. However, ADC measurements realized by different groups (with
different experimental scanners or protocols) are difficult to compare when
ADC depends on the gradient. In medical practice, the measurement is of-
ten reduced to the reference signal S0 and one diffusion-attenuated signal
S(b), from which the ADC is deduced. Such oversimplified measurements, in
which the validity of the GPA is presumed without verification, have to be
avoided. In many experimentally relevant cases, the GPA becomes invalid
even at moderate b-values, and the extracted ADC significantly depends on
the particular choice of the used b-values. It is therefore recommended to use
ADC0 instead of ADC. The value ADC0 can be extrapolated from the mea-
sured signal by fitting ln(S/S0) as an appropriate polynomial of b over the
experimentally available range of b-values. This is a standard way to over-
come instabilities and uncertainties which would emerge due to experimental
noise if one tried to measure the signal at very small b-values.

(ii) When the gradient increases, the lowest order term E{ϕ2
T} grows

slower than the higher-order terms and progressively loses its leading role.
When ln(S/S0) as a function of b starts to deviate from a straight line, one
can include the next-order term,

S ≃ S0 exp

(

−1

2
〈ϕ2

T 〉c +
1

24
〈ϕ4

T 〉c
)

, (37)

where 〈ϕ2
T 〉c = E{ϕ2

T} and 〈ϕ4
T 〉c = E{ϕ4

T }− 3(E{ϕ2
T})2 under the rephasing
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condition (while all odd moments vanish). The above relation is known as
the kurtosis model:

S ≃ S0 exp

(

−ADC0 b+
1

6
ADK0(ADC0 b)2

)

, (38)

where

ADK0 =
〈ϕ4

T 〉c
(〈ϕ2

T 〉c)2
=

E{ϕ4
T }

(E{ϕ2
T})2

− 3 (39)

is the apparent diffusion kurtosis. This quantity characterizes how the phase
distribution is far from the Gaussian one (for which ADK0 = 0). Since diffu-
sion is influenced by obstacles or walls, the ADK was empirically suggested
an indicator of tissue heterogeneity, in addition to ADC0 [121, 122]. In ex-
periment, the ADK0 can be obtained by fitting ln(S/S0) by a polynomial
of b. In theory, the fourth-order moment E{ϕ4

T} and the consequent ADK0

can be expressed through the four-point correlation function [5], but these
expressions are cumbersome and of little practical use. Although the kurtosis
model allows one to fit the macroscopic signal over a slightly wider range of
b-values, the unphysical growth of Eq. (38) with b leads to a complete failure
of this model at larger b-values.

(iii) The inclusion of the sixth- and higher-order moments is of little inter-
est. From practical point of view, it is difficult to accurately fit these terms
which become perceptible only at higher b-values at which the signal may
already be attenuated and thus strongly affected by noise. From theoreti-
cal point of view, the computation of these terms from multiple correlation
functions becomes practically unfeasible [123] (even the analysis of the lowest
order term E{ϕ2

T } is highly nontrivial), while the accuracy improvement is
minor. Moreover, the cumulant expansion (30) was shown to have a finite
radius of convergence, i.e., there is a maximal gradient, above which the cu-
mulant expansion diverges [124, 125]. In other words, the inclusion of more
terms would not improve the accuracy of the cumulant expansion. The non-
perturbative analysis is necessary at high gradients (see Sec. 3.5). Note that
the expansions (29) and (30) are not equivalent mathematically, although
they are used interchangeably in practice. While the cumulant expansion
(30) is known to have a finite radius of convergence, the Taylor expansion
(29) is formally converging for any gradient3. However, the use of either of
these expansions becomes impractical for large moments.

3Since the nuclei cannot diffuse too far, too large values of the phase ϕT are extremely
improbable. In other words, the probability density p(ϕ) of the phase ϕT decays very

rapidly as |ϕ| → ∞ (e.g., p(ϕ) = (2πσ2)−1/2 exp(− ϕ2

2σ2 ) for unrestricted diffusion, where
σ2 = E{ϕ2

T } = 2Db). As a consequence, the signal which appears as the Fourier transform
of p(ϕ), is analytic, while its Taylor expansion converges everywhere.
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What is the geometric information that the GPA helps to bring? As
discussed above, the GPA relates the ADC0 to the position autocorrela-
tion function whose shape-dependence is intricate. For bounded domains,
the PAF can be formally expressed through Laplacian eigenfunctions from
which the time dependence of ADC0 can be deduced [5]. However, this de-
pendence can be rather complicated, especially for multiscale domains. For
instance, ADC0 was shown to exhibit an intermediate plateau for a two-scale
domain (e.g., a thin annulus in which the “radial” diffusion between two
coaxial cylinders rapidly becomes restricted, while the “angular” diffusion
still remains unrestricted for a long time) [89]. While theoretical results on
ADC0 are scarce for intermediate times, there are general statements about
the short-time and long-time asymptotic limits discussed below.

3.2.2 Short-time asymptotics

When the size of obstacles is much larger than the diffusion length
√
DT ,

most nuclei do not encounter any boundary during their motion. In other
words, the majority of nuclei exhibit unrestricted diffusion, as they do not feel
obstacles at all. Only the nuclei which started within a surface layer of width√
DT near the walls, are affected, and their motion is effectively slowed down.

The volume fraction of these affected nuclei can be estimated as
√
DTS/V ,

where S is the surface area of the walls, and V is the total volume of the
domain. Since the macroscopic signal is formed by both surface-affected and
unaffected nuclei, one can show that

ADC0

D
≃ 1−c0

√
DT

S

V

[

1−
√
DT
(
c1κ/D + c2ρ/D − c3H

)

︸ ︷︷ ︸

next-order correction

+O(DT )

]

, (40)

where c0, . . . , c3 are explicit constants. In Eq. (40), we also wrote the next-
order correction term which may include permeability κ, surface relaxation
ρ, and mean curvature H of the surface [108, 109]. Measuring the ADC0

from the macroscopic signal, one can access the surface-to-volume ratio S/V
of the medium and, potentially, other characteristics such as κ, ρ, and H . In
practice, an accurate estimation of the parameters in front of the linear-order
term is limited by noise.

The short-time asymptotic behavior of the signal and the related behavior
for the ADC were thoroughly investigated and implemented experimentally
[15, 107–110, 112–117]. In particular, the shape-dependent constant c0 can
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in general be written as [5]

c0 =
4

3
√
π

≺ (t2 − t1)
3/2 ≻

≺ (t2 − t1) ≻




1

S

∫

∂Ω

dr (e · nr)
2



 , (41)

where the temporal average ≺ . . . ≻ incorporates the temporal profile f(t).
In the last factor, the squared scalar products between the gradient direction
e and the unit normal vector nr is integrated over the boundary ∂Ω. For
instance, this integral is equal to 1, 1/2 and 1/3 for an interval, a disk, and
a sphere, respectively. For very narrow gradient pulses (δ → 0), the ratio of
two temporal averages is equal to 1/

√
2, from which one retrieves the result

derived by Mitra et al. [107]:

ADC0 ≃ D

(

1− 4

3
√
π

√
D∆

S

V d
+ . . .

)

, (42)

where d is the space dimension (typically d = 3). For the Hahn echo with
δ = ∆, one recovers another expression from [126]:

ADC0 ≃ D

(

1− 32(2
√
2− 1)

105
√
π

√
D∆

S

V
+ . . .

)

. (43)

The use of the short-time asymptotics is limited to relatively large-scale
obstacles. For instance, water molecules diffuse on average few microns dur-
ing one millisecond, and the obstacles should thus be much larger to estimate
the surface-to-volume ratio of the medium. For instance, this ratio was ex-
perimentally determined for glass sphere packs [109, 115], for erythrocytes
[110], and for various rock samples [15].

3.2.3 Long-time asymptotics: isolated pores

In the opposite limit of long times, the asymptotic behavior is drastically
different for isolated and connected pores.

For an isolated pore of size L, diffusing nuclei explore the pore space
many times and therefore average out the magnetic field inhomogeneity. In
this motional narrowing regime (also known as motional averaging regime),
the acquired phase ϕT becomes nearly Gaussian, as first pointed out by
Robertson and then by Neuman [127, 128]. The leading term of the second
moment can be found explicitly, from which the GPA implies

S ≃ S0 exp



−ζ−1
γ2g2L4

D

T∫

0

dt[f(t)]2



 (
√
DT ≫ L), (44)
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where ζ−1 is the geometry-dependent coefficient (e.g., ζ−1 = 1/120 for a
slab of width L, ζ−1 = 7/96 for a cylinder of radius L, ζ−1 = 8/175 for
a sphere of radius L, see [5] for details). While the quadratic dependence
on the gradient is preserved (due to the GPA), the signal in the motional
narrowing regime has a very different dependence on L and D, as compared
to Eq. (16) for unrestricted diffusion: (i) the diffusion coefficient D appears
in the denominator because faster diffusion enhances the averaging of the
applied gradient; and (ii) the signal (44) strongly depends on the size L of
the confining pore, while the signal for unrestricted diffusion does not involve
any geometric size at all.

The comparison of Eqs. (36, 44) yields

ADC0 ≃ ζ−1
L4

D

T∫

0

dt[f(t)]2

≺ (t1 − t2) ≻
, (45)

where the last factor accounts for the temporal profile f(t). For instance,
one gets

ADC0 ≃ ζ−1
2L4

Dδ(∆− δ/3)
(46)

for a Stejskal-Tanner sequence with rectangular pulses. As expected for an
isolated pore, the nuclei explore the whole available space, their mean-square
displacement saturates, while ADC0 decreases as the time ∆ increases. Com-
puting the ADC from the macroscopic signal, one can estimate the size of
the pore (up to a numerical prefactor ζ−1 which is a priori not known).

3.2.4 Long-time asymptotics: connected pores

For a medium composed of interconnected pores or a tissue formed by cells
with permeable membrane, the long-time asymptotics is different. In fact,
although the motion is hindered and slowed down by obstacles or walls, the
nuclei can explore new regions without limitation. The ADC is therefore
expected to reach an asymptotic level ADC0(∞) as ∆ → ∞. The ratio T
between the intrinsic diffusion coefficient D and the limiting one ADC0(∞)
is called the tortuosity and used to characterize how “tortuous” the porous
media are [112, 115, 117, 129–131]. This notion came from the studies of
transport phenomena in porous media, in which the tortuosity was originally
estimated from electric conductivity measurements [132, 133]. In NMR, the
measured tortuosity can vary from sample to sample, e.g., T ≃ 1.5 for a
sphere pack or T ≃ 3.4 for a rock sample [130].

The long-time limit of ADC can be obtained by using periodic homoge-
nization techniques, in which the voxel is assumed to be formed by numerous
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periodic copies of a smaller but representative volume of a tissue [134]. When
the permeability is small enough, the effective diffusion tensor Dm

j,k for each
compartment Ωm of the voxel can be found as [135, 136]

Dm
j,k =

D

vm

∫

Ωm

dr [∇Wm
j (r)]k (j, k = 1, 2, 3), (47)

where vm is the volume fraction of Ωm, and the auxiliary functions Wm
j (r)

can be computed by solving the Laplace equation in Ωm with the Neumann
boundary condition on its boundary:

∇2Wm
j (r) = 0 (r ∈ Ωm, j = 1, 2, 3),

∂Wm
j (r)

∂n
= 0 (r ∈ ∂Ωm, j = 1, 2, 3).

(48)

In addition, the pseudo-periodic boundary conditions are imposed at the
outer boundary of the representative volume (see [135, 136] for details). We
emphasize that the tensor Dm is defined for any microstructure (under the
assumption of its periodic extension) and is independent of gradient encod-
ing. In practice, Eqs. (48) have to be solved numerically for a prescribed
microstructure.

If the compartment Ωm is bounded (e.g., the intracellular space englobed
by a weakly permeable membrane), each solution Wm

j (r) of Eq. (48) is con-
stant, and Eq. (47) implies Dm = 0, in agreement with Sec. 3.2.3. In
turn, when the compartment Ωm is connected to its periodic copies (e.g.,
the extracellular space), the effective diffusion tensor Dm characterizes dif-
fusion in the long-time limit. Diagonalizing this tensor, one can probe the
macroscopic anisotropy of the voxel. When three eigenvalues of the tensor
Dm are equal, diffusion is macroscopically isotropic, and Dm = ADC0(∞)I,
I being the identity tensor. This homogenization approach yields the first-
order approximation of the long-time ADC under the assumption of small
permeability κ. The “smallness” can be claimed by comparing κ to D/L,
L being an appropriate length scale. Alternative homogenization techniques
can be used for highly permeable boundaries (e.g., see [137]).

The tortuosity reflects how the microstructure and surface exchange af-
fect diffusion at long times. For instance, Crick proposed a simple relation
between ADC0(∞) and the permeability κ of equidistant barriers separated
at distance a [138]

1

ADC0(∞)
=

1

D
+

1

κa
. (49)

This relation was used by Tanner to estimate intercellular diffusion coeffi-
cients and membrane permeabilities for human red blood cells, adipose tissue,
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and brine shrimp [21, 139] (see also [140, 141]). In spite of apparent limita-
tions of this one-dimensional model (see discussion in [110]), the long-time
behavior of the apparent diffusion coefficient can bring useful information
about the medium.

The additional information about the medium can be gained by studying
the asymptotic approach of ADC0 to its limit as ∆ increases. For a dilute
suspension of reflecting spheres, de Swiet and Sen obtained [114]

ADC0(∆)

D
=

1

T +
β1

∆
− β2

∆3/2
+ . . . (∆ → ∞), (50)

where β1 and β2 are constants that depend on microscopic details. The new
leading term ∆−1/2 has to be added in the presence of permeable walls [116].
The two-point Padé approximation between the short-time asymptotics (42)
and the long-time relation (50) was suggested to approximate the whole time-
dependence of ADC0 [109]. The asymptotic behavior (50) was believed to be
universal [109, 114, 117, 142].

Recently, Novikov et al. have first questioned and then dispeled the
universality of Eq. (50) for disordered media with permeable barriers [118,
119]. On one hand, the leading term ∆−1/2 was shown to remain universal
for Brownian motion restricted by randomly placed and oriented permeable
membranes (i.e., (d− 1)-dimensional planes in d dimensions), irrespective of
the space dimension d. Its origin lies in the strong structural fluctuations
introduced by the spatially extended random restrictions [118]. On the other
hand, in a more general setting, the ADC was shown to approach the limiting
value as

ADC0(∆)

D
≃ 1

T +
c

∆θ
+ . . . (∆ → ∞), (51)

where the dynamical exponent θ was related to the structural exponent p
of the disorder as θ = (p + d)/2 [119]. The structural exponent can be de-
fined from the asymptotic behavior of the Fourier transform of the two-point
structure correlation function: Γ(k) ∼ kp as k → 0. Structural universality
classes of the medium can be distinguished by the exponent p: the ordered
periodic arrangement (p = ∞), short-range disorder with a finite correlation
length (p = 0), or strong disorder (p < 0) that can be achieved, e.g., by
placing regular structural components (such as infinite lines, planes) with di-
mensionality ds < d, in a random fashion, in which case p = −ds. The above
example of randomly placed (d− 1)-dimensional membranes corresponds to
p = −(d − 1) and thus θ = 1/2. The relation between the structural expo-
nent p and the dynamical exponent θ allows one to determine from dMRI the
most appropriate kind of model for mesoscopic structural disorder. In par-
ticular, Novikov et al. identified the relevant microscopic structure affecting
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water diffusion measured with dMRI in muscles and in brain, and elucidated
the corresponding microscopic changes providing clinically relevant dMRI
contrast in ischemic stroke [119].

Strictly speaking, this study was focused on the mean-square displace-
ment from which the ADC0(∆) could be deduced according to Eq. (35) under
the narrow pulse approximation. An extension of the developed renormaliza-
tion approach to more realistic gradient sequences is a promising perspective.

3.3 Diffusion in multi-compartmental tissue

Most dMRI experiments realized in biological tissues (such as brain or lungs)
evidenced significant deviations from the mono-exponential behavior (28). As
we discussed in Sec. 3.2.1, any attempt to interpret the conventional ADC
defined as − ln(S(b)/S0)/b does not make sense in this case. In turn, its
extrapolated version, ADC0, is still meaningful and can bring useful infor-
mation. However, the deviations from the mono-exponential behavior can
be as well informative. For instance, the inclusion of the fourth-order term
in Eq. (38) allows one to estimate the apparent diffusion kurtosis which
was argued to be sensitive to tissue inhomogeneities [121, 122]. In general,
a better understanding of the way how the tissue microstructure affects the
measured signal over the whole available range of b-values, is necessary for a
reliable interpretation of dMRI experiments. In this section, we discuss dif-
fusion in multi-compartmental tissues and how such microstructure affects
the macroscopic signal.

3.3.1 Multi-exponential and distributed signals

A biological tissue consists of cells which are separated from each other and
from the extracellular space by semi-permeable membranes. This struc-
tural organization strongly affects water diffusion and the macroscopic signal.
When the exchange between different compartments can be neglected, the
total signal is a weighted linear combination of signals from compartments
which, under the GPA (i.e., at weak gradients) reads as

S

S0

=
∑

j

vj exp(−Djb), (52)

where vj are the volume fractions of compartments (representing the relative
amount of the nuclei), and Dj are their ADCs. Continuous analogs of the
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multi-exponential signal are often called distributed models [143]:

S

S0
=

∞∫

0

dD′ P (D′) exp(−D′b), (53)

where P (D′) can be interpreted as the probability density (or relative frac-
tion) of apparent diffusion coefficient D′. Note that Eq. (53) has a form of the
Laplace transform of the density P (D) with respect to the b-value. Invert-
ing numerically Eqs. (52) or (53), one aims at recovering the distribution of
ADCs (either Dj and their weights vj , or the density P (D′)). This distribu-
tion can in principle be related to the microstructure (see discussion in [144]).
For instance, if the signal comes from many isolated pores, the ADC can be
related to the size of the pore either in the long-time limit by Eq. (45), or in
the short-time limit by Eqs. (42, 43). In the latter case, the characteristic size
of a pore can be defined as 3V/S. Numerous works focused on determining
the pore size distribution (or length scales) of a sample from either diffusion-
weighted signals or T1/T2 relaxation curves [43, 47, 130, 145–147]. However,
the inversion of the Laplace transform is known to be an ill-posed problem,
i.e., a small noise can drastically change inversion results [148]. Although
many inversion techniques have been proposed (see [149, 150] and references
therein), the inversion of the Laplace transform remains a difficult problem
with unstable solutions. We emphasize that the distributed model (53) and
the underlying density P (D′) can formally be introduced for any signal S
which depends only on the b-value. While the b-value is still very broadly
used as a combined proxy of gradient encoding, the signal typically exhibits
more sophisticated dependence on the magnetic field parameters such as the
gradient intensity, duration, and diffusion time. Further critical discussions
of distributed or multiexponential models can be found in [151].

Note that the concept of distributed diffusivities allows one to produce nu-
merous phenomenological models. For instance, choosing a priori the proba-
bility density P (D) to be a Gamma distribution, P (D) = Dν−1e−D/D0/(Γ(ν)Dν

0)
with two parameters ν and D0, the Laplace transform in Eq. (53) yields the
power law dependence [152]

S = S0(1 + bD0)
−ν . (54)

This phenomenological expression can be used for fitting the experimen-
tal signal, while the fitted parameters D0 and ν were argued as potential
biomarkers of the biological tissue [153].
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3.3.2 Bi-exponential model

If all cells or pores have similar shapes and sizes, their signals can be combined
into an effective intracellular signal, yielding the famous bi-exponential form

S

S0
= v exp(−Dib) + (1− v) exp(−Deb), (55)

where v is the volume fraction of the (joint) intracellular compartment, and
Di and De are the apparent diffusion coefficients for both intra- and ex-
tracellular compartments. The bi-exponential form (55) has been employed
in many biomedical applications, in particular, for brain dMRI [154–162].
For healthy brain region, the typical values of the bi-exponential form are:
Di ≃ 0.25·10−9 m2/s, De ≃ 1.4·10−9 m2/s, and v ≃ 0.20−0.25 [155]. Conven-
tionally, the larger diffusion coefficient De is associated with faster hindered
diffusion in the extracellular space, while the smaller diffusion coefficient Di

represents slower restricted diffusion in the intracellular compartments. Al-
though the bi-exponential form (55) accurately fits the macroscopic signal in
brain tissues, there is a strong mismatch between the values v ∼ 0.20− 0.25
estimated from the fit, and the values v ∼ 0.8 from the histology of the same
tissue [154]. In turn, numerous attempts to reconcile the mismatch and to
amend the bi-exponential model did not yet resolve this problem (see [154–
162] for further discussion). Nevertheless, the bi-exponential form is broadly
applied for fitting experimental data.

Why does the bi-exponential form fail to capture the microstructure? In
the first place, it is important to stress that an excellent fit of experimen-
tal data by a phenomenological curve does not prove that the underlying
model is indeed applicable. In general, multi-exponential approximations
are known as excellent fits for various decreasing functions [120, 163]. For
instance, the function S = 1/(1 + bD) can be well approximated by the
bi-exponential form (55) over the conventional range [0, 4000] s/mm2 of b-
values4. Two other examples of an excellent but strongly misleading approx-
imation of the macroscopic signal by the bi-exponential fit were discussed in
[75, 120]. Once experimental points are well fitted by Eq. (55), it is tempt-
ing to speculate why this is the right model. In turn, it is more challenging
and time-consuming to explore the space of experimental parameters (e.g.,
to modify the diffusion time or the gradient pulse duration) and to identify
those for which the bi-exponential fit does not work any more.

4For example, the bi-exponential form (55) with Di ≃ 0.33 · 10−9 m2/s, De ≃ 2.83 ·
10−9 m2/s, and v ≃ 0.28 accurately approximates the function S = 1/(1 + bD) with
D = 3 · 10−9 m2/s, the maximal relative error being 6.6% over 0 ≤ b ≤ 4000 s/mm2.

32



From theoretical point of view, there may be different reasons for the
failure of the bi-exponential model. With no pretence for exhaustive analysis,
we just recall that both De and Di are apparent diffusion coefficients which
are strongly affected by the microstructure and the gradient temporal profile
[120]. For instance, since both Di and De vary with time (e.g., in the long
time limit, Di vanishes, while De reaches a positive limit), measuring Di and
De on the same microstructure but at different diffusion times yields different
values of the fraction v from the bi-exponential fit. This is illustrated in Fig.
4 which shows the macroscopic signal computed by a finite elements method
(FEM) [46] for a periodic array of squares mimicking the intracellular space
of volume fraction v = 0.81, while the connected outer region representing
the extracellular space. Although this regular domain is not intended to
model the complicated microstructure of the cerebral tissue, it allows us to
illustrate some pitfalls of the phenomenological approach. Figure 4a shows
the signals for seven inter-pulse times ∆ ranging from 5 to 100 ms. In all
cases, the bi-exponential formula (55) provides an excellent fit over the usual
range of b-values from 0 to 4000 s/mm2. The fit parameters as functions
of ∆ are shown in Fig. 4b. In particular, the volume fraction 1 − v of the
extracellular space increases from 0.22 at ∆ = 5 ms to 0.44 at ∆ = 100 ms
(the true geometric value being 0.19 by construction). This dependence
on diffusion time is mainly caused by the exchange between the intra- and
extracellular compartments. For comparison, the same parameters (shown
by pluses, asterisks, and crosses) were obtained by fitting the macroscopic
signals for impermeable boundary (κ = 0). In this case, the fitted parameters
do not almost depend on ∆. Since the cellular membranes are permeable,
the dependence of the parameters on the diffusion time can be a source of
strongly misleading interpretations of dMRI signals in biological tissues.

3.3.3 Kärger model

In what follows, we focus on the role of exchange between the compartments
which can significantly affect the signal. This exchange is characterized by
the permeability κ of the cellular membrane which varies significantly among
biological tissues (see Sec. 2.4). The permeation length D/κ typically ex-
ceeds cell sizes and diffusion lengths of dMRI experiment (Table 1). Roughly
speaking, the membranes with κ below 10−6 m/s can be considered as (al-
most) impermeable, while the values of κ from 10−6 m/s to 10−4 m/s corre-
spond to semi-permeable membranes (the “threshold” 10−6 m/s remaining
qualitative).

Kärger et al. proposed a simple model to account for the exchange be-
tween compartments [164, 165]. The water molecules diffusing in the intra-
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Figure 4: (a) Macroscopic signal computed by a FEM [46] for a periodic
array of squares of size L = 1.8 µm, the neighboring centers being separated
by distance Ld = 2 µm (inset). The squares mimic the intracellular space
of volume fraction v = (L/Ld)

2 = 0.81, while the connected outer region
represents the extracellular space. The gradient direction is aligned with the
horizontal axis. The water diffusion coefficient D and permeability κ are set
to 3 ·10−9 m2/s and 10−5 m/s, respectively. Seven solid lines show signals for
different inter-pulse times: ∆ = 5, 10, 20, 30, 40, 50, 100 ms, while the pulse
duration was fixed at δ = 5 ms. The gradient range was adapted to keep the
same maximal b-value fixed at 4000 s/mm2, as in many dMRI of brain tissue.
Circles show the bi-exponential fit (55) to the signals. (b) The volume frac-
tion 1 − v of the extracellular space and two ADCs, De/D and Di/D, from
the bi-exponential fit (55), versus ∆, are plotted by full symbols. For com-
parison, pluses, asterisks, and crosses show the same parameters fitted from
the signals (not shown) computed on the same domain with impermeable
boundary (κ = 0).
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cellular and extracellular spaces were aggregated in two co-existing “pools”
that both occupy the same volume of a voxel. The exchange between pools
was assumed to be uncorrelated from diffusion and to follow the standard
linear kinetics. In other words, the “belonging” of a molecule to one of two
pools can switch randomly and independently of its motion. The concept
of two effective pools is meant to replace the structural organization of the
medium. The concentrations c1(r, t) and c2(r, t) of molecules in two pools
obey the standard diffusion-reaction equations

∂c1(r, t)

∂t
= D1∇2c1(r, t)− ω21c1(r, t) + ω12c2(r, t),

∂c2(r, t)

∂t
= D2∇2c2(r, t)− ω12c2(r, t) + ω21c1(r, t),

(56)

where the second and third terms in the right-hand side describe exchange be-
tween two pools, ω21 and ω12 being the exchange rates of moving from the first
pool to the second pool, and vice-versa. These exchange rates can be related
to the permeability κ and the surface-to-volume ratio S/V of the medium:
ω21 = κ(S/V )/v1 and ω12 = κ(S/V )/v2, vj being the volume fractions of two
pools (with v1+v2 = 1). Since the pools substitute the microstructure, these
equations have no boundary conditions. Under the narrow pulse approxima-
tion, the signals in both compartments are obtained by taking the Fourier
transform of these equations with respect to the wavevector q = γδg. As a
consequence, these signals satisfy two ordinary differential equations

dS1(t)

dt
= −

(
D1|q|2 + ω21

)
S1(t) + ω12S2(t),

dS2(t)

dt
= −

(
D2|q|2 + ω12

)
S2(t) + ω21S1(t),

(57)

which are supplemented by the initial conditions Sj(0) = vj. These equations
are then solved analytically to get the explicit formula for the macroscopic
signal (as the sum of these two contributions):

S = ν exp(−D+|q|2∆) + (1− ν) exp(−D−|q|2∆), (58)

where ν = (v1D1+v2D2)−D−

D+−D−

, and

D± =
1

2

(

(D1 +D2) +
ω12 + ω21

|q|2

±

√
(

(D2 −D1) +
ω21 − ω12

|q|2
)2

+
4ω12ω21

|q|4

)

.

(59)
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Fitting the macroscopic signal to Eq. (58), one can estimate both diffusion
coefficients D1 and D2, the volume fractions v1 and v2, and the exchange
rates ω12 and ω21, from which the product κS/V can be deduced.

Although Eq. (58) resembles the bi-exponential form (55) by setting
b = |q|2∆, the effective diffusion coefficients D± and the effective volume
fraction ν depend on the gradient g. Note also that the diffusion coeffi-
cients D1 and D2 in two pools should be different as otherwise there is no
distinction between two pools, and Eq. (58) is simply reduced to Eq. (16)
for unrestricted diffusion. An extension of the Kärger model to multiple
compartments and to anisotropic diffusion is straightforward. Moreover, the
Kärger model has been modified in various ways to produce a more accu-
rate approximation of the PGSE signal and to describe restricted diffusion
in bovine optic nerve [166], rat brain tissue [167, 168], suspension of erythro-
cytes [169–173], human breast cancer cells [174] and yeast cells [175].

The concept of co-existing effective pools has been justified by a coarse-
graining argument [176]. To grasp the idea, one can imagine that the medium
is virtually split into periodically arranged cubes whose size is (much) larger
than the microstructural details (e.g., cells) but much smaller than the voxel
size. Each cube would normally contain regions from both compartments.
The coarse-grained concentrations c1(rc, t) and c2(rc, t) at the center rc of the
cube are defined by averaging the local concentrations of water molecules in
that region. In other words, the microstructure is coarse-grained to produce
mesoscopic concentrations c1 and c2. Although both c1 and c2 are now defined
at discrete points (the centers of the cubes), the large number of these cubes
allows one to replace discrete equations by their continuous analogs (56).
This coarse-graining scheme is only applicable when the microscopic details
are orders of magnitude smaller than the size of the voxel. In addition, the
permeability should be small to justify the separation into two compartments
and thus two pools [176].

An extension of the Kärger model beyond the NPA was proposed by
Coatléven et al. [135, 136]. Using periodic homogenization techniques, the
solution of the Bloch-Torrey equation was approximately reduced to the sys-
tem of coupled differential equations for the relative signals Sj from the
compartments Ωj constituting the medium. For instance, when there are
two compartments, Eqs. (57) are replaced by

dS1(t)

dt
= −

(
D1γ

2|g|2c(t) + ω21

)
S1(t) + ω12S2(t),

dS2(t)

dt
= −

(
D2γ

2|g|2c(t) + ω12

)
S2(t) + ω21S1(t),

(60)
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where c(t) =
( t∫

0

dt′ f(t′)
)2
. Under the NPA, one has c(t) ≃ δ2 and retrieves

Eqs. (57). For non-narrow gradient pulses, the time dependence of c(t) does
not allow in general an analytical solution of Eqs. (60). In turn, a numerical
solution of these ordinary differential equations is simpler and much faster
than that of the Bloch-Torrey PDE (with space and time dependence). The
effective diffusion coefficients D1 and D2 (or effective diffusion tensors for
anisotropic diffusion) can in general be found by solving Eqs. (47, 48). The
numerical solution of this Finite Pulse Kärger (FPK) model was confronted to
the numerical solution of the Bloch-Torrey equation in several media such as
mono- or polydisperse spheres/cylinders, Voronoi cells, etc. [136]. The FPK
model accurately reproduces the macroscopic signal for non-narrow gradient
pulses at moderate b-values (in a typical range between 0 and 4000 s/mm2).
This model is applicable for small permeabilities (to prevent fast mixing
of the nuclei between compartments), long diffusion times, and moderate
gradients [135]. When the gradient pulses are not narrow, this model is more
convenient for estimating the parameters than the original Kärger model
[177].

3.3.4 Anomalous diffusion models

The probabilistic interpretation of the macroscopic signal as the character-
istic function (5) of the random phase (4) can in principle accommodate
any type of motion of the nuclei, including diffusive, convective, turbulent
or even anomalous dynamics, the difference between various dynamics being
hidden in the expectation E. The generality of this approach opens numerous
ways to extend the Bloch-Torrey equation. For instance, if the conventional
Brownian motion is replaced by continuous time random walks (CTRW), the
spatial and temporal derivatives in Eq. (3) can in general become fractional,
incorporating nonlocal variations of the transverse magnetization in space
and time [178–180]. These nonlocalities can mimic either long stalling peri-
ods in the motion of the nuclei, or their enhanced displacements. As a conse-
quence, the macroscopic signal may inherit some anomalous features, e.g., the
stretched-exponential dependence on inter-pulse time ∆ and/or wavevector
q = γδg:

S ≃ S0 exp(−Dα,β|q|2β∆α), (61)

where α and β are two scaling exponents, andDα,β is the generalized diffusion
coefficient (in units m2β/sα) [181–186]. The standard Gaussian behavior is
recovered at α = β = 1. The stretched-exponential form (61) offered more
degrees of freedom to fit the signal, while the fitted parameters (e.g., α and
β) were suggested as potential biomarkers of biological tissues [187].
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The major drawback of such anomalous diffusion models consists in lack-
ing the microscopic ground. For instance, what is the origin of long stalling
periods in the motion of the nuclei that might cause their subdiffusive behav-
ior (α < 1)? One may argue that the nuclei can remain restricted in small
pores or confined in weakly permeable cells. In that case, the statistics of
stalling times should be related to the pore size distribution and inter-pore
exchange rates, or to variable permeabilities of cells. Whatever the expected
mechanism of anomalous diffusion, it is important to relate the underlying
phenomenological model and its microscopic origins, i.e., the microstructure
of the tissue. This step is still missing in most phenomenological approaches.

3.3.5 Effective medium theory

A different approach to rationalize dMRI signals in heterogeneous media was
proposed by Novikov and Kiselev [151]. They adopted the concept of effective
medium theory (EMT), in which the microstructural details of a biological
tissue, which are anyway inaccessible to dMRI, are treated as random “dis-
order”. The consequent statistical averaging allows one to substitute the
original microscopically heterogeneous medium by an apparently homoge-
neous medium, whose observable macroscopic properties are modified by the
microstructure. In this way, the geometric complexity of a biological tissue
is captured through effective space-dependent parameters such as diffusion
coefficient D(r) or transverse relaxation T2(r). This coarse-graining is a stas-
tistical way to remove the boundary conditions of the Bloch-Torrey equation
which implicitly determined the microstructure and presented the main chal-
lenges in its analysis. The statistical averaging, which is inherently present
in the process of signal acquisition over a macroscopic voxel, is designed to
make the macroscopic signals from both media as close as possible.

Under the NPA, the solution of the Bloch-Torrey equation in the effective
medium can be related to the macroscopic signal. Assuming that stochastic
fluctuations of the space-dependent diffusion coefficient are small, one can
write the solution perturbatively as a formal infinite series and then average
this series term-by-term over disorder realizations. The higher-order contri-
butions are aggregated into the so-called self-energy part which quantifies
how the complexity of the medium, on average, modifies the diffusive and
relaxational Bloch-Torrey dynamics [151]. On one hand, the behavior of the
self-energy can be related to the correlation functions of the disorder varia-
tion in space. On the other hand, the measurable relaxation and diffusion
characteristics, such as the time-dependent diffusion coefficient and kurto-
sis, can be expressed through the self-energy. In this way, one relates the
structural disorder and the macroscopic signal.
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The general framework of EMT has numerous advantages aiming at iden-
tifying the most relevant geometric features that determine the macroscopic
signal. As discussed in Sec. 3.2.4, this approach has been successfully applied
to investigate the asymptotic behavior of the time-dependent diffusion coef-
ficient [118, 119]. As the current limitations of the EMT, one can mention
the assumption of (infinitely) narrow pulse gradients and the perturbative
character which may prohibit using high gradients or considering strong dis-
order. Relaxing both limitations (e.g., by using renormalization techniques
from quantum field theories) presents an interesting perspective. Elucidating
the relation between the microstructure and the effective medium parameters
is another promising direction.

3.4 Towards microscopic geometric models

Since the relation between the microstructure and the macroscopic signal
is not yet fully understood, one often resorts to simplified models or fits.
Typical examples are the kurtosis model (38), the distributed model (53),
the bi-exponential model (55), the Kärger model (58), and the stretched-
exponential model (61). These models accurately fit macroscopic signals
over a moderate range of b-values, and their accuracy is often comparable
(that can partly explain endless debates about the best choice among these
models). As we already argued, the accuracy of the fit does not prove the
validity of the model. In this light, the special attention should be paid to
models which rely on the microstructure in the first place. We mention only
one such model, the so-called cylinder model introduced by Callaghan [1].
This model starts from the signal in an isolated cylinder which under the
GPA reads as

Sα = S0 exp
(
−b
[
DL cos

2 α +DT sin2 α
])
, (62)

where DL andDT are the ADCs in the longitudinal and transverse directions,
and α is the angle between the cylinder axis and the gradient direction.
This separation is based on the independence of the displacements of the
nuclei along the cylinder axis (longitudinal direction) and perpendicular to
the cylinder axis (transverse direction). As a consequence, the dephasings
in these directions are also independent while their characteristic functions
are multiplied resulting in Eq. (62). If the medium is formed by randomly
oriented identical cylinders, the macroscopic signal is obtained by averaging
over orientations. For instance, if the cylinders are oriented uniformly in
space, the average yields an explicit formula

S = S0 exp(−bDT )

(
π

4b(DL −DT )

)1/2

erf
(
[b(DL −DT )]

1/2
)
, (63)
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where erf(z) is the error function. Fitting the macroscopic signal to this
explicit formula, one can determine both DL and DT , which, in turn, can
be related to the length and the radius of the cylinder, according to Eq.
(45). The cylinder model has been applied to interpret the measured ADCs
in the lungs and in the brain, in which cylinders can approximate either
alveolar ducts, or neurons [188–195]. This approximation obviously ignores
many structural features, e.g., connectivity, internal structure, and bending
of alveolar ducts, as well as permeation across neurons and presence of other
compounds of the cerebral tissue. In spite of its simplistic character, the
cylinder model allowed to diagnose some pathological changes in both organs.
Many extensions of this model have been proposed, both for brain and lung
dMRI (see [190, 194, 195] and references therein).

Other models accounting for the simplified geometric structure and some
physiological features (such as permeation across membranes) were also de-
veloped e.g., arrays of spheres/cylinders [196, 197], composite hindered and
restricted model of diffusion (CHARMED) [198], AxCaliber [199], etc. Some
of these models rely on numerical simulations, the others propose approxi-
mate analytical formulas. An overview of 47 compartment models for an-
alyzing dMRI signal in brain white matter, with a particular emphasis on
limitations and pitfalls, is presented in [200]. We emphasize that modern
numerical methods allow one to simulate the macroscopic signal in rather
complicated microstructures and thus open new perspectives in interpreta-
tion of dMRI measurements [23, 46, 82].

3.5 Towards high gradients

Apparent diffusion coefficients, multi-exponential signals, and exchange mod-
els rely on the Gaussian phase approximation and are therefore limited to
moderate gradients. Meanwhile, the current trend consists in increasing the
diffusion-weighting gradients to make measurements more sensitive to the
microstructure (e.g., the gradients as high as 380 mT/m and b-values up to
40000 s/mm2 were employed to probe the geometric structure of the brain
fiber pathways [10]). While modern dMRI scanners can produce high enough
gradients to perform these experiments, there is no adequate theory to inter-
pret them. Most interpretation attempts involved phenomenological models
(e.g., multi-exponential, stretched-exponential, distributed, anomalous diffu-
sion models) or numerical simulations. What do we know about the macro-
scopic signal at high gradients?

There are only several papers which dealt with this challenging problem.
At high gradients, the macroscopic signal (16) for unrestricted diffusion is ex-
tremely small due to the strong dephasing of the nuclei. However, any prac-
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tically relevant sample has a microstructure that would drastically change
the signal at high gradients. Since the motion of the nuclei near obstacles or
walls is more restricted, their transverse magnetization is less attenuated, as
compared to the bulk magnetization. This effect, known as diffusive edge en-
hancement, has been observed experimentally [201] (see also [202]). So, what
is the “residual” signal coming from the nuclei near the boundary? In the
seminal paper, Stoller, Happer, and Dyson provided the first non-perturbative
analysis of the one-dimensional Bloch-Torrey equation for the semi-axis with
reflecting endpoint (which is equivalent to diffusion in the half-space when
the gradient is applied perpendicular to the plane boundary) [74]. Ignoring
the temporal profile (i.e., setting f(t) = 1), the Laplace transform reduces
the Bloch-Torrey equation to the Airy equation:

(

s+ iγgx−D
∂2

∂x2

)

Ls{m(x, t)} = m(x, 0), (64)

where Ls{m(x, t)} is the Laplace-transformed magnetization, and m(x, 0) is
the initial condition. Changing the variable x to w = s + iγgx makes the
relation to the Airy equation more explicit. Since a uniform density for the
unbounded half-space (or semi-axis) is not appropriate, Stoller et al. consid-
ered a point-like source (located at x0): m(x, 0) = δ(x − x0). The resulting
Laplace-transformed propagator can be found as a linear combination of Airy
functions that satisfies the boundary condition ∂

∂x
Ls{m(x, t)} = 0 at x = 0.

Finally, inverting the Laplace transform by searching the poles of Ls{m(x, t)}
and using the residue theorem allows one to return to the time domain

m(x, t; x0) =
1

ℓg

∞∑

n=1

e−πi/6

|a′n|[Ai(a′n)]2
exp(−e2πi/3a′n Dt/ℓ2g)

Ai(a′n + ie−2πi/3x/ℓg) Ai(a
′

n + ie−2πi/3x0/ℓg),

(65)

where ℓg is the gradient length given by Eq. (15), Ai(z) is the Airy function,
and a′n are the zeros of the derivative of the Airy function, Ai′(a′n) = 0:
a′1 ≃ −1.0188, a′2 ≃ −3.2482, etc. [74]. This exact expression allows one to
further investigate the spatial behavior of the magnetization. In particular,
the magnetization is shown to rapidly vanish when x ≫ ℓg. This effect is
known as the localization of the magnetization near the barrier. Using Eq.
(65), one can also deduce the macroscopic signal, for both free induction
decay (f(t) = 1) and the pulsed-gradient spin-echo with two rectangular
pulses (see [75, 126, 203] for details).

Figure 5a shows the magnetization m(x, 2∆) at the echo time for re-
stricted diffusion in a slab (between two parallel planes) under the rectangular
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Figure 5: (a) Normalized absolute value of the transverse magnetization
m(x, 2∆) at the echo time 2∆, for diffusion in a slab of width L, with L =
160 µm, D = 2.3 ·10−9 m2/s, δ = ∆ = 60 ms, m0 = 1/L, and three gradients:
g = 5, 10, 20 mT/m. At weak gradients, the signal is formed by the nuclei
near the walls (less attenuated due to restriction) and the bulk nuclei (in the
middle) whose normalized magnetization is given by the macroscopic signal
for unrestricted diffusion e−Db (horizontal dashed lines). At the gradient
g = 20 mT/m, the magnetization of the bulk nuclei is negligible, the only
contribution coming from the nuclei near the walls. In this example, both the
gradient length (ℓg ≃ 7.5−12.0 µm) and the diffusion length (ℓD ≃ 16.6 µm)
are much smaller than L. However, the condition ℓg ≪ ℓD is not satisfied
at weak gradients, and the GPA holds. (b) Macroscopic signal (solid line)
versus the gradient g for the same problem. One can clearly see the transition
from the Gaussian g2-behavior at weak gradients (g ≤ 15 mT/m) to the g2/3

behavior in the localization regime at large gradients (g ≥ 15 mT/m) for
which the asymptotic relation (67) is applicable (shown by crosses). The
same transition is seen on the experimental curve (circles) reproduced from
[204] (courtesy by M. D. Hürlimann).

temporal profile. We set L = 160 µm, D = 2.3 · 10−9 m2/s, δ = ∆ = 60 ms,
and three gradients g = 5, 10, 20 mT/m so that both the gradient length
(ℓg ≃ 7.5 − 12.0 µm) and the diffusion length (ℓD ≃ 16.6 µm) are much
smaller than L. Since the nuclei in the middle do not “feel” the presence
of the walls, their dephasing is accurately described by the signal for unre-
stricted diffusion: m(x, 2∆) ≃ m0e

−Db. In turn, the nuclei near the walls
are restricted and thus less attenuated. The resulting signal at weak gra-
dients is therefore a combination of these two contributions. In turn, the
magnetization becomes strongly attenuated in the middle at g = 20 mT/m
so that only the nuclei near the boundary do contribute to the signal. This
is a manifestation of the localization regime.

Remarkably, the presence of one reflecting barrier (endpoint) has dras-
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tically changed the long-time asymptotic behavior of the macroscopic sig-
nal. For instance, for the Hahn echo (δ = ∆), the signal changes from
S = exp(−2Dγ2g2δ3/3) for unrestricted diffusion (no barrier) to [126]

S ∝ exp(−0.5|a′1| D(2δ)/ℓ2g) = exp
(
−|a′1| (γg)2/3D1/3δ

)
(66)

in the presence of a barrier. One can see that the time dependence has
changed from δ3 to δ and, most astonishingly, the conventional quadratic
dependence on the gradient g has been replaced by the “anomalous” g2/3

(or b1/3) dependence. It seems that the dMRI community is so used to the
quadratic dependence of the signal on g that the failure of the underlying
Gaussian phase approximation at high gradients still remains difficult to ac-
cept. To our knowledge, the only experimental work by Hürlimann et al.

has been undertaken to investigate this so-called localization regime [204].
In this experiment, the PGSE signal of water molecules was measured in a
slab geometry of width 160 µm. When the gradient was applied along the
two parallel plates, the usual equation (16) for unrestricted diffusion was re-
covered. In turn, the signal attenuation in the perpendicular direction was
shown to exhibit a transition from the GPA (28) at low gradients, to the g2/3

dependence at high gradients, in agreement with Eq. (66). This behavior
is illustrated on Fig. 5b, with both experimental signal (circles) reproduced
from [204], and the numerical signal computed by a matrix formalism (solid
line). Note that deviations between the theoretical and experimental curves
can potentially be attributed to surface relaxation [5], nonrectangular tem-
poral profile, small error in the angle between the gradient and the sample
orientation, a gap between the sample and the sample holder, or residual
mismatched eddy currents5. For instance, if the angle β between the gra-
dient direction and the normal to the slab differs from zero (the expected
perpendicular setting), the signal attenuation would also include the Gaus-
sian factor from the lateral motion, i.e., S(g cos β) exp(−Db sin2 β), where S
is the signal attenuation in the transverse direction. At high gradients, even
a small angle of 5◦ would significantly affect the experimental results.

For a slab domain, de Swiet and Sen provided more accurate asymptotic
relation [126]

S ≃ 5.8841
L

(γg/D)1/3
exp
(
−|a′1| (γg)2/3D1/3δ

)
. (67)

Figure 5b illustrates the excellent accuracy of this relation (shown by crosses).

5The author thanks Dr. M. Hürlimann for pointing out on some potential explanations
of these deviations.
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We emphasize that the transition between the GPA and the localization
regime occurred at the rather moderate gradient gc ≃ 15 mT/m. Nowadays,
most clinical dMRI scanners can produce gradients 50 mT/m or higher, while
scanners used in material sciences can go up to few T/m. In other words, the
localization regime and the related signal decay are not exceptional “anoma-
lies” under extreme experimental conditions. These features can be observed
in ordinary experiments. Once the signal does not follow the classical mono-
exponential decay in b-values, it is worth asking whether or not the localiza-
tion regime may be responsible for this deviation. The reasoned answer to
this question may avoid calling for phenomenological models when they are
not necessary. We do not state that the localization regime is the only or
even the major reason of observed deviations from the mono-exponential be-
havior. However, it should not be fully ignored either, as it is still a common
practice nowadays.

In spite of the one-dimensional character of the above analysis, its results
can be extended in several ways. Stoller et al. gave the non-perturbative
solution for an interval with two reflecting endpoints [74]. de Swiet and Sen
argued that the asymptotic behavior (66) is applicable in generic geometric
restrictions [126]. More recently, the analysis of Stoller et al. has be ex-
tended to one-dimensional domains with semi-permeable barriers [75]. This
extension allows one to investigate how the diffusive exchange between com-
partments influences the macroscopic signal at high gradients. In particular,
the signal was shown to be more sensitive to the permeability at high gradi-
ents. Accounting for the inter-compartment exchange opens a new direction
in understanding the localization mechanism itself. Tuning the permeability
from 0 to infinity allows one to explore the transition in the signal behavior
from impermeable to fully permeable barrier. In the limit κ → ∞, the lo-
calization character progressively disappears and one retrieves Eq. (16) for
unrestricted diffusion.

The gradient length ℓg determines the scales at which the localization
regime becomes relevant. At long times when the diffusion length

√
D∆

greatly exceeds ℓg, the first term in Eq. (65) with n = 1 dominates over
the other terms, resulting in the asymptotic decay (66). In other words, the
localization regime emerges under the condition

√
D∆ ≫ ℓg (or ∆ ≫ ℓ2g/D).

In addition, ℓg should be smaller than the geometric scales. Since the gra-
dient length diverges as g → 0, these conditions cannot be fulfilled at weak
gradients, in which case the GPA applies. Although the weak dependence
of ℓg on g does not allow one to significantly modify the gradient length, its
typical range between 2 and 20 microns corresponds to length scales of many
biological tissues and mineral porous media. As a consequence, the local-
ization regime can be relevant for long dMRI sequences. We stress however
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that further theoretical analysis is necessary for a better understanding of
the localization regime and its applicability range in porous media.

We conclude this section by the rhetorical question: why has the localiza-
tion regime been almost ignored so far by dMRI community? From theoreti-
cal point of view, the non-perturbative analysis of the Bloch-Torrey PDE and
the related spectral theory of non-Hermitian operators are mathematically
challenging [75, 205]. Even the one-dimensional case involves infinite series of
complex-values Airy functions whose asymptotic behavior is very sensitive to
the phase of the argument. While Eq. (65) for the semi-axis with reflecting
endpoint is fully explicit, its extensions to a semi-permeable barrier, an in-
terval or an arrangment of intervals requires searching poles of combinations
of Airy functions in the complex plane. The transition from the GPA to the
localization regime is not well established (except for the case of an isolated
interval, for which the localization regime is reduced to the motional narrow-
ing regime, see [75]). Moreover, exact non-perturbative solutions in two and
three dimensions are not known even for the simplest domains such as a disk
or a sphere. From experimental point of view, the localization regime is often
considered as “exotic” because in the gradient range, in which the asymp-
totic decay (66) is established, the macroscopic signal is rather attenuated.
Generally, there is no clear experimental evidence that it is the localization
regime which is responsible for deviations from the GPA (except for the work
by Hürlimann et al. on the slab domain [204]). In spite of these remarks,
a better understanding of signal formation at high gradients goes beyond
a mere academic interest. While the asymptotic relation (66) may or may
not be accurate in porous media, mastering the localization mechanism can
help to reveal how the microstructure affects the macroscopic signal at high
gradients and to design new dMRI protocols for more accurate inference of
structural information on the sample (see further discussion in [75]).

4 Conclusions and perspectives

In this Chapter, we presented the mathematical background and several the-
oretical approaches to relate the microstructure to the macroscopic signal.
Since the Bloch-Torrey equation implicitly incorporates the microstructure
into the signal through boundary conditions, the inference of the geomet-
ric structure from the measured macroscopic signal remained challenging
over the last sixty years. The current methodology relies on two successful
approximations: the narrow pulse approximation and the Gaussian phase
approximation. In the NPA, the specific temporal profile is chosen to reduce
the Bloch-Torrey equation to diffusion equation, while the gradient encoding
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re-appears through the Fourier transform. In the GPA, the gradient encod-
ing is treated perturbatively at weak gradients, reducing again the problem
to diffusion equation. Both approximations have been successfully applied to
interpret experimental measurements and to infer geometric information. In
spite of long-term intensive studies, numerous questions remain unanswered,
while some known answers are incomplete or unsatisfactory. For instance,
the macroscopic signals in multiscale porous media such as sedimentary rocks
are still difficult to simulate while theoretical results remain scarce. The role
of the inter-compartment exchange in biological tissues has got a consid-
erable attention but the quantitative assessment of this influence requires
further work. An adequate theory of signal formation at high gradients is
still missing.

We deliberately focused on theoretical problems and progresses, but even
with this restriction, the chapter could not include all the relevant results. For
instance, we ignored numerous works on 2D and 3D correlation experiments,
in which diffusion-weighting was combined with other weighting mechanisms
such as T1 and T2 relaxation [206–211]. Many experimental advances will be
discussed in the following chapters of this book.

Given the importance of reliable interpretations of dMRI signals, there
are various opinions on the appropriate ways of further theoretical devel-
opments in this field. In particular, the choice of phenomenological versus
microscopic geometric modeling is often debated. Moreover, the multitude of
phenomenological models naturally provokes hot debates about which model
is “the best” or “the true one”. While the first question can at least be
answered in terms of the fit accuracy or the applicability range, the second
question remains speculative. In general, phenomenological approaches are
simpler and most suitable for getting “biomarkers” that would allow one to
better distinguish different microscopic features of the tissue (e.g., lesions or
tumors). Starting from basic ADC maps, one searches for the most robust
and/or sensitive biomarkers. This is a well-defined practical goal of phe-
nomenological models. At the same time, such approaches do not help to
understand why the particular phenomenological model works better and un-
der which circumstances it will fail. This is the primary purpose of microsopic
geometric models. Since these models need a priori geometric assumptions
and often rely on numerical computations, they are more difficult to oper-
ate with in practice. To some extent, these models aim at filling the gap
between the microscopic mechanisms of signal formation and phenomenolog-
ical models. The concept of disordered media and statistical averaging can
be particularly valuable to deal with the geometric complexity of biological
tissues. We believe that further progress in the field can be achieved by
merging microscopic geometric models, statistical description of disordered

46



media, and high-gradient features of the signal formation. Such a joint theo-
retical approach can justify the use of some phenomenological fits and reveal
new opportunities in dMRI.
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[135] J. Coatléven, H. Haddard, and J.-R. Li, A new macroscopic model
including membrane exchange for diffusion MRI, SIAM J. Appl. Math.
74, 516-546 (2014).

[136] J.-R. Li, H. T. Nguyen, D. V. Nguyen, H. Haddar, J. Coatléven, and
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