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Abstract. Phase-field models have become popular in recent years
to describe a host of free-boundary problems in various areas of re-
search. The key point of the phase-field approach is that surfaces
and interfaces are implicitly described by continuous scalar fields
that take constant values in the bulk phases and vary continuously
but steeply across a diffuse front. In the present contribution, a
distinction is made between models in which the phase field can be
identified with a physical quantity (coarse-grained on a mesoscopic
scale), and models in which the phase field can only be interpreted
as a smoothed indicator function. Simple diffuse-interface models
for the motion of magnetic domain walls, the growth of precipi-
tates in binary alloys, and for solidification are reviewed, and it is
pointed out that is such models the free energy function determines
both the bulk behavior of the dynamic variable and the proper-
ties of the interface. Next, a phenomenological phase-field model
for solidification is introduced, and it is shown that with a proper
choice of some interpolation functions, surface and bulk properties
can be adjusted independently in this model. The link between
this phase-field model and the classic free-boundary formulation of
solidification is established by the use of matched asymptotic analy-
sis. The results of this analysis can then be exploited to design new
phase-field models that cannot be derived by the standard vari-
ational procedure from simple free energy functionals within the
thermodynamic framework. As examples for applications of this
approach, the solidification of alloys and the advected field model
for two-phase flow are briefly discussed.

1 Introduction

Phase-field models have rapidly gained popularity over the last two decades
in various fields. Some examples for their applications are discussed in re-
cent reviews on the formation of microstructures during solidification by
Boettinger et al. (2002) and Plapp (2007), on solid-state transformations
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by Chen (2002),Steinbach (2009), and Wang and Li (2010), and on multi-
phase flows by Anderson et al. (1998), but it is almost impossible to give
an exhaustive list of the topics treated with the help of phase-field methods
since the development of phase-field models for ever new applications is a
rapidly advancing field. All the topics mentioned above have in common
that they involve the motion of interfaces or boundaries in response to a cou-
pling of the boundary with one or several transport fields (such as diffusion,
flow, stress or temperature fields). This interaction generates morphological
instabilities and leads to the spontaneous emergence of complex structures.

All these different models have in common that they describe the geom-
etry of the boundaries through one or several phase fields. This name was
originally coined in solidification, where the phase field indicates in which
thermodynamic phase (solid or liquid) each point of space is located. These
fields have fixed pretedermined values in each of the domains occupied by a
bulk phase, and vary continuously from one bulk value to the other through
an interface that has a well-defined width. In other words, in all phase-field
models the interfaces are diffuse.

In fact, in the literature, the terms “diffuse-interface model” and “phase-
field model” are often used as synonyms. In contrast, in the present contri-
bution I will make a distinction between these two classes of models that is
based on the two different and complementary viewpoints that can be taken
to derive them. In the first perspective, which could be called “bottom-up”,
one starts from a microscopic picture of a physical system and performs a
coarse-graining. While this operation can rarely be carried out explicitly,
conceptually it is well defined. As an example, consider a liquid-vapor in-
terface. The relevant quantity that characterizes the difference between the
two phases is the number density of molecules, which is high in the liquid
but low in the vapor. However, to define a smooth density, the local number
of atoms has to be averaged over a volume that is large enough to contain a
significant number of molecules, but small enough to remain “local”, that is,
smaller than any geometric scale of the two-phase pattern to be described.
Then, the total free energy of the system may be expressed as a functional
that is obtained by averaging all quantities on the coarse-graining scale, and
all the coefficients of the functional can in principle be calculated from the
elementary intermolecular interactions. The first example for such a model
was the van der Waals theory of the liquid-vapor interface, see Rowlinson
(1979), but since then many other similar models have been developed, for
instance for magnetic domain walls (where the local variable is the magne-
tization) or interfaces between two phases in a binary mixture (where the
relevant variable is the composition). All of these models exhibit diffuse
interfaces, whose characteristic thickness agrees with the actual intrinsic
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thickness of the physical interfaces, which are indeed microscopically rough
and therefore diffuse.

The opposite point of view could be called “top-down”. It exploits the
scale separation that is inherent to most of the systems mentioned above.
Indeed, consider a mixture of two immiscible fluids. The domains occupied
by the two fluids can be of any size, but in flows under ordinary conditions
droplets are typically of millimetric size. In contrast, the width of the diffuse
interfaces between the two fluids is of the order of the molecular size, that is
Angstroms for simple fluids and nanometers for polymer mixtures. There-
fore, the interface thickness is several orders of magnitude smaller than any
geometric length scale of the flow pattern. This is the reason why such
problems have been very successfully described as free boundary problems:
the interfaces are assumed to be mathematically sharp, all quantities that
differ between the two phases in contact exhibit jumps at the interfaces,
and the transport equations in the bulk phases are solved with explicit
boundary conditions imposed at the surface. Capillary forces created by
the surface tension are localized at the sharp interfaces and must thus be
described by Dirac distributions. This sharp-interface formulation can be
perfectly used (and has been used) to perform numerical simulations. How-
ever, the handling of the interfaces (which must be discretized in some way)
is cumbersome. An obvious idea to make this formulation more amenable
to numerical treatment is to smooth out the singularities, that is, to re-
place step functions and surface delta functions by continuous profiles that
have the shape of a smooth kink and a smooth peak, respectively. In this
picture, the phase field is just the regularized step (or indicator) function.
This regularization of singularities is a mathematically well-defined proce-
dure, which introduces a new length scale into the problem, namely, the
typical thickness W of the kink solution, which is a priori a free parameter.
Quite naturally, the resulting regularized problem will behave differently
from the original singular problem. However, the differences disappear in
the so-called sharp-interface limit, in which the thickness of the interface
tends to zero while all the macroscopic scales remain fixed. A more sophis-
ticated use of this procedure is the so-called thin-interface limit, in which
the first-order corrections to the macroscopic problem are calculated and
taken into account when choosing the parameters of the phase-field model.
In that case, the first corrections to the sharp-interface problem scale as
W 2, such that precise simulations can be achieved with much larger values
of W . Such models have been termed “quantitative” in the literature; see
Karma and Rappel (1996, 1998); Echebarria et al. (2004). Obviously, an
upper limit for W is set by the other macroscopic scales present in the prob-
lem. Indeed, W must remain much smaller (in practice, about one order
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of magnitude) than any geometric length of the two-phase pattern in order
that the smoothened version of the problem remains a correct description
of the macroscopic geometry.

In the following, I will refer to the models in which the interface is de-
cribed by the profile of a physically accessible quantity as “diffuse-interface
models”, whereas I will designate by the term “phase-field models” the
models in which the interface is described by a smoothed indicator func-
tion. While this is not a terminology that is standard in the literature, I
believe that it is highly useful to distinghish the two philosophies in order
to gain a thorough understanding of the foundations of such models.

For the development of a successful model, it is often advantageous to
use both points of view. Indeed, if a new physical situation is considered, it
is often quite easy to identify the suitable order parameters together with
their symmetries, which gives precious hints for writing down a model that
is physically correct. Furthermore, standard out-of-equilibrium thermody-
namics then directly gives the equations of motion through a variational pro-
cedure. However, models obtained in this way are rarely useful for practical
applications, because of the separation of length scales already discussed
above. If the diffuse interfaces have the same thickness as the physical ones,
the equations need to be discretized on this microscopic scale to correctly
resolve the interface profiles. This implies that the length and time scales
that can be attained in numerical simulations are severely limited. The only
way to access larger system sizes and longer time scales is to use interfaces
that are much thicker than the physical ones. However, if the interface
thickness is upscaled in a diffuse-interface model, physical effects explicitly
linked to the finite interface thickness will generally be amplified, which
makes simulation results unreliable. In phase-field models, the separation
between the “interface marker” (the phase field) and the directly accessible
physical quantities makes it easier to modify the equations in such a way
that this amplification of interface effects is avoided.

In the remainder of this article, I will develop several examples which
illustrate the relations and distinctions between diffuse-interface and phase-
field models, and which demonstrate that phase-field models can be used for
obtaining extremely precise results with robust and simple numerical algo-
rithms. In the next section, I will introduce several diffuse-interface models
to illustrate some of their properties. In section 3, I will introduce the phase-
field model for the solificiation of a pure substance, discuss the difference
with diffuse-interface models, and then discuss a method to relate the model
parameters to physical quantities for arbitrary interface thickness. Due to
space limitations, I will not explicitly display examples the demonstrate the
performance of this model, but I will give detailed references to relevant
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literature where more details can be found. In section 4, two examples
will be given that show how the results of the asymptotic analysis can be
used to remove thin-interface effects from phase-field models by adding new
terms to the equations that sometimes cannot be derived from free energy
functionals within a variational framework. Brief conclusions are given in
section 5.

2 Simple diffuse-interface models

In this section, I will introduce some of the simplest diffuse-interface models
for subsequent comparison with phase-field models. The presentation will be
short and limited to the material that is relevant for the present discussion;
more details can be found in the review articles by Hohenberg and Halperin
(1977) and Bray (1994), and a particularly pedagogic introduction to some
of these models is given by Langer (1991).

2.1 Ising ferromagnet

The Ising model is one of the simplest statistical mechanics models: on a
regular lattice, each site is occupied by a microscopic spin variable that can
take the values ±1. Microscopic interactions are between nearest neigh-
bors only, and the interaction favors the alignment of ths spins, that is,
two neighboring spins with the same orientation contribute a negative en-
ergy. Competition between energy and entropy yields a phase transition at
some critical temperature Tc, and for temperatures below Tc, a spontaneous
magnetization appears. If a large system is rapidly quenched from above
to below Tc, two-phase patterns consisting of “positive” and “negative” do-
mains spontaneously appear. This model has been used as a prototypical
example for a system that exhibits domain coarsening, see Bray (1994).

On a mesoscopic level, this system can be decribed by a coarse-grained
free energy functional of the Ginzburg-Landau form,

F =

∫

V

1

2
K (∇m)

2
+ f(m)− hm, (1)

where the continuous scalar field m(x, t) is the local (suitable nondimension-
alized) magnetization, obtained by averaging over “coarse-graining” cells of
a fixed size ℓ, K is a constant, f(m) is the local free energy density, h is the
(dimensionless) external magnetic field (a constant), and the integration is
over the entire volume V of the system. The local free energy density f(m)
represents the free energy calculated by averaging over all microscopic con-
figurations in a coarse-graining cell for fixed magnetization m. Therefore,
its form obviously depends on the size of the coarse-graining cell. From
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simple mean-field arguments one obtains that an appropriate form of f(m)
is

f(m) =
1

2
a(T − Tc)m

2 +
1

4
bm4, (2)

where a and b are positive constants, T is the (uniform) temperature, and
Tc is the critical temperature of the magnetic phase transition. Note that
only even powers of m appear in f(m) because of the up-down symmetry
of the magnetic system. For T < Tc, f(m) has a double-well structure,
and each of the minima correponds to a phase with a spontaneous magne-
tization. Finally, the gradient square term represents the energy penalty
due to magnetization inhomogeneities. The constant K is related to the
interaction energy between spins, see for example Langer (1991).

As already mentioned, it is impossible in practice to carry out the coarse-
graining procedure; for a recent approximation performed with the help of
numerical calculations, see Bronchart et al. (2008). Nevertheless, from a
phenomenological point of view, the above functional is reasonable, and the
coefficients can be readily adjusted to match a physical system, with the
help of four quantities that can in principle be measured: the magnetization,
the susceptibility, the magnetic domain wall energy, and the domain wall
mobility.

The equilibrium magnetization m∗ simply corresponds to the value of
m which minimizes f(m) for zero magnetic field (h = 0); for the quartic
potential given by Eq. (2), it is

m∗ = ±
√

a(Tc − T )

b
. (3)

Obviously, this minimum is shifted when a magnetic field is applied, since
the magnetization tends to align with the external field. The exact value of
m∗(h) is the solution of a cubic equation. For small fields, the equation can
be linearized around the zero-field solution m∗(0) given by Eq. (3), which
yields

m∗(h) ≈ m∗(0) +
h

2a(Tc − T )
= m∗(0) +

h

f ′′(m∗(0))
, (4)

where f ′′(m) denotes the second derivative of f(m) with respect to m. The
magnetic susceptibility χ(T ) is

χ(T ) =
dm∗(h)

dh

∣

∣

∣

∣

h=0

=
1

2a(Tc − T )
=

1

f ′′(m∗(0))
. (5)

Obviously, the susceptibility diverges when T → Tc, which is one of the
signatures of a second-order phase transition.
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In order to obtain the magnetic domain wall energy, we first have to
determine the profile of the magnetization through a boundary between do-
mains of positive and negative magnetizations. This profile is the minimum
of the free energy functional, which can be obtained by evaluating

δF

δm
= 0, (6)

where the symbol δ denotes the functional derivative. The result of this
operation is the equation

−K∂xxm+ f ′(m) = 0 (7)

for a domain wall normal to the x direction, where f ′(m) = df/dm. This
equation has to be solved subject to the boundary condition m → m∗(0)
for x → ∞ and m → −m∗(0) for x → −∞. For the quartic potential given
by Eq. (2), an explicit solution is available, which is

m0(x) = −m∗(0) tanh

(

x− x0

ξ

)

, (8)

which describes a domain wall centered at the arbitrary position x0, with

ξ =

√

2K

a(Tc − T )
(9)

being the characteristic thickness of the domain wall. It can be identified
with the correlation length of the magnetization. Note that ξ diverges
as T → Tc, as expected for a correlation length in a second-order phase
transition.

The quartic potential is widely used in the literature because of the ex-
istence of this simple analytic front solution. However, it should be stressed
that any double-well potential would produce an equilibrium solution that
has a similar structure: a front region in which the variation of m is rapid,
surrounded by tails in which m approaches exponentially the minima of the
potential.

The fundamental definition of the domain wall energy σ is that σ is
the excess free energy due to the presence of a wall. In the absence of an
external field h, the two homogeneous solutions ±m∗(0) have the same free
energy. Then, σ can be calculated by the formula

σ =
F (interface)− F (homogeneous)

S
, (10)
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where F (interface) and F (homogeneous) are the free energies with and with-
out a domain wall, respectively, and S is the surface area along the wall.
For a wall normal to the x direction as given by Eq. (8), S cancels out with
the integrations along the y and z directions in the free energy functional,
such that the above formula simplifies to

σ =

∫ ∞

−∞

1

2
K (∂xm0)

2 + f(m0(x)) − f(m∗) dx, (11)

where we have used that the integrand of Eq. (1) simplifies to f(m∗) for a
homogeneous state.

The evaluation of this integral can be greatly simplified by the use of an
identity that can be obtained from the equation of the equilibrium profile.
Multiplication of both sides of Eq. (7) with ∂xm0 and integration of the
result from −∞ to a certain position x yields (after application of the chain
rule)

[

−K

2
(∂xm0)

2

]x

−∞

+ [f(m0)]
x
−∞

= 0. (12)

Taking into account that ∂xm0 tends to zero for x → ±∞ and that m0 →
±m∗ for x → ±∞, this simplifies to

K

2
(∂xm0)

2 = f(m0)− f(m∗). (13)

This relation is often called “equipartition relation” because it establishes
that the two contributions to the free energy excess in Eq. (11) (gradient
energy and potential energy) are of equal magnitude. Equation (13) can be
used to obtain two important expressions for the surface free energy. In the
first, the potential is eliminated, which yields

σ =

∫ ∞

−∞

K (∂xm0)
2 dx. (14)

This expression can be found in many textbooks. The evaluation of this
integral requires the knowledge of the equilibrium profile. To circumvent
this difficulty, Eq. (13) can also be used to eliminate the gradient energy
from Eq. (11), which yields

σ =

∫ ∞

−∞

2[f(m)− f(m∗)] dx. (15)

Furthermore, a simple transformation of Eq. (13) yields

∂xm0 =

√

2[f(m)− f(m∗)]

K
. (16)
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With the help of this relation, it is possible to change the variable of inte-
gration from x to m in Eq. (15) and to obtain

σ =
√
K

∫ m∗

−m∗

√

2[f(m)− f(m∗)] dm. (17)

Therefore, the surface free energy can be calculated from the double-well
potential alone, without explicit knowledge of the equilibrium front profile.
For the quartic potential of Eq. (2), its value is

σ =
2
√
2

3

√
K(m∗)2

√

a(Tc − T ) =
2
√
2

3

√
K

[a(Tc − T )]
3/2

b
, (18)

where the second identity is obtained with the help of Eq. (3).
Before discussing the front mobility, it is necessary to specify the equa-

tion of motion for the magnetization m. In the Ising model, each spin
can flip without any constraint. Hence, the local magnetization is a non-
conserved quantity. According to non-equilibrium thermodynamics, its rate
of change should therefore be proportional to the thermodynamic driving
force,

∂tm = −Γ
δF

δm
. (19)

In other words, the magnetization evolves such as to tend to its local free
energy minimum. Here, Γ is a kinetic coefficient which will be taken constant
(independent of m and T ) for simplicity.

The equilibrium front given by Eq. (8) is stationary. This is natural
since the double-well potential is symmetric, and hence the free energy
densities of the two phases are identical. Obviously, in the presence of an
external magnetic field, this is no longer the case: the phase in which the
magnetization is aligned with the external field has a lower free energy and
will hence grow at the expense of the other phase by a displacement of
the domain wall. For small external fields, the free energy difference of the
two phases is simply ∆f = 2m∗|h|. Indeed, the equilibrium values of the
magnetization are shifted by the magnetic field according to Eq. (4), but
since the free energy curve is symmetric and hence its second derivative is the
same in both wells, the shift is the same for both phases and the difference
between the equilibrium magnetizations of the two phases remains the same
as for zero field (to first order in h). It is to be expected that the velocity
of the domain wall is proportional to ∆f , the constant of proportionality
being the front mobility.

The equation of motion for a steady-state planar front is readily written
down in the frame attached to the front, in which ∂t = −v∂x:

−v∂xm = −Γ [−K∂xxm+ f ′(m)− h] . (20)

9



For a front which has negative magnetization for x → −∞, a positive ve-
locity v (corresponding to a migration of the front towards positive x) is
obtained for negative magnetic field (h < 0) since this favors the growth of
the negative domain.

Equation (20) is a nonlinear ordinary differential equation for m. For
a given magnetic field h, a solution exists only for specific values of v (for
a general discussion of mathematical aspects of front solutions, see van
Saarloos (2003)), and a solvability condition then determines v as a function
of h. A general analytic solution of this problem is not available for the
quartic potential. However, a good approximation can be obtained by the
following procedure. Multiply both sides of Eq. (20) with ∂xm and integrate
from −∞ to ∞. The result is

v

∫ ∞

−∞

(∂xm)2 = Γ

[

−K

2
(∂xm)2 + f(m)− hm

]∞

−∞

. (21)

The evaluation of this integral requires the knowledge of the solutionm(x) of
Eq. (20). However, for small fields it can be supposed that this profile will be
close to the equilibrium one (a more detailed justification of this hypothesis
will be given below), and the integrals can be evaluated with m0(x) instead
of m(x). With this approximation, since ∂xm0 → 0 for x → ±∞ and
f(m∗) = f(−m∗), the only non-vanishing term on the right hand side arises
from the magnetic field, and is equal to −2m∗h, the free energy difference.
The integral on the left hand side is equal to σ/K according to Eq. (14).
Therefore,

v
σ

K
= −2Γm∗h = Γ∆f (22)

(recall that h is negative), and the front mobility is simply given by

Mfront =
ΓK

σ
. (23)

To summarize, the model has four unknown parameters: the coefficients
a and b of the free energy function, the gradient energy coefficient K, and
the kinetic constant Γ. They can be uniquely fixed using Eqs. (3), (5), (17),
and (23) if the values of four physical quantities are known: the spontaneous
equilibrium magnetization m∗, its dependence on the external field (the
magnetic susceptibility), the magnetic domain wall energy σ and the front
mobility. Note that, since Eq. (2) is a mean-field expression, it does not
describe well the free energy density of any real magnetic system, especially
close to the critical point. Therefore, the values of a and b that are obtained
following the above procedure will certainly depend on the temperature.
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Nevertheless, for any fixed temperature this model gives a very satisfactory
description of the static and kinetic properties of magnetic domain walls.

It should be noted that the thickness of the domain walls, ξ, is not an
independent parameter in this approach, but is given by Eq. (9). Further-
more, the capillary effect is automatically “built in” in this model. This
can be easily seen if the above analysis is repeated for a spherical domain of
negative magnetization surrounded by an infinite positive domain. Then,
in spherical coordinates, the equation for a moving front becomes

−v∂rm = −Γ

[

−K

(

∂rrm+
d− 1

r
∂rm

)

+ f ′(m)− h

]

, (24)

where d is the dimension of space. For large domains (of radius R ≫ ξ),
1/r in the second term of the Laplacian can be replaced by 1/R since ∂rm
is appreciable only in the interface, which is centered at r = R. Then,
following the same steps as above yields

v
σ

ΓK
= − (d− 1)σ

R
− 2m∗h = − (d− 1)σ

R
+∆f. (25)

For vanishing magnetic field, this identity becomes

v = −ΓK
(d− 1)

R
= −Mfrontσ

(d − 1)

R
, (26)

which describes the so-called motion by curvature: the domain wall moves
with a velocity that is proportional to its curvature (d − 1)/R. It can be
shown that this equation of motion remains valid even for non-spherical
domains; (d − 1)/R then has to be replaced by the local mean curvature.
Furthermore, local equilibrium (v = 0) is achieved if the magnetic field and
the curvature are related by

2m∗h = − (d− 1)σ

R
. (27)

This is called the capillary effect: the equilibrium value of an intensive
quantity (here, the magnetic field) is shifted by an amount proportional to
the curvature and to the surface free energy.

2.2 Binary lattice gas

Lattice gas models are a convenient setting to describe the thermody-
namics and dynamics of two-component systems - be it fluids, polymers or
metallic alloys. The systems for which they appear to be the most natu-
ral description are binary solid solutions, where the atoms of two different
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species occupy the sites of a common crystalline lattice. In the absence of
vacancies, a site is occupied either by an A or a B atom. For the simplest
case, in which atoms interact only when they occupy nearest neighbor sites,
the Hamiltonian of the lattice gas model can be mapped onto the one of
the Ising model discussed previously. The energetics (and hence the free
energy functional and the thermodynamics that it implies) is hence com-
pletely equivalent to the one discussed above. In contrast, the dynamics is
completely different: whereas, in the magnetic system, a spin can flip with-
out any constraint, the numbers of A and B atoms are locally and globally
conserved quantities, and an A atom cannot “flip” to become a B atom –
it can only exchange places with a neighboring B atom.

The quantity that is analogous to the magnetization of the previous
subsection is the concentration of one of the species – say, the B atoms. The
fraction of B atoms within a coarse-graining cell is denoted by c (0 ≤ c ≤ 1).
If the interaction between A and B atoms is weaker than the one between
like atoms, phase separation will occur below a critical temperature Tc: the
thermodynamic equilibrium state is a mixture of two phases, one rich in A
and the other rich in B. In anamogy with the Ising model, we can write a
free energy functional

F =

∫

V

K

2
(∇c)

2
+ f(c), (28)

with

f(c) =
1

2
a(T − Tc) (c− cc)

2
+

b

4
(c− cc)

4
. (29)

Here, cc is the critical concentration at which phase separation first occurs;
for a mixture with symmetric interaction constants between the two species,
cc = 1/2. Note that there is no term analogous to the external field term in
the magnetic free energy functional. The quantity that is analogous to the
magnetic field is the conjugate variable of the concentration, which is the
chemical potential

µ =
δF

δc
. (30)

However, contrary to an external magnetic field that can be readily im-
posed, the application on an “external chemical potential” (for example,
by establishing a contact with a “particle reservoir” of fixed properties) is
difficult – what is normally imposed is the global concentration. The sys-
tem then settles down to the thermodynamic equilibrium state, which is
characterized by a homogeneous chemical potential.
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As already mentioned above, the concentration is a locally conserved
quantity. Therefore, is satisfies a continuity equation,

∂tc = −∇ · j, (31)

where the mass current ~j is driven by the gradient of the chemical potential,

j = −M∇µ, (32)

with M the atomic mobility (here taken constant for simplicity). Combining
these equations and the expression of the free energy yields

∂tc = M∇2 δF

δc
= M∇2

[

−K∇2c+ f ′(c)
]

. (33)

This is called the Cahn-Hilliard equation, after Cahn and Hilliard (1958).
The profile of an equilibrium interface is now determined by the condition

of constant chemical potential,

µ = −K∇2c+ f ′(c) = µeq, (34)

where the value of the equilibrium chemical potential µeq can depend on
the geometry. Bulk thermodynamics tells us that two homogeneous phases
(of respective concentrations c1 and c2) are in equilibrium if two conditions
are fulfilled: the chemical potentials must be equal, that is,

µ1 = f ′(c1) ≡ µ2 = f ′(c2), (35)

and the grand potentials ω = f − µc must also be equal,

ω1 = f(c1)− µ1c1 ≡ ω2 = f(c2)− µ2c2. (36)

When expressed graphically, these two equations describe a common tan-

gent, a straight line that is tangent to the free energy curve in the two points
c1 and c2. It is obvious that for the symmetric free energy function given by
Eq. (29), the common tangent to the two wells has zero slope (µeq = 0). In
that case, Eq. (34) becomes identical to Eq. (7). Furthermore, the equilib-
rium values of the composition simply correspond to the minima of f and
are therefore given by the equivalent of Eq. (3):

c∗1 = cc −
√

a(Tc − T )

b
c∗2 = cc +

√

a(Tc − T )

b
. (37)

However, this is not the only possible equilibrium state. Indeed, consider
a spherical domain of the A-rich phase surrounded by an infinite domain
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of B-rich phase. Contrary to the spherical magnetic domain treated above,
which shrinks according to Eq. (26) unless a magnetic field is applied, the
inclusion of A-rich phase cannot evolve since the total number of A atoms
(and hence the size of the inclusion) is conserved. The analogy with the
magnetic system can nevertheless be exploited: the situation is equivalent
to the case where the effects of curvature and magnetic field exactly com-
pensate and the interface is stationary. Indeed, after subtraction of the
constant µeq on both sides of Eq. (34) and switch to spherical coordinates,
it becomes formally identical to Eq. (24) with v = 0, with µeq being equiv-
alent to h. Hence, the equilibrium chemical potential is given in analogy to
Eq. (27) by

(c2 − c1)µeq = − (d− 1)σ

R
, (38)

where σ is now the interface free energy, computed as before using the
analog of Eq. (17). It should be noted that the sign is important here:
the chemical potential is negative for a spherical inclusion of A-rich phase,
whereas it is positive for a spherical inclusion of B-rich phase in an A-rich
matrix. Formally, this arises from the fact that the integration of c through
the interface yields c1 − c2 on the left-hand side for a B-rich inclusion.
Physically, this can be rationalized in the following way. The variable µ is
the chemical potential of the B atoms. In the bulk phases (far away from
any interface), where the concentration is homogeneous (or at least slowly
varying), µ is a function of the local concentration only (the Laplacian in Eq.
(30) is negligibly small). Since f(c) is a convex function in the neighborhood
of the equilibrium solutions, µ is a monotonously increasing function of c.
Therefore, µ > 0 for c > ci in both phases (i = 1, 2). But phase separation
takes place because the interactions between like atoms are stronger that
between distinct atoms. Since a B atom on the surface of a spherical B-rich
inclusion is on average linked by fewer bonds to other B atoms than on a
planar interface, its departure into the matrix phase is facilitated, which
results in a supersaturation of the matrix phase, that is, c > c1. Of course,
the reverse is true for an inclusion of A-rich phase.

The two cases can be easily unified by defining a curvature κ that can
be positive and negative. This can be easily done in the following way. In
the interfaces, the unit vector

n̂ = − ∇c

|∇c| (39)

is normal to the interfaces and points into the A-rich phase. According to
differential geometry, the local curvature of the interface is given by

κ = ∇ · n̂, (40)
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which is positive if the B-rich domain is locally convex. With the help of
this quantity,

µeq =
(d− 1)σ

c2 − c1
κ. (41)

To complete the picture, we still need the values of c1 and c2, which depend
of µeq. For large domains (R ≫ ξ), where µeq is small, we can use a Taylor
expansion around µeq = 0 (where ci = c∗i ) and find

µeq = 0 + f ′′(c∗i )(ci − c∗i ). (42)

For the symmetric double-well potential, the second derivatives are identi-
cal, and hence the concentration difference is independent of the curvature
and equal to c∗2 − c∗1 (up to first order in the shift). Thus, we find finally

ci = c∗i +
(d− 1)σ

f ′′(c∗i )(c
∗
2 − c∗1)

κ, (43)

the so-called Gibbs-Thomson law. Of course, Eq. (42) is completely anal-
ogous to Eq. (4), and a generalized susceptibility can be defined by χ =
1/f ′′(c∗i ).

The equation of motion for the interfaces is more complicated than for
the magnetic model. Because of the conservation law, the motion of an
interface is determined by the local flux of B atoms that arrive or depart
from the interface. Therefore, no simple local law of motion can be written
down, and the calculation of the interface mobility is more involved (see
Elder et al. (2001) for a detailed discussion). Nevertheless, the above de-
velopments permit to understand a phenomenon of major importance that
takes place in alloys, namely, coarsening (Ostwald ripening). Indeed, con-
sider several B-rich inclusions of different sizes in a common A-rich matrix.
Since, according to Eq. (42), the chemical potential of B atoms is higher
on the surface of smaller inclusions (they have higher cuvature), atoms will
diffuse from smaller to larger inclusions. The small inclusions will hence
“evaporate” with time. In a finite system, the final equilibrium state is
a single spherical inclusion. In an infinite system, the process continues
forever and gives rise to a scaling behavior with time that has been much
studied, see Bray (1994).

2.3 Second gradient theory for fluids

In the second gradient theory, the dynamics of fluids and of fluid-vapor
interfaces is described in terms of the density field ρ, which directly acts as
an order parameter to distinguish between the two phases. The model takes
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its name from the fact that it can be obtained from a free energy functional
that depends not only on the local fluid density, but also on its gradient, in
perfect analogy to the models discussed in the previous sections,

F =

∫

V

1

2
K (∇ρ)

2
+ f(ρ), (44)

where f(ρ) is the local free energy density and K is a constant.
Since this model is discussed in great detail for example in Jamet et al.

(2001) and also elsewhere in this volume Roberto: put cross-reference to

your contribution if appropriate, only a few salient facts that are important
in the present context will be reviewed. In this case, the free energy function
f(ρ) does not have any obvious symmetries, such that on first sight it does
not seem appropriate to approach it by a simple symmetric double-well po-
tential. However, if there is liquid-vapor coexistence, the function f(ρ) nec-
essarily has concave parts. Indeed, a thermodynamic chemical potential can
be defined by µ̃ = ∂f/∂ρ, and the conditions for liquid-vapor coexistence
are exactly equivalent to those for the binary alloy given above. Therefore,
the coexistence densities are obtained by a common tangent construction
to the free energy curve. The result of this construction are the coexistence
densities as well as the equilibrium chemical potential µ̃eq. Then, the change
of variables µ̃ → µ̃ − µ̃eq and f(ρ) → f(ρ) − µ̃eqρ will transform the free
energy density into a double-well potential with minima of equal energy. If
a fluid close to its critical point is considered, then this modified free energy
density can again be approximated by the symmetric double well potential.

The equation of motion for the fluid density cannot directly be obtained
by a variational derivative of F . Instead, ρ satisfies a set of balance equations
for mass, momentum, and energy, that has to take into account inertia,
viscous dissipation, and the mechanical effect of the surface tension, which
creates a capillary force. The resulting equations can be found for example
in Jamet et al. (2001). For our discussion, two important points are that
the surface tension of this model is given by the analog of Eq. (14),

σ =

∫ ∞

−∞

K (∂xρ0)
2
dx, (45)

where ρ0(x) is the density profile across a planar interface normal to the x
direction. Of course, this integral can be transformed into one that contains
only the free energy density by the same steps as described for the magnetic
model in Sec. 2.1. But the free energy function obviously also determines
the equations of state of the fluid in the two phases, and thus various ther-
modynamic quantities such as the isothermal compressibility. In summary,
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both the bulk and the surface properties of the model are determined by
the choice of the free energy function f(ρ).

2.4 Model C for solidification

The equations of motion for the magnetic model and the alloy model
presented above are named “model A” and “model B”, respectively, in the
review of Hohenberg and Halperin (1977) on dynamic critical phenomena.
The idea behind this classification is that in the vicinity of a critical point,
static and dynamic properties of many very different systems are universal,
and universality classes can be distinguished based on the dimensionality
and conservation laws of the involved variables (order parameters). The
magnetization is a non-conserved scalar order parameter (model A), the
composition is a conserved scalar one (model B). “Model C” in this clas-
sification is a model with two scalar fields, one of which is conserved, and
the other is non-conserved. The first phase-field models for solidification
put forward by Langer (1986), Fix (1983) or Collins and Levine (1985) (see
Karma and Rappel (1998) for a brief historic overview of the development
of the phase-field model) were just reformulations of this model, with the
idea in mind that the non-conserved field corresponds to a structural order
parameter (which distinguishes between liquid and solid), whereas the con-
served variable represents the diffusion field that limits crystal growth (heat
or chemical components).

A starting point for this model is the free energy functional

F =

∫

V

K

2
(∇φ)2 +Hfdw(φ) +Xuφ, (46)

where φ is the phase field, fdw is a dimensionless double-well function – in
the following, we will use

fdw(φ) =
1

4
(1− φ2)2. (47)

Furthermore, K, H , and X are constants, and u is a dimensionless diffusion
field (to be defined more precisely below). Since the phase field represents a
non-conserved structural order parameter, it obeys the model A dynamics,

∂tφ = −Γ
δF

δφ
, (48)

with the kinetic rate constant Γ. The field u obeys a diffusion equation with
a source term,

∂tu = D∇2u+
1

2
∂tφ, (49)
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where D is a diffusion coefficient.
For the solidification of a pure substance, u = C(T − Tm)/L, where T

is the local temperature, Tm the melting temperature, and C and L are
the specific heat and the latent heat per unit volume, respectively. With
this interpretation in mind, it is easy to understand the motivation of the
above equations. When T = Tm, u = 0, and the free energy density of the
order parameter is described by a symmetric double-well potential. As a
consequence, there is no driving force for solidification since the two phases
have the same free energy density. In contrast, for u 6= 0, the coupling term
Xφu breaks the symmetry and introduces a free energy difference between
the phases. The difference in the free energy density is ∆f = 2Xu (since
the two equilibrium values of φ are φ∗ ≈ ±1 and thus their difference is
two). Equating this to the free energy difference obtained from standard
bulk thermodynamics, ∆f = L(T − Tm)/Tm, and using the definition of u,
we can identify

X =
L2

2CTm
. (50)

This free energy difference induces a motion of the interfaces, since the
phase with the lower free energy will form at the expense of the other one.
Thus, liquid is transformed into solid (or the reverse), and the latent heat
of melting is released (or consumed). This fact is described by the source
term in Eq. (49).

A comparison of Eq. (46) to Eq. (1) shows that the free energy functional
of model C is identical to the one of the magnetic model, with the free energy
density f(m) replaced by Hfdw(φ), and the magnetic field h replaced by
−Xu = −Lu/2. From this, we can immediately deduce that the equilibrium
values of φ actually depend on the temperature u,

φ∗(u) ≈ ±1− uX

Hf ′′
dw(±1)

. (51)

Therefore, φ has a non-trivial behavior in the bulk. As discussed for example
by Penrose and Fife (1990), the phase field can indeed be interpreted as
a physical quantity (entropy or energy density), such that this model is
actually a diffuse-interface model after the classification introduced in Sec.
1. As will be discussed in more detail below, this model is too simple for
accurate simulations of crystal growth. But it can still serve as an excellent
starting point for the introduction of a more sophisticated model.
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3 Solidification of a pure substance

In this section, I will introduce and discuss in some detail the problem of
solidification of a pure substance, which has served as one of the standard
testing grounds for the development of phase-field modelling. I will start
by stating the classic free boundary problem of solidification, and then give
the standard phase-field formulation. The differences to the diffuse-interface
models described in the previous section will be discussed in some detail.
Then, I will describe the method of matched asymptotic expansions that
can be used to relate the sharp-interface and phase-field formulations of the
solidification problem, and review some salient results obtained with this
methodology.

3.1 Sharp-interface formulation

Consider the solidification of a pure substance from its melt. Since the
relative change of density upon solidification is small, the density will be
assumed to be constant and equal for solid and liquid. Then, no mass
transport is needed for crystal growth, which is therefore limited by heat
transport, since the latent heat of crystallization that is released upon freez-
ing needs to be evacuated from the growing crystal. Heat transport is as-
sumed to take place by diffusion only; natural convection is neglected. This
is a big simplification, which is strictly speaking valid only under micro-
gravity conditions. It is justified by several independent reasons: (i) the
purely diffusion-limited case is one of the rare examples where analytical
solutions and theories have been developed, and can therefore be studied
in its own right, (ii) data from experiments in microgravity are available,
see Glicksman et al. (1994), and (iii) this is not a fundamental limitation
of the phase-field approach. Indeed, models by Beckermann et al. (1999)
or Anderson et al. (2000) that incorporate convection are available, but re-
quire much larger computational resources. For the pedagogic exposition
intended here, it is thus sufficient to consider the purely diffusive case.

Currents of heat are driven in the liquid and the solid by temperature
gradients,

jQ = −kν∇T = −CνDν∇T, (52)

where ν = l, s labels the two phases, and kν is the heat conductivity of
phase ν, which is written in the second identity as the product of the specific
heat per unit volume Cν and the thermal diffusion coefficient Dν . Energy
conservation implies that the internal energy density e satisfies

∂te = −∇ · jQ. (53)
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We can exploit the definition of the specific heat per unit volume, Cν =
de/dT , to transform this equation for e into one for T . For constant spe-
cific heats and constant diffusion coefficients, we obtain simple diffusion
equations in both phases,

∂tT = Dν∇2T. (54)

At the interfaces, heat conservation gives rise to a Stefan boundary con-
dition,

Lvn = n̂ · [jQ] = n̂ · [Cs ∇T |s − Cl ∇T |l] , (55)

where L is the latent heat of melting per unit volume, vn is the normal ve-
locity of the interface (counted positive for a growing solid), n̂ is the normal
vector to the interface pointing into the liquid, and [jQ] is the difference in
heat currents between the two sides of the interface, which is explicitly given
in the second identity. The left hand side of this equation represents the
heat generated (or absorbed) by a moving interface; this heat is transported
by the heat currents in the adjacent material, which are given by the right
hand side.

The system of equations is completed with the specification of a bound-
ary condition for the temperature at the interface,

Tint = Tm − σTm

L
κ− vn

µk
. (56)

Here, Tm is the melting temperature, σ the interface free energy, κ the in-
terface curvature, and µk the interface mobility. The interface temperature
deviates from the bulk thermodynamic equilibrium value Tm by two terms.
The first is the capillary shift of the melting temperature (Gibbs-Thomson
effect). The second is due to interface kinetics. The fact that µk is indeed
a mobility can be seen by inverting this equation to obtain vn, which yields

vn = µk

[

Tint −
(

Tm − σTm

L
κ

)]

. (57)

The interface velocity is hence proportional to the difference of the inter-
face temperature and the curvature-dependent local equilibrium interface
temperature, and the proportionality factor is thus a mobility.

It should be noted that the above generalized Gibbs-Thomson law is
isotropic. In general, the interfacial properties (surface free energy and in-
terface mobility) of a crystal-melt interface are anisotropic (that is, their
values depend on the orientation of the surface with respect to the crys-
tallographic axes). While the magnitude of this anisotropy is small for
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microscopically rough interfaces (as usually found in metals), its presence
is crucial for the selection of dendrite growth directions. Nevertheless, for
most of the following we will consider isotropic interfaces for simplicity.

For further simplification, we will consider first the symmetric model, in
which the diffusion coefficients and the specific heats of solid and liquid are
assumed to be identical:

Cs = Cl ≡ C Ds = Dl ≡ D. (58)

Then, the above set of equations can be simplified and rewritten in terms
of the dimensionless temperature field

u =
T − Tm

L/C
. (59)

The result is
∂tu = D∇2u in the bulk, (60)

vn = Dn̂ · [∇u|s − ∇u|l] at the interface (61)

uint = −d0κ− βvn, (62)

where the capillary length d0 is given by

d0 =
σTmC

L2
, (63)

and β is a kinetic coefficient with dimension of inverse velocity,

β =
C

µkL
. (64)

3.2 Phase-field model

There are several ways to motivate the construction of a suitable phase-
field model for this problem. One is to start from bulk thermodynamics.
The idea is to introduce a phase field that distinguishes between the two
possible phases (solid and liquid). The two values of the phase field that
represent solid and liquid can be arbitrarily chosen – we will adopt φ = 1
for the solid and φ = −1 for the liquid. Next, a free energy density needs
to be constructed which combines the free energies of the pure phases. For
the present case, we may start from the internal energy densities e. Since
we have assumed the specific heat C = de/dT to be constant and equal
for the two phases, the two curves e(T ) are just two parallel straight lines.
Furthermore, at the melting temperature Tm, the two free energy densities
are equal,

fs = es − Tmss = fl = el − Tmsl, (65)
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with ss and sl the entropy densities of the two phases. Furthermore, the
definition of the latent heat of melting yields

L = el(Tm)− es(Tm) = Tm(sl − ss). (66)

Then, up to a constant (which can be omitted) the internal energy density
as a function of T and φ is

e(T, φ) = C(T − Tm)− g(φ)

2
L, (67)

where g(φ) is an interpolation function that satisfies g(±1) = ±1. Dividing
both sides of this equation by L, we can express the dimensionless inter-
nal energy density ẽ = e/L in terms of the dimensionless temperature u
introduced above,

ẽ = u− g(φ)

2
. (68)

The equations of motion of the phase-field model can now be obtained
by a variational procedure in the variables ẽ and φ from the free energy
functional

F =

∫

V

1

2
K (∇φ)

2
+Hfdw(φ) +

X

2

(

ẽ+
g(φ)

2

)2

(69)

where X is again given by Eq. (50). Indeed, energy is a conserved quantity
and hence the internal energy density obeys model B dynamics,

∂tẽ = M∇2 δF

δẽ
, (70)

where M is a suitable mobility. In contrast, the phase-field φ is a non-
conserved variable and thus obeys model A dynamics,

∂tφ = −Γ
δF

δφ
. (71)

Carrying out the functional derivatives, rearranging terms, and using the
various definitions introduced previously yields the two equations

∂tu = D∇2u+
1

2
∂tg(φ), (72)

Γ−1∂tφ = K∇2φ−Hf ′

dw(φ)−
X

2
g′(φ)u. (73)

For g(φ) = φ, this is identical to the simple model C presented in Sec. 2.4.
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In the following, we will also discuss a slightly more general model, in
which Eq. (72) is replaced by

∂tu = D∇2u+
1

2
∂th(φ), (74)

where h(φ) is a function that satisfies h(±1) = ±1. This function describes
how the latent heat is released through the moving interface and will there-
fore be called “heat source function”. Of course, as soon as h(φ) 6= g(φ),
the model cannot any longer be obtained by a variational procedure from
a free energy functional. However, the equation of motion for φ can still be
obtained from the functional

F ′ =

∫

V

1

2
K (∇φ)2 +Hfdw(φ) +

X

2
ug(φ). (75)

In Karma and Rappel (1998), the case h(φ) = g(φ) is called the varia-

tional formulation, whereas the more general case h(φ) 6= g(φ) is called the
isothermal variational formulation.

3.3 Discussion: phase-field vs. diffuse-interface models

The only difference between model C and the phase-field model presented
above is the presence of the interpolation function g(φ) introduced in Eq.
(67). The choice of this function has extremely important consequences
which merit to be discussed in more detail.

To begin, let us analyze a little further the simple model C. It actually
has a major default, which is a consequence of Eq. (51). Indeed, since
according to this equation, the equilibrium value of φ depends on the tem-
perature, a change of temperature induces a change of the phase field even
deep inside the bulk (far away from any interfaces). But this generates
sources of latent heat in the bulk according to Eq. (49). This is clearly
physically incorrect: latent heat should only be generated or absorbed at
moving interfaces according to Eq. (55) of the sharp-interface formulation.

The interpolation function g(φ) can be used to cure this problem. Re-
peating the calculations leading to Eq. (51) for the above phase-field model,
we find

φ∗(u) ≈ ±1− Xg′(±1)u

2Hf ′′
dw(m

∗(0))
. (76)

This, the equilibrium values can be kept exactly equal to ±1 if g(φ) is chosen
such as to have vanishing derivatives at the values of φ that correspond to
the minima of the double-well potential. For a graphic visualization, the
sum Hfdw(φ) + (X/2)g(φ)u is plotted in Fig. 1 for suitable values of H ,
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L and u. The function g actually describes how the double-well potential
is tilted for T 6= Tm. The double-well potential has to be tilted such as
to keep the positions of the minima at ± 1 for arbitrary values of u. For
this, the simple linear function g(φ) = φ used in model C is not suitable.
With the additional requirement that g(±1) = ±1, the simplest choice is
the third-order polynomial

g(φ) =
3

2
(φ− φ3/3). (77)

However, with this function one of the minima is lost for sufficiently strong
tilt (|u| large enough). This is avoided with the additional requirement
g′′(±1) = 0. The corresponding tilting function is

g(φ) =
15

8
(φ − 2φ3/3 + φ5/5). (78)

T=T
m

T>T
m

T<T
m

Figure 1. Plot of the tilted double-well potential, with the tilting function
g(φ) given by Eq. (78), for three values of the temperature. The tilt is such
that the positions of the minima do not change.

The introduction of the tilting function g(φ) seems to be only a small
change, but it actually has big consequences for the interpretation of the
phase field. Since the equilibrium values of φ are φ∗ = ±1 independently of
the temperature, it is impossible to identify the phase field with any physi-
cally measurable quantity. Indeed, let us first examine the thermodynamic
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variables. The phase field exhibits a jump through the interface, just like
an extensive quantity. For a pure substance under the assumption of con-
stant density, there are just two such quantities: internal energy density and
entropy density. However, the derivatives of both of these quantities with
respect to temperature are well-defined quantities: de/dT = C, the specific
heat per unit volume, as already stated above, and ds/dT = C/T (using
the chain rule, ds/dT = (ds/de)(de/dT ), and the thermodynamic definition
ds/de = 1/T ). Since dφ∗/dT = 0, the phase field cannot be identified with
either of these quantities. Furthermore, the original introduction of the
phase field was motivated by the idea of a structural order parameter that
distinguishes between solid and liquid. Such an order parameter is either
introduced phenomenologically in the spirit of Landau theory, or defined by
some microscropic prescription, for example in molecular dynamics simula-
tions, see Hoyt et al. (2003). However, in both cases the equilibrium values
of such a quantity also depend on the temperature.

In conclusion, in this model the phase field can only be interpreted as a
smoothed indicator field, without direct thermodynamical meaning. It will
now be shown that for the purpose of quantitative modeling, this is actually
an advantage because is allows to some extent to separate the adjustment
of interface and bulk properties. For illustration, let us first calculate the
equilibrium front profile. Since equilibrium of a planar front can only occur
at T = Tm, we have u = 0 and the equation of the equilibrium phase field
profile becomes

K∂xxφ−Hf ′

dw(φ) = 0. (79)

Dividing both sides of this equation by H , posing

W 2 =
K

H
(80)

and carrying out the derivative of fdw, this becomes

W 2∂xx + φ− φ3 = 0, (81)

the explicit solution of which is

φ(x) = tanh

(

x√
2W

)

. (82)

Therefore, up to a prefactor, W is the front thickness. Repeating the same
steps as for the diffuse-interface models, it is easy to obtain the surface
tension

σ =
2
√
2

3

√
KH = IWH, (83)
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where I = 2
√
2/3. Qualitatively, this result could have been obtained by

a simple dimensional analysis. Indeed, the coefficients K and H in the
functional of Eq. (75) have dimensions of energy per unit length and energy
per unit volume, respectively. Therefore, the square root of their ratio has
dimension of length, and the square root of their product has dimension
of energy per unit surface, which is the dimension of a surface free energy.
The numerical prefactor I comes from the integration of the double-well
potential according to the analog of Eq. (17). Therefore, a different choice
for the double-well function will change the interface profile and the value
of I, but not the scaling of the physical quantities. The second identity of
Eq. (83) has a particularly clear and simple interpretation: the surface free
energy scales as the barrier height h in the free energy functional times the
front thickness W . Indeed, the parts of the system located in the interface
are energetically penalized by an amount of order H and contribute to the
surface free energy excess over a thickness W .

Consider now a physical system that has interfaces of a certain physical
thickness ξ and surface free energy σ. If, for numerical reasons, we wish
to represent this system by a model that has the same surface free energy,
but a much larger interface thickness, W ≫ ξ, this is easy to achieve in the
phase-field model: since σ and W are fixed by the coefficients K and H , it
is sufficient to change both at the same time. For example, it is possible to
keep σ constant while increasing W by increasing H but desceasing K. At
the same time, this change does not affect the thermodynamic behavior of
the bulk phases, which is entirely given by the third term in the functional
of Eq. (75) that is not affected by changes in K or H .

In contrast, the same operation in model C leads to difficulties. The
interfacial properties actually satisfy the same relations as discussed just
above, since they do not depend on the presence of the interpolation func-
tion g(φ). But for this model, in addition, the bulk properties of the physical
quantity that describes the front profile are also determined by the double-
well potential according to Eq. (51). For a correct modelling, the variation
of φ∗ with temperature has to be identified with the corresponding ther-
modynamical quantity, which already fixes the constant H according to Eq.
(51). Therefore, a simple rescaling of the double-well potential by the change
of H is excluded. It is still possible to modify the surface free energy while
keeping the bulk properties constant by more complicated modifications of
the double-well potential (keeping the wells unchanged and changing the
barrier height, for instance), as tempted for example by Jamet et al. (2001)
for a simple diffuse-interface fluid, but the range of the possible modifica-
tions is limited.
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3.4 Matched asymptotic analysis

Up to now, we have not discussed interface kinetics in the phase-field
model. The reason is that its evaluation is considerably more complicated
than in the simple models discussed so far. We were able to calculate a
simple approximation for the interface mobility in the magnetic model of
Sec. 2.1 because the driving force for interface motion was an externally
imposed magnetic field, which was homogeneous and constant. In the phase-
field model for solidification, the driving force for the phase change is the
deviation of the local temperature from the melting temperature. But the
temperature field obeys itself a differential equation, is non-homogeneous
and time-dependent.

The standard procedure to understand the behavior of a phase-field
model and to establish the relation between the model parameters and the
physical parameters of the system to be modeled is the method of matched

asymptotic expansions, a variant of the boundary-layer methods with which
the reader might be familiar from fluid dynamics. The basis for these cal-
culations is a separation of scales between the front thickness and the other
characteristic scales of the problem. Indeed, the problem of solidification
can successfully be described by a sharp-interface formulation, in which
the interfaces are assimilated to mathematical surfaces without thickness,
because the physical interfaces have an intrinsic thickness of a few interac-
tomic distances, which is much smaller than any other scale present in the
problem.

If this problem is represented by a phase-field model, it is immediately
clear that space can be divided in two types of regions. In the bulk phases
the phase field is equal to or close to ±1, the equation of motion for the phase
field is trivial, and the temperature field obeys a simple diffusion equation.
The bulk phases are separated by a thin but finite layer of interface, in which
the phase field obeys a non-trivial nonlinear equation that generates source
terms in the diffusion equation for the temperature field. Whereas this layer
has a complicated overall geometry, the local interface properties (curvature,
interface velocity) vary only slowly along this layer if scale separation is
realized. The central idea of the matched asymptotics is then to solve the
non-trivial interface equations in the simple situation where the velocity
and the interface curvature are locally constant, and to match this solution
to the large-scale solution of the simple diffusion equation away from the
interfaces. In this way, the nonlinear interface equations provide boundary

conditions for the diffusion equation in the bulk.
Technically, the complete calculation is quite cumbersome. It has been

presented in detail in several publications, see for example Karma and Rap-
pel (1998), Almgren (1999), or Echebarria et al. (2004). Rather than re-
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peating these lengthy developments here, I will restrict the presentation to
a simpler problem: the motion of a planar interface with constant velocity.
This calculation yields the interface mobility, and illustrates all the steps of
the asymptotics. The main physical phenomenon that is missing fron this
calculation is the capillary effect. However, its understanding poses no new
challenge since it can be calculated at equilibrium, which implies that the
temperature field is constant. Therefore, the calculation follows the same
lines as for the magnetic model in Sec. 2.1.

It is convenient to make the evolution equations non-dimensional. Let
us start by dividing the evolution equation for the phase field, Eq. (73), by
the constant H . The result is,

τ∂tφ = W 2∇2φ− f ′

dw(φ)− λg′(φ)u, (84)

where we have defined the phase-field relaxation time τ = 1/(ΓH) and the
dimensionless coupling constant

λ =
X

2H
=

L2

2HCTm
. (85)

This is the standard form of the phase-field equation used in many publi-
cations.

Next, we need to choose a “macroscopic” scale for non-dimensionalization
of the equations. We follow Almgren (1999) and choose the capillary length
d0, although a different choice yields a simpler calculation for the symmet-
ric model according to Karma and Rappel (1998); however, it is easier to
generalize the present calculation to unequal diffusivities. The correspond-
ing time scale is then d20/D. After switching to dimensionless variables, the
equations for a planar interface that advances with a constant dimensionless
velocity v in the positive x direction are

αǫ2∂tφ = −αǫ2v∂xφ = ǫ2∇2φ− f ′

dw(φ) − λug′(φ), (86)

where α = Dτ/W 2, and ǫ = W/d0 is the scaled interface thickness. The
constant λ can actually be eliminated in favor of ǫ. To this end, we invert
Eq. (83) to find H = σ/(IW ), and then eliminate σ by expressing it in
terms of the capillary length, Eq. (63). As a result, we obtain

λ =
I

2

W

d0
=

I

2
ǫ, (87)

and the equation for the phase field becomes

−αǫ2v∂xφ = ǫ2∇2φ− f ′

dw(φ)− ǫIug′(φ)/2. (88)
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The equation for the temperature field in the moving frame is simply

∂tu = −v∂xu = ∇2u+
1

2
∂th(φ) = ∇2u− v

2
∂xh(φ). (89)

The dimensionless interface thickness is in fact the parameter that quan-
tifies the scale separation, since it represents the ratio of the interface thick-
ness W to the “external” physical scales. It is therefore chosen as an ex-
pansion parameter in two different expansions in the “outer” and “inner”
region,

φ = φ̂0 + ǫφ̂1 + ǫ2φ̂2 + . . . outer region (90)

φ = φ0 + ǫφ1 + ǫ2φ2 + . . . inner region (91)

u = û0 + ǫû1 + ǫ2û2 + . . . outer region (92)

u = u0 + ǫu1 + ǫ2u2 + . . . inner region. (93)

The outer expansion can be directly inserted in the above equations, and
the result is then solved successively order by order. To order zero in ǫ, we
obtain from Eq. (88)

0 = f ′

dw(φ̂0), (94)

which indicates (as anticipated) that the phase field should assume one of its

bulk equilibrium values. Since, thus, φ̂0 is independent of time, the source
term on the right hand side of Eq. (89) is zero, and û0 obeys the simple
diffusion equation. It is easy to show that these results extend to higher
orders in the expansion.

The inner expansion is intended to describe the details of the interface
on the scale of the interface thickness W itself. To “zoom in” on this region,
we define a stretched coordinate

η =
x

ǫ
(95)

approprate to this scale. Since, upon the change of variable from x to η,
each spatial derivative contributes a factor ǫ−1, the formal effect of this
operation is to change the powers of ǫ in each term of the equations. The
resulting equations, valid in the inner region, are

−ǫαv∂ηφ = ∂ηηφ− f ′

dw(φ) − ǫ
I

2
ug′(φ), (96)

−ǫ−1v∂ηu = ǫ−2∂ηηu− 1

2
ǫ−1v∂ηφ. (97)

Indeed, comparing Eq. (96) to Eq. (88), it is obvious that the order of the
Laplacian term on the right hand side has been changed. This expresses the
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fact that the spatial derivatives of φ balance the derivative of the double-
well potential on the scale of the interface thickness, which precisely leads
to a smooth interface.

The explicit calculation of the inner expansion will be given below. Be-
fore proceeding, it is useful to state the matching conditions, which are
formally defined in the limit when ǫ → 0,

lim
η→±∞

[

u0(η)− û0|±
]

= 0, (98)

lim
η→±∞

[

u1(η)− û1|± − η ∂xu0|±
]

= 0, (99)

where ûn|± are the limits of the outer fields when the interface is approached
from the liquid (+) and the solid (−) side. The conditions for φ and for
higher order terms of the expansions are similar. The meaning of these
formulas is: the asymptotes of the inner fields, extrapolated to the outer re-
gion, must match to the local behavior of the outer fields when the interface
is approached.

The explicit calculation proceeds as follows. Inserting the expansion for
the phase field into Eq. (96) yields at order zero in ǫ

0 = ∂ηηφ0 − f ′

dw(φ0), (100)

which is just the equation for the equilibrium phase-field profile and has the
solution

φ0 = − tanh
η√
2

(101)

for a solid growing towards positive η. For the temperature field, we find at
order ǫ−2

0 = ǫ−2∂ηηu0. (102)

Taking into account the matching conditions, which imply that ∂ηu0 van-
ishes for η → ±∞, we can conclude that u0 is simply a constant, the value
of which will be fixed below.

The phase-field equation at order ǫ reads

−αv∂ηφ0 = ∂ηηφ1 − f ′′

dw(φ0)φ1 −
I

2
g′(φ0)u0, (103)

where f ′′

dw denotes the second derivative of the double-well function fdw.
This is a differential equation for the function φ1. It can be rewritten under
the form

L1φ1 = f1(η), (104)
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with the linear operator L1 = ∂ηη − f ′′

dw(φ0) and the function

f1(η) = −αv∂ηφ0(η) +
I

2
g′(φ0(η))u0. (105)

Since f1 is a simple function of η, this equation can formally be solved by
inverting the linear operator and applying the result to the function on the
right hand side. This operation can only be performed if L1 is invertible.
But it is easy to see that L1 has an eigenfunction with zero eigenvalue,
which is ∂ηφ0. Indeed,

[∂ηη − f ′′

dw(φ0)] ∂ηφ0 = ∂η [∂ηηφ0 − fdw′(φ0)] = 0, (106)

and the quantity between square brackets on the right hand side vanishes
because it just corresponds to the equilibrium equation for φ0. This mode
corresponds in fact to an infinitesimal displacement of the equilibrium front
profile, which cannot give a nontrivial now solution. There is therefore a
solvability condition: the right hand side of Eq. (104) must be orthogonal
to this zero-eigenvalue mode, that is,

∫ ∞

−∞

∂ηφ0f1(η) = 0. (107)

This condition fixes the value of u0. Indeed, after plugging in the expression
for f1 and carrying out the integration, we find

αvI + Iu0 = 0, (108)

(the chain rule yields
∫

∂ηφ0g
′(φ0) = g(−1)− g(1) = −2), which simplifies

to
u0 = −αv. (109)

It can be noticed that, since u0 is just a constant, this result is exactly
equivalent to the calculation of the velocity of the magnetic domain wall
given by Eq. (22). The procedure of matched asymptotics thus gives a
formal justification for the use of the equilibrium profile in the calculation
of this velocity, see Eq. (21).

The next order of the diffusion equation reads

v∂ηu0 = ∂ηηu1 −
v

2
∂ηh(φ0). (110)

Since u0 is a constant, the left hand side vanishes, and the equation can be
integrated once to yield

∂ηu1 −
v

2
h(φ0) +A = 0, (111)
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where A is a constant of integration. This equation immediately yields the
Stefan condition. Indeed, comparing the two limiting behaviors for η → ±∞
we find

lim
η→−∞

∂ηu1 − lim
η→∞

∂ηu1 = v (112)

Furthermore, since we are interested in a steady-state interface, there is no
current far inside the solid (that is, ∂ηu1 → 0 for η → −∞), which fixes
A = v/2 since h(φ0) → 1 for η → −∞. Using this result, Eq. (111) can be
integrated once more, which yields

u1 = ū1 +
v

2

∫ η

0

[h(φ0(ξ))− 1] dξ, (113)

where the constant of integration ū1 can be fixed by the solvability condition
for the phase-field equation at the next order,

−αv∂ηφ1 = ∂ηηφ2 + f ′′

dw(φ0)φ2 −
I

2
g′(φ0)u1, (114)

which can again be written under the form

L1φ2 = f2(η), (115)

where L1 is the same linear operator as in Eq. (104). In principle, the func-
tion φ1 is needed to obtain f2(η). However, simple symmetry arguments
show that the contribution of φ1 to the solvability condition vanishes. In-
deed, this condition reads

∫ ∞

−∞

∂ηφ0f2(η) = 0. (116)

But φ0 is a function that is odd in η (φ(−η) = −φ(η)), and thus its derivative
is an even function. Therefore, the contribution of any term in f2 that is
odd in η will vanish. Now, φ1 is the solution of Eq. (104) with f1 given by
Eq. (105). Since u0 is a simple constant, for any function g(φ) that is odd
in φ, the right hand side of Eq. (105) is an even function of η. The operator
L1 is also even in η. As a consequence, φ1 must also be even in η, and thus
∂ηφ1 is odd. In fact, several other terms that would be present in a purely
formal expansion of the inner phase-field equation have been omitted from
Eq. (114) since they do not contribute to the final result due to similar
symmetry reasons. In the end, the solvability condition is simply

∫

I

2
g′(φ0)u1(η)∂ηφ0 dη = 0, (117)
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Figure 2. Plot of the temperature field u across a moving planar interface,
obtained from a numerical simulation of the model. The dashed lines rep-
resent the extrapolations of the asymptotes to the position of the interface,
which is indicated by the vertical dotted line. Some of the quantities used
in the asymptotic analysis are also indicated: ū1 is the value of the first-
order inner diffusion field at the interface position, and vF is the difference
between this value and the “macroscopic” boundary condition.

which yields
Iū1 = vIJ (118)

with J a constant given by

J =

∫

∂ηφ0g
′(φ0)

(
∫ η

0

[h(φ0(ξ)) − 1] dξ

)

dη. (119)

By this procedure, we have now determined the complete profile of the
diffusion field through the interface. However, the boundary condition for
the outer field (that is, the value of u that is “seen” on the macroscopic
scale) is not simply equal to u0+ ǫū1. As illustrated in the sketch of Fig. 2,
the boundary condition for the outer region is obtained from the application
of the matching conditions, Eq. (99), which yields

û1|± = ū1 + vF± (120)
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with

F± =

∫ ±∞

0

[h(φ0)− h(±1)] dη. (121)

It is easy to check that for any function h(φ) odd in φ (and in particular
for the simplest choice h(φ) = φ), F+ = F− ≡ F . This implies that
û1|+ = û1|−, as illustrated in Figure 2. Now we can collect the various
pieces of the boundary condition for u, and find

uint = û0 + ǫû1 = −v

(

α− ǫ
J + 2F

4

)

. (122)

Switching back to dimensional variables, and inserting the definition of ǫ,
the celebrated expression first obtained by Karma and Rappel (1998) for
the interface kinetic coefficient is found,

β = a1
τ

λW

(

1− a2
λW 2

τD

)

, (123)

with a1 = I/2 and a2 = (J + 2F )/(2I). Note that our notations slightly
differ from those of Karma and Rappel (1998), and that they use a non-
normalized version of the tilting function g(φ), which leads to small differ-
ences between the expressions given here and those of Karma and Rappel
(1998).

3.5 Rewiev of some results and discussion

Here, some of the essential consequences of the results obtained above
will be discussed, and some examples for their application reviewed; for
more details, see Karma and Rappel (1998). As already mentioned before,
the first term in Eq. (123) is equivalent to the result for domain wall mo-
tion under a homogeneous magnetic field. It can be obtained by a simple
calculation in which the temperature is assumed to be constant in the en-
tire interface, and has been obtained by several authors in the early days
of phase-field modeling, see Langer (1986) or Caginalp (1989). The sec-
ond term in Eq. (123) arises from the fact that the inhomogeneity of the
temperature field across the interface is taken into account. In Karma and
Rappel (1998), the asymptotics in which the second term is absent is called
sharp-interface limit, whereas the full procedure is called the thin-interface

limit. In the calculation presented here, the thin-interface term appears in
a higher order of the asymptotic expansion than the sharp-interface term.
This could give the impression as if this term would be subdominant in cer-
tain conditions. However, this is incorrect: as explicitly demonstrated by
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numerical calculations for one-dimensional interfaces in Karma and Rappel
(1998), the kinetic behavior of the interface is not correctly described with
only the first term in Eq. (123), even in the limit of very slow growth,
which corresponds to ǫ → 0. The physical reason for this behavior is that
the heat source term present for moving interfaces has a characteristic scale
that is equal to the interface thickness. No matter how small the interface
thickness is, there will thus be always a component of the diffusion field
that will vary on the scale of the interface. This effect is precisely captured
by the above calculation of u1.

A very important point is that Eq. (123) yields a prescription how to
simulate moving interfaces in local equilibrium. This is extremely relevant,
since for rough interfaces in metals the interface mobility is large, and thus
the kinetic coefficient is small. For the slow growth speeds used in many
experiments, kinetic effects can even altogether be neglected, which means
that they are adequately described by β = 0. In the sharp-interface limit,
this regime can only be reached when τ tends to zero (which corresponds
precisely to a large interface mobility), which leads to equations that are nu-
merically very stiff. The thin-interface expression for β, in contrast, allows
for a vanishing kinetic coefficient if W , λ, and τ are related by

τD = a2λW
2. (124)

Since λ = a1W/d0, this is actually a relation between W and τ ,

τ =
a1a2
d0D

W 3. (125)

Once W is chosen, the above calculation thus fixes the last remaining pa-
rameter of the model.

The classic test case for these results is the dendritic growth of a pure
substance. To obtain dendrites, anisotropy has to be introduced into the
model. Anisotropy of the surface tension can be introduced in the coefficient
of the gradient term, or, equivalently, in the interface thickness, whereas an
anisotropy in the interface mobility can be introduced in the relaxation time.
Both W and τ thus become dependent on the interface orientation,

W → W (n̂) τ → τ(n̂) n̂ = − ∇φ

|∇φ| . (126)

Note that the introduction of W (n̂) introduces new dependencies on φ into
the free energy functional and thus generates additional terms in the func-
tional derivative used to obtain the equations of motion, as detailed in
Karma and Rappel (1998). These terms implement very naturally the
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anisotropic version of the Gibbs-Thomson condition, which is quite com-
plicated when expressed in the sharp-interface model. Dendrites are then
simulated by starting from a spherical seed in a uniformly undercooled melt.
As long as the interface thickness remains at least about an order of mag-
nitude larger than the tip radius, the growth velocity of the tips at steady
state, as well as the entire growth transient, are virtually independent of the
interface thickness if τ is chosen accoding to the anisotropic generalization
of Eq. (125). It should be mentioned that the phase-field model is currently
the method of choice for the simulation of dendritic growth. Old predictions
have been confirmed and new interesting phenomena have been discovered,
see for example Karma et al. (2000) or Haxhimali et al. (2006). The main
advantage with respect to sharp-interface models is the simple and natural
treatment of the anisotropic Gibbs-Thomson condition.

Another major result is the comparison between the performances of
variational and non-variational models. In the results of the matched asymp-
totics, the two models differ only by the values of a1 and a2. Numerical con-
vergence studies presented in Karma and Rappel (1998) demonstrate that
the variational model that uses h(φ) = g(φ) with g(φ) given by Eq. (78)
requires a finer grid spacing for convergence than the isothermal variational
model with h(φ) = φ. This can be qualitatively understood from the fact
that the heat source function is more strongly peaked in the center of the
interface for h(φ) = g(φ), and therefore a finer grid spacing is necessary
to resolve it with sufficient precision. As a result, the computation times
of the non-variational model are about one order of magnitude shorter for
comparable numerical precision.

This point merits maybe to be restated in a more pronounced way. Go-
ing back to the equations that define the phase-field model, we see from Eq.
(68) that the local nondimensionalized internal energy density is given by
ẽ = u + g(φ)/2. Whereas, in the variatonal model, the evolution equation
for u can be transformed into one for ẽ that takes the form of a conservation
law, this is no longer possible for the model with h(φ) = φ. Thererfore, heat
conservation is violated locally (on the scale of the interface). Loosely speak-
ing, energy is generated at the front side of the interface and destroyed at
the rear. This may seem profoundly shocking. However, since the two local
violations of energy conservation exactly compensate, on the macroscopic
scale the behavior of the model is in perfect agreement with global energy
conservation, and it can therefore safely be used as a computational tool
for the resolution of the macroscopic free boundary problem. In conclusion,
it may sometimes be advantageous from a computational point of view to
disrespect thermodynamics, if this is done in a well-controlled manner, as
ascertained by the asymptotic analysis.
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4 Phase-field models with additions

In this section, I will discuss two examples for phase-field models that obtain
a good performance for the solution of given sharp-interface problems by the
addition of supplementary terms in the equations of motion that are justified
by the results of asymptotic expansions, and that cannot be obtained by
variational derivatives of simple free energy functionals. They are examples
for the application of phase-field models outside of the framework of the
thermodynamic formalism.

4.1 One-sided solidification and antitrapping current

In the previous chapter, the symmetric model of solidification was dis-
cussed in detail. This model is usually a quite good approximation for the
solidification of a pure substance, in which the relevant diffusion field is the
temperature field. However, a situation of far greater practical importance
is the solidification of alloys, in which both heat and chemical components
must be exchanged between the growing crystal and its environment. A first
remark is that the diffusion of heat is usually much faster than chemical dif-
fusion. Therefore, it is often a good approximation to consider isothermal

solidification, in which the temperature is supposed to be constant and uni-
form (in practice, it would be set by a heat bath, which can simply be the
bulk of a large ingot, for example). Then, crystal growth is controlled by
chemical diffusion only. A second important point is that this chemical dif-
fusion is much faster in the liquid than in the solid (by several orders of
magnitude). Therefore, the symmetric model is a very bad approximation
for this situation. A much better suited model for this case is the one-sided
model, in which the diffusion inside the solid is altogether neglected.

Whereas, thus, the natural setting for the one-sided model is alloy solid-
ification, the development of equations of motion that include realistic alloy
thermodynamics induces some technical difficulties that are not of interest
here. Therefore, we will stick with the model for solidification developed
above, and just introduce a diffusion coefficient that depends on the phase
field and vanishes in the solid. This corresponds to the two-sided thermal
model analyzed also by Almgren (1999). It should be kept in mind that, in
the framework of alloy solidification, u represents in fact a non-dimensional
chemical potential rather than a temperature.

On first glance, it looks as if the modification of the model is very easy.
Introducing a diffusion coefficient of the form

D(φ) = Dlq(φ), (127)

where Dl is the diffusivity in the liquid, and q(φ) is a dimensionless function
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that satisfies q(−1) = 1 (liquid) and q(1) = 0 (solid), the equations of motion
that seem to be appropriate are simply

τ∂tφ = W 2∇2φ− f ′

dw(φ)− λug′(φ), (128)

∂tu = Dl∇ (q(φ)∇u) +
1

2
∂th(φ), (129)

where the only difference to the symmetric model is the presence of q(φ) in
the diffusion equation.

However, the asymptotic analysis quickly shows that matters are not so
simple. Nothing changes in the first order of the calculation – the “sharp-
interface” terms remain the same as for the symmetric model. But a major
difference appears at the next order, in the calculation of the second-order
diffusion field u1. Instead of Eq. (113), we find

u1 = ū1 +
v

2

∫ η

0

h(φ0(ξ)) − 1

q(φ0(ξ)
dξ. (130)

Whereas a plot of this diffusion field looks qualitatively similar to the one
obtained from Eq. (113), there is an important difference: the two values
of the diffusion field, calculated by application of the matching conditions
according to Eq. (120), differ from each other, because the two quantities

F± =

∫ ±∞

0

[

h(φ0)− 1

q(φ0)
− h(±1)− 1

q(±1)

]

dη. (131)

are not equal in the one-sided model. As a result, the macroscopic diffusion
field exhibits a jump at a moving interface that is proportional to the inter-
face velocity v, the difference F+ − F−, and to the interface thickness W .
The latter point can be appreciated after switching back from dimension-
less to dimensional variables in the calculation of u1. An example of such a
jump is shown in Fig. 3. It should be stressed that there is no discontinuity

in the field u on the scale of the interface – this discuntinuity only appears
when the system in seen on the macroscopic scale.

In the framework of alloy solidification, this jump corresponds to the
phenomenon of solute trapping, which generates indeed a discontinuity of
the chemical potential at the interface. It arises from the fact that interface
propagation can be much faster than the characteristic speed for exchange of
chemical components through the interface. In the classic continuum theory
of Aziz (1982), this effect is indeed proportional to both V and W . There-
fore, the phase-field model makes a prediction that is qualitatively correct.
However, trouble arises if this model is to be used as a computational tool
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Figure 3. Plot of the temperature field u across a moving planar interface,
obtained from a numerical simulation of the one-sided model model. The
two extrapolated asymptotes (dashed lines) do not yield the same value of
u at the interface (vertical dotted line) on the liquid and the solid side.

in which the interface thickness W is upscaled, because then the magnitude
of this effect will be greatly increased, which makes it appreciable even at
growth speed where it is completely negligible for the “physical” value of
the interface thickness.

In a search how to cure this problem, the one-dimensional calculation
performed here cannot give a complete answer. Indeed, an obvious idea is to
modify the interpolation functions used in the model to restore the equality
F+ = F−, which makes the solute trapping effect disappear. One possibility
to do this that can be deduced from Eq. (131) is to choose h(φ) in such a
way that (h(φ)− 1)/q(φ) = φ− 1, which would make the expressions of F±

identical to those of the symmetric model with h(φ) = φ. However, the full
two-dimensional calculations carried out in Almgren (1999) and Echebarria
et al. (2004) reveal that there are two additional constraints. The reason
why these constraints appear only in two dimension is that they imply
curvature and diffusion along the interface, respectively. The first concerns
the heat source function h(φ). Consider a curved moving interface. Its
length will change with time at a local rate that is given by the product
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vκ. Furthermore, for a curved interface the lengths of the “forward” and
“backward” side of the interface are not equal. Therefore, the integration
of the heat source term through a moving curved interface gives rise to an
excess heat production that is proportional to the interface stretching rate
vκ and to H+ −H−, where

H± =

∫ ±∞

0

[h(φ0)− h(±1)] dη. (132)

The second correction term concerns diffusion along the interface. Indeed,
consider a gradient of the diffusion field u along an interface. Since the
diffusion coefficient varies through the interface, diffusion will be faster than
in the solid on the solid side of the interface, and slower than in the liquid
on the liquid side. This will give rise to an additional surface diffusion term
in the macroscopic equations, unless the two excesses exatcly compensate,
that is Q+ = Q− with

Q± =

∫ ±∞

0

[q(φ0)− q(±1)] dη. (133)

Like the solute trapping effect, both of these additional terms are pro-
portional to the interface thickness. In a quantitatively accurate model,
all three need therefore to be eliminated. As already shown in Almgren
(1999), it is not possible to achieve this with a reasonable choice of interpo-
lation functions. The new idea put forward by Karma (2001) and further
elaborated in Echebarria et al. (2004) is to add a new term, the so-called
antitrapping current to the diffusion equation in order to counterbalance so-
lute trapping. Since solute trapping acrually corresponds to an engulfment
of solute atoms in the advancing interface, this antitrapping current should
be directed in the direction normal to the interface and from the solid to the
liquid, and be proportional to the interface velocity. Therefore, a reasonable
choice is

jat = a(φ)Wn̂φ̇, (134)

where a(φ) is a new interpolation function, and φ̇ denotes the time derivative
of the phase field. With this addition, the diffusion equation for u becomes

∂tu = Dl∇ (q(φ)∇u) −∇ · jat. (135)

This new ingredient indeed makes it possible to restore the macroscopic
continuity of the diffusion field through the interface. Indeed, the calculation
of u1 now yields

u1 = ū1 +
v

2

∫ η

0

p(φ0(ξ)) dξ (136)
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with the function p(φ0) given by

p(φ0) =
h(φ0)− 1− 2a(φ0)∂ηφ0

q(φ0)
. (137)

For the simplest model with h(φ) = φ and q(φ) = (1−φ)/2, the choice of a
constant a(φ) = 1/(2

√
2) yields p(φ) = φ−1 and therefore restores a profile

of u1 that is identical to the one of the symmetric model. With this trick,
the rest of the asymptotic calculation is unchanged, and the same expression
for the kinetic coefficient is obtained than in the symmetric model.

It should be stressed that up to now, no possibility has been found to
obtain the antitrapping current from a variational formulation. But it per-
forms very well in numerical calculations, as demonstrated in benchmark
simulations in Echebarria et al. (2004). Moreover, up to now no method has
been found to formulate a phase-field model that is free from thin-interface
effects for an arbitrary ratio of the two diffusivities. As long as the dif-
fusivity in the solid remains much smaller than the one in the liquid, the
approach developed for the one-sided model continues to work well. For
arbitrary diffusivity ratios, a generalization of the antitrapping current has
been developed by Ohno and Matsuura (2009). It works well in situations
where the diffusion current on the solid side of the interface remains small.
However, as shown by Plapp (2011), in the presence of a non-vanishing
current that crosses the interface, a new thin-interface effect appears (in-
terface resistance). So far, it is unclear how this additional effect can be
eliminated. In the absence of a solution to this problem, there is no general
model for two-phase solidification that has the same efficiency as the ones
for the symmetric and the one-sided model.

4.2 The advected field method

The final example for a phase-field model to be discussed is a model
for two-phase fluid flow of two immiscible fluids. This is a classic subject
in fluid mechanics, and numerous diffuse-interface and phase-field models
for this problem have been developed – for a review, see Anderson et al.
(1998). Classic approaches are the second gradient method, discussed for
example by Jamet et al. (2001), and the convective Cahn-Hilliard equation,
see Jacqmin (1999) and elsewhere in the present volume Roberto: put cross-
reference to the part by Anderson.

An approach that uses the insights from asymptiotic analysis in the
spirit of the preceding sections was developed by Folch et al. (1999) for two-
phase flow in a Hele-Shaw cell, and later generalized to arbitrary two-phase
flows by Biben et al. (2003), who coined the name advected field method.
The general idea is that for immiscible fluids, there is no mass exchange
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across the interface, which is therefore advected by the flow. Furthermore,
if the fluids are incompressible, the normal component of the fluid velocity
is continous across the interface. Then, the geometry of the fluid domains
should be described by a phase-field function that acts as a “marker field”,
which has no dynamics on its own. This can be achieved with the evolution
equation

∂tφ+ v · ∇φ = Γ
[

W 2
(

∇2φ− κ(φ)|∇φ|
)

− f ′

dw(φ)
]

. (138)

Here, v is an arbitrary velocity field that is the solution of the appropriate
fluid flow equation (see below), Γ is a constant, W the interface thickness,
and κ(φ) is the local curvature given by

κ(φ) = ∇ · n̂ = ∇ · ∇φ

|∇φ| . (139)

The left hand side of Eq. (138) is just the advected derivative of the scalar
φ. The right hand side without the second term is identical to the expression
obtained for the time evolution of m in the magnetic model (model A), see
Eq. (20). To understand the role of the additional term, it is useful to
analyze what happens to a spherical inclusion of the phase described by
φ = −1 inside an infinite matrix of the φ = 1 phase. In this situation,
∇φ = ∂rφ, and κ(φ) is positive according to Eq. (139) since ∂rφ > 0.
Furthermore, the Laplacian written in spherical coordinates is simply ∇2 =
∂rr + ((d − 1)/r)∂r. Therefore, Eq. (138) becomes

0 =

[

W 2

(

∂rrφ+
d− 1

r
∂rφ− κ(φ)|∇φ|

)

− f ′

dw(φ)

]

. (140)

But since κ(φ) = (d − 1)/r for any spherically symmetric inclusion, the
additional term exactly cancels the 1/r term of the Laplacian, such that
this equation becomes exactly the equilibrium equation of a planar interface.
Thus, the new term κ(φ)|∇φ| is actually a counterterm which exactly cancels
the driving force for motion by curvature. As a result, the spherical inclusion
that would disappear in finite time in the magnetic model is actually an
equilibrium configuration here.

This equation was originally developed based on calculations similar to
those presented in the previous chapter. Several years later, it was shown
by Jamet and Misbah (2008) that, quite surprisingly, this equation can be
obtained as the variational derivative of a free energy functional. However,
this functional is more complicated than the functionals displayed so far: in
addition to the gradient and potential terms present in all the functionals
discussed up to now, it contains an additional term that mixes gradients
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and the local values of the fields. If this term is chosen in the right way,
it guarantees the existence of front solutions without excess free energy by
creating orbits in the “phase space” of the model (spanned by the values
of φ and ∇φ) along which the free energy density is constant and exactly
equal to its value at the potential minima. This yields a natural alternative
explanation for the properties of this equation: without excess free energy
(surface tension), there is indeed no driving force for motion by curvature.

This equation for the phase field has now to be coupled with an equation
for fluid flow. As an example, let us take the Navier-Stokes equations for
Newtonian fluids,

ρ(φ) (∂tv + v · ∇v) = ∇ · σij −∇P − κ(φ)σ
∇φ

2
. (141)

Here, ρ(φ) is the phase-dependent density, P is the pressure, σ (without
indices) is, as before, the surface tension, whereas σij = η(φ)(∂ivj + ∂jvi)
is the Newtonian dissipative stress tensor, with η(φ) the phase-dependent
viscosity. The only term which merits further explanations is the last one,
which actually represents the capillary force created by the surface ten-
sion. Indeed, as usual in phase-field models, this surface force has been
transformed into a volumetric force that is “smeared out” over the diffuse
interface. For constant curvature κ, an integration of this term through the
interface just yields κσ since φ varies from −1 to 1. Therefore, we recover
the Laplace law for the pressure difference between the two sides of a curved
interface. The density and the viscosity are interpolated in the usual way,
for example for the viscosity we have η(φ) = η1(1 + φ)/2 + η2(1 − φ)/2,
where η1 and η2 are the viscosities of the two fluids.

There are at least two advantages of this approach with respect to the
convective Cahn-Hillard equation. First, as discussed in Sec. 2.2, the Cahn-
Hilliard equation exhibits Ostwald ripening: when a large and a small
droplet are present simultaneously, the small one evaporates and its ma-
terials joins the larger one by diffusion. Whereas this is a realistic process,
for immiscible fluids the mutual solubilities of the two substances are so low
that this process would be extremely slow. The advected field method han-
dles this situation without difficulties: two well-separated drops will remain
stationary, whatever are their respective sizes. Second, since the advected
field method can be coupled with any fluid flow equation, it is quite easy
to extend it to non-Newtonian fluids or even more complex situations. For
instance, it has been used for shear-thinning fluids by Nguyen et al. (2010)
and for viscoelastic fluids by Beaucourt et al. (2005), as well as (with some
modifications) for the time evolution of vesicles by Biben et al. (2005).
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5 Summary and Conclusions

In this course, I have presented how phase-field models can be obtained,
on the one hand, from the description of the dynamics of first-order phase
transitions, and one the other hand from the regularization of macroscopic
free-boundary problems. The most important messages can be summarized
as follows:

– The models in which interfaces are described as the profile of a phys-
ically accessible quantity are easy to obtain from Landau expansions
and mean-field arguments, but have numerous computational con-
straints due to the fact that both the bulk and interface properties of
the order parameters are determined by the same free energy curve.

– Phase-field models can alternatively be obtained by starting from the
bulk thermodynamics and supplementing it with a dynamical phase
field that plays the role of a smoothed indicator function. For a judi-
cious choice of the functions that interpolate the physical quantities
between the phases, interface and bulk properties can be chosen inde-
pendently from each other.

– The link between phase-field models and free-boundary problems can
be established quite rigorously by the method of matched asymptotic
expansions. As shown for the case of solidification, a correct descrip-
tion of the interface dynamics can only be obtained when all phenom-
ena taking place on the scale of the interface thickness are taken into
account.

– While it is formally appealing to obtain the equations of motion from
a variational formalism, this is not necessary if the goal is to obtain a
phase-field formulation for a prescribed free boundary problem. Some-
times, non-variational models may even have large computational ad-
vantages.

– Once the asymptotic behavior of a model is well understood, certain
properties can be adjusted by adding new terms to the equations of
motion.

Only a few simple and fundamental problems that can be solved with phase-
field models have been discussed here. The improvement of existing models,
and the development of new phase-field models for different physical phe-
nomena is a widely open and very active field of research. An overview
over many other applications is given, for example, in the review articles
by Emmerich (2008); Steinbach (2009); Wang and Li (2010), and also in
several other contributions to the present volume.

Acknowledgments: I thank Tuan Pham Ngoc for a careful proofreading of
this manuscript.
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