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Abstract

The transport-limited growth of crystals can create complex morphologies
due to the occurence of morphological instabilities and subsequent evolu-
tion of the interfaces. The phase-field method has emerged as a compact
and elegant mathematical tool for the modelling and numerical simulation of
such phenomena. It is based on the evolution equations of out-of-equilibrium
thermodynamics, which are derived from Ginzburg-Landau free energy func-
tionals. Interfaces are represented implicitly by profiles of suitable order pa-
rameters. This chapter will first introduce some fundamentals underlying the
construction of phase-field models, and then review several phase-field models
for solidification as examples for the description of complex microstructure
formation processes.
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1. Introduction

Crystal growth can generate a huge variety of different morphologies. A
visit to a good minerals collection or the observation of frost and snowflakes
in winter will motivate any curious spirit to ask the question by which set
of fundamental mechanisms this wealth of shapes is created. There are also
some practical reasons that call for a precise understanding of pattern forma-
tion in crystal growth: many man-made materials are crystalline, and their
properties depend on their microstructure. Hence, which patterns form for
given processing conditions is a question of both fundamental and practical
interest.

Fundamentally, crystal growth can be divided in two stages: new material
has to be transported to the surface of the growing crystal, and it has to find
its place in the structure of the growing crystal. Which of these is the rate-
limiting step depends on the structure of the crystal interface at the atomistic
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scale. For crystals that have a microscopically rough interface (atoms can
easily attach to and detach from the surface, microscopic fluctuations of the
interface structure are large), growth is mainly controlled by bulk transport.
This is generally the case for metals. In this case, morphological instabili-
ties occur, simple growth shapes are unstable, and complex microstructures
develop, such as dendrites (tree-like, branched structures). In contrast, for
crystals whose interfaces are smooth on an atomic scale, growth is mainly
controlled by the kinetics of incorporation, which depends on the density
of surface defects such as steps, kinks, and dislocation outcrops. Generally,
this growth mode leads to the emergence of strongly facetted shapes, such
as found in many minerals.

Historically, the problem of transport-limited crystal growth was first for-
mulated as a free boundary problem [1, 2]: the interface is represented by a
mathematical surface without thickness, and its local growth velocity is pro-
portional to the flux of heat and/or matter that arrives at the crystal surface.
The temperature and concentrations at the surface obey thermodynamic
boundary conditions, and fluxes of heat and matter follow the appropriate
transport laws inside the volume of both phases. While this formulation is
simple and intuitive, free boundary problems are known to be extremely hard
to solve, both analytically and numerically.

Since about 30 years, the phase-field method has been established as a
new approach to the modelling of transport-limited crystal growth. Surfaces
and interfaces are described implicitly by one or several scalar fields, the so-
called phase fields, that describe the local state of matter. The equations of
motion for these fields are rooted in the physics of phase transitions and can
be obtained from the laws of out-of-equilibrium thermodynamics. They are
coupled to the transport equations for heat and chemical constituents. The
advantage of the phase-field approach is that an explicit tracking of the evolv-
ing interfaces is avoided, which makes it possible to implement phase-field
models with the standard mathematical methods used for any set of coupled
partial differential equations. The phase-field method has been extremely
successful in the description of crystal growth; in particular, it has had a
tremendous impact on the understanding of solidification microstructures.

The phase-field method is also used in many other fields, such as for ex-
ample solid-state phase transformations [3] and hydrodynamics [4], and has
become one of the standard methods for the modelling of moving interfaces.
Therefore, the available literature is abundant. There are several pedagogic
reviews [5, 6, 7, 8], an introductory book [9], and several recent papers review
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various applications in crystal growth and solidification [10, 11, 12, 13, 14].
Therefore, in the present contribution I will not attempt to be exhaustive,
but instead present some essential concepts, “bricks” and ingredients that
are needed to construct efficient phase-field models for crystal growth. Some
of the material is fairly basic, but a thorough understanding of some funda-
mentals is necessary to appreciate the differences between the various models
found in the literature, which are sometimes subtle but can have important
consequences for the performance in simulations. One of the difficulties for
a review of phase-field models is that the notations, conventions, and defini-
tions are not standardized and differ between various “schools”. Sometimes,
I will attempt to quote several different formulations, but an exhaustive
panorama would be too lengthy. I will restrict the presentation to phase-
field models for solidification; it will be assumed in the following that the
reader is familiar with the fundamentals of solidification science [15, 16, 17].
Phase-field models for step-flow growth during molecular beam epitaxy are
briefly reviewed by W. Miller in chapter 12 of Vol. 1a of this book.

For the understanding of phase-field models, it is useful to take two com-
plementary perspectives: a “bottom-up” and a “top-down” view. On the
one hand, order-parameter models have originally been developed as a con-
tinuum description of phase transitions. They can therefore be obtained, by
a coarse-graining procedure, from microscopic models (as described in sec-
tion 2), which provides one of the centerpieces of phase-field models, namely,
a mesoscopic free energy functional. This description naturally yields diffuse
interfaces, some properties of which will be reviewed in section 3. On the
other hand, phase-field models can be seen as a numerical tool for the solu-
tion of free-boundary problems; in this “top-down” perspective, the diffuse
interfaces are a mathematical regularization of a sharp-interface problem
(section 4). These two viewpoints are combined in section 5 to construct
phase-field models for a variety of solidification phenomena. Finally, section
6 will present a brief conclusion and a selection of open problems.

2. Order-parameter models: the “bottom-up” view

The roots of the phase-field method can be found in the continuum de-
scription of phase transitions. A characteristic feature of first-order phase
transitions is the coexistence of two thermodynamic phases. This implies
the existence of interfaces that delimit the domains occupied by each phase.
Seen on a macroscopic scale, these interfaces appear as surfaces of discontinu-
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ity in an otherwise continuous medium. However, on the microscopic scale,
interfaces have a finite width and an internal structure. The first theory for a
phase transition with diffuse interfaces was formulated by van der Waals for
the liquid-vapor transition in a one-component fluid (pure substance) [18].
Later on, this description was connected to the general theory of phase tran-
sitions by Ginzburg and Landau. The first application to materials science
was the Cahn-Hilliard equation for the evolution of composition in binary
mixtures [19].

In this approach, the spatial structure and time evolution of a heteroge-
neous system is described by a continuous field that is identified with a phys-
ical quantity – the order parameter of Landau theory. The time evolution
of this field is then given by the laws of out-of-equilibrium thermodynam-
ics, taking into account the nature of the order parameter (scalar, vector, or
tensor), its conservation laws, and the symmetries of the problem.

In principle, the evolution equations can also be obtained directly from
a microscopic description using the method of coarse-graining. While this
procedure can in general not be carried out explicitly without drastic approx-
imations, it provides insights into numerous properties of order-parameter
models. Therefore, it seems useful to outline as an example the principal
steps that need to be taken in order to obtain diffuse-interface equations for
two simple lattice models, the Ising model for the ferromagnetic to paramag-
netic transition and a binary lattice alloy model; more details can be found
in [5].

In its simplest version, the microscopic Hamiltonian of the Ising model is
given by

H = −J
∑
⟨i,j⟩

SiSj − h
∑
i

Si. (1)

Here, i and j denote points on a lattice, which for simplicity is assumed
to have periodic boundary conditions and to be large enough for finite-size
effects to be negligible. The “spin variables” (magnetic moments) Si can take
the values ±1, the first sum runs over the pairs of nearest neighbor sites, and
the constant J is positive, such that parallel alignment of neigboring spins
is favoured. The second term describes the interaction of the spins with the
external magnetic field h.

The thermodynamic (Helmholtz) free energy F is obtained from the stan-
dard formula

F = −kBT lnZ, (2)
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where kB is Boltzmann’s constant, T is the (fixed) temperature, and the
partition function is given by

Z =
∑
C

exp

(
−H(C)
kBT

)
, (3)

where the sum runs over all possible configurations C, that is, all possible
sets of spin values {Si}.

With these definitions, F is a function of temperature T and magnetic
field h. In order to describe inhomogeneous systems, some information about
the spatial distribution of spin values needs to be retained. To this end, space
is divided in “cells”, say cubes of ℓd lattice sites, where d is the space dimen-
sion. Then, in each cell (labeled by capital indices), a local magnetization is
defined by

mI =
1

ℓd

∑
i∈I

Si. (4)

The calculation of the partition function can now be split in two steps:

Z =
∑
{mI}

∑
C/{mI}

exp

(
−H(C)
kBT

)
. (5)

The idea is that the same set of cell magnetizations can in general be obtained
by many different microscopic configurations; the second sum in Eq. (5) runs
over all the microstates that are compatible with the “imposed” set of cell
magnetizations. A free energy can then be defined by the logarithm of just
the second sum,

F({mI}) = −kBT ln
∑

C/{mI}

exp

(
−H(C)
kBT

)
. (6)

This mesoscopic free energy depends on the set of mI , and therefore on the
spatial structure of the magnetization field. The thermodynamic free energy
can then be obtained by summation over the cell variables, which corresponds
to the outer sum in Eq. (5).

It is generally impossible to evaluate explicitly these formulas. To make
further progress, the standard path is to use mean-field approximations for
the coarse-grained free energy. The local magnetization variables are hence
replaced by local average values. Furthermore, under the assumption that
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the magnetization varies slowly on the scale of a coarse-graining cell, the mag-
netization values in the individual cells can be interpolated by a continuous
magnetization field, and the first sum in Eq. (5) can be replaced by an inte-
gral. As a result, the coarse-grained free energy takes the Ginzburg-Landau
form

F =

∫
V

[
1

2
K̃ (∇m)2 + f(m)

]
dV, (7)

where integration is over the volume of the system, f(m) is the local free en-
ergy density (the free energy calculated for a single coarse-graining cell), and
the gradient term arises from the interactions between neighboring coarse-
graining cells (the constant K̃ is proportional to the interaction energy J
and to the number of lattice bonds between neighboring cells). For the Ising
model, the free energy density in the mean-field approximation takes the
form

f(m) =
1

ad

{
−zJ

2
m2 − hm

+ kBT

[(
1 +m

2

)
ln

(
1 +m

2

)
+

(
1−m

2

)
ln

(
1−m

2

)]}
,(8)

where a is the lattice spacing and z the coordination number of the lattice
(number of first neighbors). The first two terms inside the braces represent
the spin-spin interactions and the interaction with the external magnetic
field, respectively; the third term represents the contribution of the config-
urational entropy to the free energy. An expression that is easier to han-
dle analytically is obtained by a Taylor expansion around the critical point
(T = Tc = zJ/kB, m = 0), which yields (up to a constant that can be
omitted)

f(m) =
1

ad

{
1

2
kB(T − Tc)m

2 +
1

12
kBTcm

4 − hm

}
. (9)

This free energy density is plotted in Fig. 1 for temperatures above and
below the critical temperature. For T > Tc, the system is paramagnetic:
the free energy has a single minimum, the location of which is shifted by the
application of a magnetic field. For T < Tc, f(m) has a double-well structure.
For zero magnetic field, the two minima are equivalent, which corresponds
to the coexistence of two phases with opposite spontaneous magnetizations:
the system is ferromagnetic. The transition from the paramagnetic to the
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Figure 1: The free energy density given by Eq. (9) for (a) T = 2 Tc and (b) T = 0.9 Tc.

ferromagnetic state is of second order (the equilibrium magnetization varies
continuously with temperature). Below Tc, there is a first-order transition
when the magnetic field is varied: the magnetization jumps discontinuously
from one minimum to the other when the magnetic field crosses zero. For
a range of magnetic fields around h = 0, there are still two minima, but
with different values of the free energy density; the higher one of the two
corresponds to a metastable phase.

There are several methods to obtain an equation of motion for this model.
We will follow here standard arguments of irreversible thermodynamics. Equi-
librium is reached when the total free energy is minimal; therefore, an equa-
tion which implies a decrease in the free energy will drive the system towards
(global or local) equilibrium. The time derivative of the total free energy is

dF
dt

=

∫
V

δF
δm(x⃗)

∂m(x⃗, t)

∂t
dx⃗, (10)

where δF/δm(x⃗) denotes the functional derivative of the free energy func-
tional with respect to the magnetization at the point x⃗, and we have used the
chain rule for differentiation. It is easy to see that we always have dF/dt ≤ 0
if we choose

∂m

∂t
= −Γ

δF
δm(x⃗)

, (11)

where Γ is a positive constant: this expression makes the integrand on the
right hand side of Eq. (10) negative or zero. The quantity δF/δm, that is, the
variation of the free energy with the local magnetization, can be interpreted
as a thermodynamic force, and Γ as a mobility. The local magnetization is a
non-conserved quantity, since it can change by simple flips of the spins inside
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a coarse-graining cell. Equation (11) thus simply expresses that the rate of
change of the magnetization is proportional to the thermodynamic driving
force. It can be shown by statistical mechanics methods (linear response the-
ory) that this proportionality is always valid for small enough driving forces
and for systems in which the time evolution results from the superposition
of numerous microscopic processes.

Let us now consider a binary lattice alloy model. Lattice sites are oc-
cupied by atoms A or B (no vacancies), and atoms interact only when they
are on nearest neighbor sites, with atoms of the same kind contributing a
negative energy. It can be shown through a simple change of variables that
the microscopic Hamiltonian is then completely equivalent to the one of the
Ising model, with “up spins” corresponding to A atoms, and “down spins” to
B atoms. As a consequence, the coarse-grained free energy functional is also
equivalent. It is usually written in terms of the composition, or local fraction
of B atoms (the number of B atoms in a coarse graining cell divided by the
number of lattice sites in the cell), which is related to the magnetization m
by

c↔ 1−m

2
. (12)

The phase transition is now from a miscible to a phase-separated mixture:
for T > Tc, the system is miscible (all compositions are stable). For T < Tc,
a miscibility gap exists: for a range of composition, the system separates into
an A-rich and a B-rich phase.

There is one decisive difference between the two systems: whereas the
local magnetization can change by a simple flip of a spin, an A atom cannot
transform into a B atom. The number of B atoms in a cell can therefore only
change if atoms are exchanged between neigboring cells; the composition c
obeys a conservation law:

∂c

∂t
+ ∇⃗ · J⃗ = 0, (13)

where J⃗ is the exchange current of A and B atoms. Under this constraint,
the time derivative of the free energy becomes

dF
dt

=

∫
V

δF
δc(x⃗)

∂c(x⃗, t)

∂t
dx⃗ = −

∫
V

δF
δc(x⃗)

∇⃗ · J⃗ dx⃗. (14)

Integration by parts yields for a closed system (no mass currents through the
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system boundaries)
dF
dt

=

∫
V

J⃗ · ∇⃗ δF
δc(x⃗)

dx⃗. (15)

A decrease in the free energy can thus be guaranteed by the choice

J⃗ = −M∇⃗ δF
δc(x⃗)

= −M∇⃗µ̃, (16)

with M a positive constant. Again, this equation has a direct microscopic
interpretation. The variation δF/δc (designated by µ̃ in the second equality
of the right hand side of Eq. (16)) is the change in free energy with compo-
sition; the system can therefore lower its energy if B atoms flow to regions
where µ̃ is lower, and A atoms in the opposite direction. The gradient of µ̃
hence drives the mass currents that corresponds, on a microscopic level, to
exchange processes between A and B atoms. The quantity µ̃ is sometimes
called “chemical potential”, sometimes “diffusion potential”; it is given by

µ̃ = ρ(µB − µA), (17)

where µi = ∂F/∂Ni|T,V,Nj
are the “standard” chemical potentials of A and

B atoms, and ρ is the density of lattice sites (in other words, ρ = NA/Vm,
with NA the Avogadro number and Vm the molar volume of the mixture).
Equation (16) again is the product of a thermodynamic driving force (the
gradient of diffusion potential) and a mobility M . The combination of Eqs.
(13) and (16) yields the Cahn-Hilliard equation,

∂c

∂t
= ∇⃗ ·

[
M∇⃗δF

δc

]
. (18)

At this point, it is useful to make a number of general comments:

• We have obtained the evolution equations for the magnetization and
the composition in the canonical ensemble (fixed temperature), with
the free energy as the thermodynamic potential. The introduction of
a Ginzburg-Landau free energy functional that has the form of an in-
tegral over a local free energy density implies the assumption that the
individual coarse-graining cells are large enough to make the evalua-
tion of local partition functions and statistical averages meaningful.
In this case, the equivalence between statistical ensembles applies, and
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the evolution equations can also be formulated in other thermodynamic
ensembles. Many authors have started from an entropy functional (mi-
crocanonical ensemble, see for example [20]), and used the condition
that the local entropy production must always be positive. Grand-
canonical approaches have also been used more recently [21, 22, 23].

• The mobilities introduced in Eqs. (11) and (16) can depend on local
state variables, on space and/or time, as long as they remain positive.

• We have obtained the evolution equations by thermodynamic argu-
ments. It is also possible to derive them from microscopic models,
which often makes it possible to obtain expressions for the mobility
functions. Lattice models are very naturally simulated by the Monte
Carlo method, which defines a microscopic stochastic process. The mi-
croscopic master equation can then be used to describe the evolution
of local averages. In a kinetic mean-field approximation, it is possible
to obtain evolution equations of the form of Eqs. (11) and (18) for
simple spin-flip and particle-exchange models, respectively (see [24] for
a review).

• The definition of a coarse-grained free energy functional implies the
choice of a coarse-graining length (in the above example, the cell size
ℓ). Obviously, the free energy density as well as the gradient energy
coefficient K̃ depend on this choice, since the number of microscopic
configurations inside a coarse-graining cell and the interaction strength
between neighboring cells both depend on ℓ. This dependence on ℓ
disappears in the mean-field approximation, but is present in more ac-
curate evaluations of the partition functions, which is perfectly natural
since the mesoscopic functional F can contain only the free energy of
all fluctuations on length scales below ℓ. The complete free energy is
obtained by the outer summation in Eq. (5). In the dynamic Eqs. (11)
and (18), these large-scale fluctuation modes can be included by ad-
ditional stochastic noise terms, which transforms them into Langevin
equations. Indeed, it is clear that under a given microscopic dynamics
(for example, a Monte Carlo process), the cell variables exhibit fluc-
tuations with an amplitude that depends on the coarse-graining size.
Therefore, the noise amplitude has to be consistent with the free energy
functional. More detailed investigations of these questions in the con-
text of solid-state diffusion can be found in Refs. [25, 26]. Some further
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issues concerning the addition of noise are discussed in Refs. [22, 27].

• Whereas coarse-graining is conceptually simple and intuitive, it gener-
ally cannot be performed rigorously. It relies on strong assumptions
about scale separation: on the one hand, the coarse-graining cells must
be large enough to justify the use of local thermodynamic identities; on
the other hand, the cells must remain small enough to be considered
homogeneous, that is, they must remain smaller than the correlation
length. For solid-liquid interfaces in metals, the typical width of the
microscopically rough interface is about half a nanometer, which cor-
responds to only a few atomic distances [28]. Therefore, there exists
no intermediate scale between the size of an atom and the thickness of
the interface on which coarse-graining could be rigorously performed.
In the vicinity of a critical point, where the correlation length diverges,
the fluctuations also diverge such that mean-field approximations break
down. Therefore, direct quantitative results for the thermodynamic de-
scription of specific systems cannot be expected from mesoscopic free-
energy functionals, which should rather be seen as a phenomenological
description.

• The Taylor expansion that leads from Eq. (8) to Eq. (9) is an exam-
ple for a Landau expansion. The idea of Landau theory is that for
any phase transition there exists a suitable order parameter that can
distinguish between the different phases. Around a critical point, the
free energy density can always be expanded in a polynomial form that
only depends on the structure of the order parameter and the symme-
tries of the considered problem. First-order phase transitions can also
be phenomenologically described by such free-energy densities, despite
the fact that they may not exhibit a critical point. As a consequence,
it is straightforward to write down order-parameter models for a large
variety of phenomena: it is sufficient to identify the suitable order pa-
rameters and their conservation laws. The Landau expansion, together
with gradient square terms, yields the free energy functional, and the
conservation laws determine the form of the equations of motion. A
classification of the simplest possible models was given by Hohenberg
and Halperin [29]. In this list, Eq. (11) (one non-conserved order pa-
rameter) is called model A, Eq. (18) (one conserved order parameter)
model B; model C has one non-conserved and one conserved order pa-
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rameter and was the original starting point for phase-field models of
solidification [30, 31, 32]; finally, a model that includes hydrodynam-
ics is called model H. It describes the liquid-vapor transition of a one-
component fluid, taking into account conservation of mass, momentum,
and energy.

3. Diffuse interfaces at equilibrium

Two-phase coexistence implies the existence of interfaces. Their proper-
ties can readily be obtained from the Ginzburg-Landau free energy functional
introduced in the preceding section. This will first be illustrated for the sim-
ple example of the Ising model, and then discussed in more generality.

Let us consider a ferromagnetic state of the Ising model (T < Tc) without
magnetic field (h = 0). The local free energy density given by Eq. (9) has
two minima for

f ′(m) = 0 ↔ m = ±meq meq =

√
6
(Tc − T )

Tc
(19)

In terms of ψ = m/meq, the free energy can be rewritten as

F =

∫
1

2
K

(
∇⃗ψ

)2

+Hfdw(ψ), (20)

with K = K̃m2
eq/a

d, H = kBTcm
4
eq/(3a

d) and the double-well function (with
minima at ψ = ±1)

fdw(ψ) = −ψ
2

2
+
ψ4

4
. (21)

In this formulation, all the physical parameters are contained in the two
constants K and H. They have dimension of energy per unit length and
energy per unit volume, respectively. From this, we can immediately deduce
fundamental scaling relations for the thickness ξ of the interface (a length)
and its surface free energy γ (energy per unit surface),

ξ ∼
√
K

H
, (22)

γ ∼
√
KH ∼ Hξ. (23)

To understand these relations, observe that the first term in the integral
of Eq. (20) is minimized by a flat profile (with zero gradients), whereas
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the second one favors values of ϕ close to ±1 and is thus minimized by
a step function. Therefore, the finite interface thickness results from the
competition between the two terms in the functional. Moreover, inside the
interface, the field ψ takes values in between the two minima, such that
the interface contributes an extra free energy density of order H (from the
“potential” Hfdw) across a space region of thickness ξ.

For a more rigorous derivation of these relations, consider the equation for
an equilibrium interface, δF/δψ = 0, for a planar interface oriented normal to
the x direction, with a profile ψ(x). The evalution of the functional derivative
(see Eq. (60) below for the precise definition of this procedure) yields

−K∂xxψ +Hf ′
dw(ψ) = 0, (24)

where ∂xxψ is shorthand for ∂2ψ/∂x2, and f ′
dw denotes the derivative of fdw

with respect to ψ. We introduce the dimensionless coordinate x̃ = x/W with
W =

√
K/H. After a change of variables from x to x̃ and division by H,

Eq. (24) becomes
−∂x̃x̃ψ + f ′

dw(ψ) = 0. (25)

Therefore, the interface profile ψeq(x̃) is determined by the the double-well
function; only its length scale depends on the physical parameters.

Far away from the interface, the magnetization tends to its equilibrium
values m = ±meq (ψ = ±1), and the bulk free energy density is Hfdw(±1).
For definiteness, let us suppose that ψ(−∞) = 1 and ψ(∞) = −1. The
surface energy γ is defined as the excess free energy (per surface area) due
to the presence of an interface. This can be expressed as

γ =

∫ ∞

−∞

{
1

2
K(∂xϕ)

2 +H [fdw(ψ(x))− fdw(±1)]

}
dx

=
√
KH

∫ ∞

−∞

{
1

2
(∂x̃ϕ)

2 + [fdw(ψ(x))− fdw(±1)]

}
dx̃. (26)

This integral can be simplified with the help of a relation that is obtained
from Eq. (25) by multiplying both sides with ∂x̃ψ and integrating from −∞
to x̃, which yields

1

2
(∂x̃ψ)

2 = fdw(ψ(x̃))− fdw(±1). (27)

This result can be used to eliminate either one of the two terms in the integral
of Eq. (26); after the elimination of the square gradient term and a change
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of integration variable from x̃ to ψ, γ can be evaluated as

γ =
√
KH

∫ 1

−1

√
2 [fdw(ψ)− fdw(±1)] dψ =

√
KHI (28)

where I (the value of the integral) is defined by the second equality. For
the fourth-order polynomial given by Eq. (21), I = 2

√
2/3, and the interface

solution is given by

ψ(x) = − tanh

(
x− x0√

2W

)
(29)

for an interface centered at x0.
Again, several general remarks can be made:

• The fourth-order polynomial given by Eq. (21) is the most popular
choice for a double-well function, both because it is the lowest-order
double-well function that appears in a Landau expansion and because
of the existence of a closed-form analytic solution for the interface.
However, any other double-well function yields a similar interface shape
(that is, a sigmoid curve) because of Eq. (25): the modulus of the slope
is highest in the center of the interface, where ψ is “on the top” of the
potential barrier.

• The definition of the interface thickness ξ is somewhat arbitrary, and
many different conventions have been used in the literature. One choice
that works for arbitrary potentials is to define ξ as the inverse of the
maximum slope, ξ = 1/max(|∂ψ/∂x|), which yields ξ =

√
2W for the

fourth-order polynomial.

• The above results can be used to rewrite the free energy in two different
forms, which both have been used in the literature. In the first, the
coefficient H of the double-well potential is pulled out of the integral,
and the definition W 2 = K/H is used to obtain [33]

F = H

∫
V

1

2
W 2

(
∇⃗ψ

)2

+ fdw(ψ). (30)

The ratio F/H is sometimes called “dimensionless free energy”, al-
though it is the free energy density (the integrand) which is dimension-
less. Therefore, when the prefactor H is absorbed in the definition of
F , the latter acquires the dimension of a volume, and the surface free
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Figure 2: Illustration of the Gibbs construction: thermodynamic properties and a position
on a macroscopic scale can be assigned to a diffuse interface by comparing the total content
of an extensive quantity y(x) with the one of a step function, localized at the position xint,
between the macroscopic values of y in the two phases.

energy becomes a length [33]. The advantage of this convention is that
a rescaling of all lengths by W yields equations that do not contain
any coefficients, such as Eq. (25). Another possibility to rewrite the
free energy is to eliminate the coefficients K and H in the functional
in favor of ξ and γ. The result for the fourth-order polynomial is

F =

∫
V

3

8
γ

[
ξ
(
∇⃗ψ

)2

+
fdw(ψ)

ξ

]
; (31)

both the square gradient and the potential term have to be modified if
the interface thickness is to be changed at constant surface energy.

Let us now generalize these results for other interfaces. Consider a mix-
ture ofK different components in which two phases are in coexistence (elastic
effects are not included here for simplicity; for a detailed discussion of stress
effects on interface thermodyamics, see for example [34]). The extensive
thermodynamic quantities are energy E, entropy S, and the number Ni of
particles of species i, with volume densities e, s, and ρi, respectively. The
conjugate intensive variables for S and Ni are the temperature T and the
chemical potentials µi. Since there is an equilibrium between two phases
which can exchange energy and particles, all the intensive variables must be
equal in the two phases, and uniform in inhomogeneous systems (and, thus,
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in diffuse interfaces). In contrast, the densities of the extensive quantities can
be different in the two phases, and vary through the interface region in a con-
tinuous manner, like in the example of the magnetization seen above. Macro-
scopic thermodynamic properties can be assigned to such profiles through the
classic Gibbs construction, illustrated in Fig.2: in a system of total lengh L
that contains an interface normal to the x direction, the total amount of an
extensive quantity of density y(x) is compared to a macroscopic two-phase
system with an interface at position xint, and the difference is assigned to the
interface,

yint =

[∫ L

0

y(x) dx

]
− [yαxint + yβ(L− xint)] , (32)

where yα and yβ are the bulk densities of y in the two phases. If yα ̸= yβ, the
value of the interface excess depends on the choice of the interface position
xint. Therefore, it is always possible to define the interface position such
that the interface excess is zero. However, when several extensive quantities
exhibit variations through the interface, only one of the corresponding excess
quantities can be made zero by the choice of the interface position, except in
the presence of special symmetries.

The interface free energy is the interface excess of the relevant thermo-
dynamic potential, which is often quite loosely called “free energy” without
further precisions. “Relevant” means that this potential must have the same
value in the two phases; otherwise, the surface energy cannot be defined un-
ambiguously since it would depend on the choice of the interface position.
Since the coarse-grained description is based on volume integrals, we will con-
sider a system of fixed total volume V . In that case, the relevant potential is
the grand potential. In contrast, if a fixed pressure is assumed, the relevant
potential is the Gibbs free energy. See [35] for a detailed discussion on how
to define interface excesses in this case. For constant volume, the pressure
is not an independent variable, but is equal to the negative of the grand
potential density, −P = e−Ts−

∑K
i=1 µiρi. The equality of the pressures in

the two phases therefore implies

eα − Tsα −
∑
i

µiρ
α
i = eβ − Tsβ −

∑
i

µiρ
β
i , (33)

where ρνi are the equilibrium number densities of component i in phase ν.
Two special cases merit further discussion. For a pure substance (K = 1)

in which both phases have equal number densities (ρα = ρβ), Eq. (33) reduces
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to eα − Tsα = eβ − Tsβ, that is, fα = fβ, with the free energy densities
fν = eν − Tsν . Therefore, the surface free energy is given by the excess of
the Helmholtz free energy. Note that we have already used this fact in the
definition of γ for the magnetic model, Eq. (26), in which the two phases are
related by the up-down symmetry of the spins. For a binary mixture (K = 2)
of A and B particles with constant number density (or, equivalently, constant
molar volume), ρA+ρB = ρ, fα−(µB−µA)ρ

α
B = fβ−(µB−µA)ρ

β
B. Using that

the composition c = ρB/ρ = ρBVa, with Va = Vm/NA the volume occupied
by an atom, we find

fα − µ̃cα = fβ − µ̃cβ = ωeq, (34)

where µ̃ = (µB − µA)/Va is the diffusion potential introduced in Eq. (16).
The surface free energy is the interface excess of ω = f − µ̃c with respect to
its equilibrium value ωeq,

γ =

∫ ∞

−∞
[f − µ̃c− ωeq] dx. (35)

Let us now introduce the phase field. This name was coined in the be-
ginning of the 1980s when the first diffuse-interface models for solidification
were formulated [30, 31, 32]. The phase field is a scalar field that specifies
the state of matter (solid or liquid). One may ask why such a field is needed,
although the thermodyanmics of any system can be expressed in the tra-
ditional thermodynamic variables e, s, and ρi; indeed, the solid and liquid
phases generally have different values for all of these quantities. Why not
choose one of them as a marker to distinguish between solid and liquid ?
The answer to this question lies in the particular nature of the solid-liquid
transition, which does not have a critical point, contrary to the other phase
transitions that have been discussed so far. Indeed, for a phase-separating
mixture, there are two distinct phases at low temperature, which means that
not all values of the composition are accessible; however, at high temperature
the system becomes completely miscible. This means that there is a unique
free energy function f(c, T ) which can describe all possible states of the sys-
tem. The same holds for the liquid-gas transition and its free energy f(ρ, T ).
For the solid-liquid transition, there is no continuous thermodynamic path
that connects solid and liquid, which means that these two phases must be
described by separate free energy curves. Therefore, an additional parameter
is needed to interpolate between these curves.
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A physical interpretation can be given to the phase field as the order
parameter of the solid-liquid transition, which can be defined even if there
is no critical point for this transition. A pure solid and its liquid are distin-
guished by the long-range order present in the crystal, which can be probed
by diffraction experiments. Order parameter functions can be defined that
locally detect crystalline order in the data of molecular dynamics simulations
[36, 37]. In classical density functional theory, the fundamental field is the
probability of presence of an atom at a particular position. Whereas this
probability density is uniform in a liquid, for a solid it exhibits peaks around
the equilibrium positions of the atoms in the lattice. This means that in
reciprocal space the amplitude of certain “density waves” is finite for a solid,
but zero for a liquid. Therefore, the amplitudes of density waves can be used
as order parameters [38]. If this amplitude is allowed to vary in space on a
scale much larger than the lattice spacing, in the spirit of amplitude equa-
tions, the free energy for solid-liquid coexistence takes a Ginzburg-Landau
form, with a double-well potential and square gradient terms for the am-
plitude [39]. Therefore, the assumption of a Ginzburg-Landau form for the
contribution of the phase field to the free energy is well justified.

The phase field ϕ is usually defined as the normalized order parameter,
that is, ϕ = 0 in the liquid and ϕ = 1 in the solid. All the formulas derived
so far for the dimensionless magnetization field ψ are also valid for the phase
field, with the change of variables ϕ = (1 + ψ)/2; the standard double-well
potential used for ϕ is fdw = ϕ2(1− ϕ)2. The phase field ϕ exhibits a varia-
tion through the interface, just like the extensive thermodynamic quantities.
However, there is no intensive variable that is conjugate to the phase field.
The phase field can be related to the volume fraction of solid: in a system
of volume V , the latter is given by (1/V )

∫
V
ϕ(x⃗), and a time evolution of

the phase field corresponds to a relaxation of the volume fraction of solid
towards its equilibrium value. Since the crystalline order can change locally
by short-range motion of the atoms into or out of the equilibrium positions
in a crystal lattice, the phase field is a non-conserved quantity and therefore
must satisfy an equation of the type of Eq. (11). However, the evolution
of the phase field (interpreted as a volume fraction) depends on the values
of the local thermodynamic state variables, and therefore the equations for
ϕ, the temperature and the composition are intrinsically coupled, as will be
detailed below.
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4. Free-boundary problems: the “top-down” view

In section 2, we have seen how mesoscopic free-energy functionals and
equations of motion for the associated order parameters can be obtained
by coarse-graining, that is, by averaging over the small length and time
scales of the microscopic dynamics. Now we will take the opposite, “top-
down” view and see how phase-field models can be obtained by introducing
supplementary small scales into a macroscopic problem.

The starting point are free-boundary problems, introduced by Stefan [1, 2]
for the growth of ice layers at a water surface in contact with cold air. In
free-boundary problems, partial differential equations (usually for transport
phenomena) need to be solved in domains that evolve with time in response
to the fluxes at the boundaries. The time evolution of the domain boundaries
is thus a part of the problem solution.

As a simple example, let us consider the freezing of a pure substance
(the growth of a one-component pure crystal from its melt). We suppose
that the density of solid and liquid are equal and that the melt is quiescent,
such that no hydrodynamic flow needs to be taken into account. Under
these circumstances, crystal growth is limited by the diffusion of heat: upon
solidification, the latent heat is set free and has to be evacuated for crystal
growth to continue. This problem can be formulated as a set of equations
for the temperature field T (x⃗, t) defined on domains of solid and liquid that
are separated by a sharp interface:

∂T

∂t
= Dν∇⃗2T (ν = l, s) (36)

VnL = n̂ ·
[
CsDs ∇⃗T

∣∣∣
s
− ClDl ∇⃗T

∣∣∣
l

]
(37)

Tint = Tm − γTm
L

K − Vn
µk

. (38)

The first equation describes the diffusion of heat in the two phases (liquid
and solid), with Ds and Dl the associated heat diffusion coefficients. The
second equation (Stefan condition) expresses the conservation of energy at
the interface that advances with normal velocity Vn; L is the latent heat
per unit volume, n̂ the unit normal vector to the interface pointing into the
liquid, and Cs and Cl the specific heats per unit volume in solid and liquid.
Finally, Eq. (38) gives the boundary condition for the temperature at the
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interface, which differs from the bulk melting temperature Tm by the Gibbs-
Thomson effect (capillary shift of the melting temperature), where K is the
interface curvature, and by interface dissipation due to the finite time of
attachment of new atoms to the surface, with µk being the interface mobility
(for more details, see for example [17]). Equation (38) also implies that the
temperature is continuous at the interface.

For future reference, let us re-state this set of equations in terms of a
dimensionless temperature field

u =
T − Tm
L/Cl

. (39)

The equations (36) through (38) become

∂u

∂t
= Dν∇⃗2u (ν = l, s) (40)

Vn = n̂ ·
[
(Cs/Cl)Ds ∇⃗u

∣∣∣
s
−Dl ∇⃗u

∣∣∣
l

]
(41)

uint = −d0K − βVn. (42)

Here, d0 = γTmCl/L
2 is the thermal capillary length and β = Cl/(µkL) is the

kinetic coefficient. A particularly simple case that has been widely employed
is the symmetric model, in which Cs = Cl and Ds = Dl are assumed.

The free-boundary formulation is appealing because it directly corre-
sponds to our intuition about the motion of macroscopic domains – the finite
thickness of the interfaces is hidden from our eyes or even the standard means
of observation (for example, optical microscopes). Of course, this very fact
is also the reason why sharp-interface models are an excellent description:
there is a scale separation of several orders of magnitude between the thick-
ness of the interface and the characteristic length scales of the macroscopic
problem, such that the internal structure of the interfaces has no detectable
effect on the macroscopic evolution.

However, free-boundary problems are notoriously difficult to solve. In
front tracking methods, the interface is represented explicitly, for example by
marker points that are located on the interface (Fig. 3). Boundary conditions
and fluxes are then evaluated at this boundary, and the velocity of the points
is computed. Problems arise, however, if the length of the interface increases
(by ramification, for example) or if topological changes such as pinchoff or
coalescence occur, because the interfaces need to be frequently re-meshed in
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Figure 3: Illustration of interface tracking versus interface capturing methods: in interface
tracking (left), the interface is represented explicitly, for example by marker points. In
interface capturing (right), it is treated implicitly as a level set of a function that evolves
with time (black line on the blue surface).

order to maintain a desired precision. The alternative idea of front capturing
methods is to use an additional scalar field to implicitly represent the inter-
face by one of its level sets. Since the level set changes when the field evolves,
the laws of motion for the interface need to be translated into an evolution
equation for the new field that takes into account the correct boundary con-
ditions. The most well-known method of this type is probably the level-set
method [40]. The phase-field method can be seen as another member of this
family, with the additional advantage that its thermodynamic construction
implies that number of boundary conditions at the interface, as well as the
important conservation laws, are “automatically” incorporated. In this per-
spective, the phase field is seen as a mathematical tool for the computation of
the interface evolution, and its equation of motion only needs to reproduce,
on a large scale, the desired free-boundary problem.

Mathematically, this view of the phase field corresponds to a regular-
ization of the free-boundary problem. Indeed, Eqs. (36) to (38) implicitly
contain singularities: the materials properties (specific heat, diffusion coeffi-
cient) exhibit jumps at the interface, and the latent heat is released at the
infinitely thin interface, which corresponds to a singular heat source term.
Formally, this can be made apparent by rewriting Eqs. (40) to (42) in terms
of distributions: the domain occupied by the solid is represented by an indi-
cator function, θs(x⃗), which equals 1 inside the solid, and zero outside. The
interface location can then be described by a Dirac δ function that is related
to the derivative of θs, ∇⃗θs = −δ(x⃗ − x⃗int)n̂, where n̂ is again the unit nor-
mal to the interface pointing into the liquid, and x⃗int is any point located
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on the interface. Detailed discussions about this procedure can be found in
[41, 42, 43, 44, 17].

The numerical treatment can be simplified by smoothing out these sin-
gularities. The smoothed indicator function of the solid domain can directly
be identified with the phase field. In this spirit, the thickness of the smooth
interfaces is not linked to any physical quantity, but is a mathematical pa-
rameter that can be freely chosen as long as the necessary scale separation
is maintained. As a simple example, re-consider Eq. (31) for the surface free
energy wth ξ as a free parameter. It can be seen, on the one hand, that in the
limit ξ → 0 the free energy excess is concentrated in an infinitely thin layer
(while keeping a constant value), which corresponds to the sharp-interface
formulation. On the other hand, an interface with a given free energy can
be represented by a profile of arbitrary thickness ξ if the two terms in the
interfacial free energy density are properly rescaled, as expressed by Eq. (31).

The smoothing of a sharp interface as described by Eq. (31) is exact for
a stationary planar interface. When the interface is curved and/or in mo-
tion, the smoothing (which corresponds to the introduction of the additional
length scale ξ) induces errors with respect to the original free boundary prob-
lem, which need to be quantified if the method is to be used as a reliable
simulation tool. This can be accomplished by the method of matched asymp-
totic expansions, often also called boundary-layer calculations. The main
steps of such a formal calculation are the following.

1. Define two different coordinate systems. The first one corresponds to
the sharp-interface problem (“outer scale”), characterized by a macro-
scopic scale l specific to the considered problem (for example, the tip
radius of in the case of dendritic growth). The second (“inner scale”) is
attached to the interface, and scaled by the interface thickness ξ. The
ratio ϵ = ξ/l defines a small parameter.

2. Expand formally the relevant fields as a power series in the parameter
ϵ on the two different scales, which gives an outer expansion and an
inner expansion.

3. Solve the equations of the phase-field model perturbatively order by
order in ϵ in each region, using the relevant coordinate system.

4. Match the two expansions order by order using the condition that the
limit of the inner expansion far from the interface must coincide with
the limit of the outer expansion when the interface is approached.

5. The result of this procedure are boundary conditions for the relevant
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fields on the outer scale which are determined by the equations on the
inner scale. In general, these boundary conditions also take the form
of a power series in ϵ.

The explicit calculation of the matched asymptotics is quite tedious and
has been presented in detail in several publications [33, 45, 46, 8]. Therefore,
here only an example for a particular model will be reviewed: the celebrated
phase-field model of Karma and Rappel [33]. It consists of two coupled
equations for a phase field ψ that varies between +1 (solid) and −1 (liquid)
and the dimensionless temperature field u defined in Eq. (39),

∂tψ = W 2∇⃗2ψ + ψ − ψ3 − λu(1− ψ2)2, (43)

∂tu = D∇⃗2u+
1

2
∂tψ. (44)

Here, W is the interface thickness as introduced in Eq. (30), and λ is a
dimensionless constant. Details about the derivation of this model will be
given in Sec. 5 below. In order to illustrate the procedure of asymptotic
matching, we consider a planar interface of a solid that grows towards the
positive x direction into a melt of initial dimensionless temperature u(∞) =
−1−∆ with 0 < ∆ ≪ 1. It is easy to verify that the free-boundary problem
has a steady-state solution: an interface propagating with a constant velocity
V = β∆ and the temperature given by u = −∆ for x < xint and u =
−1 − ∆ + exp[−(x − xint)V/D)] for x > xint. The numerical solution of
the phase-field model given by Eqs. (43) and (44) is plotted in Fig. 4 on
the two relevant scales. On the outer scale (given by the diffusion length
l = D/V ), the phase-field profile appears as a sharp step, and the slope
of the temperature field has an apparent dscontinuity at the interface, as
prescribed by the Stefan condition, Eq. (41). On the inner scale W , the
slope of the temperature field changes slowly and continuously, since the
source of latent heat is not concentrated in a single point, but “smeared out”
over the entire interface region.

The two dash-dotted lines in Fig. 4b are fits to the asymptotes of the inner
solution far from the interface, extrapolated to the interface position (the
point where ϕ = 0). This is an illustration of the matching condition between
inner and outer fields: the boundary conditions for the field u “seen” on the
outer scale correspond to the values of these asymptotes at the interface. Note
that (i) the two asymptotes reach the same value at the interface position, so
that the temperature is continuous on the outer scale, and (ii) that the value
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Figure 4: Steady-state solution of Eqs. (43) and (44) for ∆ = 0.02 and λ = 1, plotted on
the scale of the diffusion length l = D/V in (a) and on the scale of the interface thickness
W in (b).

of u at the intersection point (that is, the boundary condition on the outer
scale) does not correspond to any value of the actual field u taken inside the
interface.

The main result of the asymptotic calculations is that the system of
Eqs. (43) and (44) is equivalent to the symmetric model of solidification,
with

d0 = a1
W

λ
(45)

β = a1

[
τ

λW
− a2

W

D

]
, (46)

where a1 = 5
√
2/8 and a2 = 0.6267 are numbers of order unity. The first of

these equations describes the Gibbs-Thomson effect, and is “naturally” built
into the phase-field model, as will be described below. The second deserves
some more comments.

Equation (46) contains two terms. The first one is obtained if the tem-
perature field is assumed to be constant inside the interface, and describes
the dissipation due to a homogeneous undercooling of the interface. The
second term is due to the inhomogeneities of the temperature field inside the
interface, which are illustrated in Fig. 4b. After what has been said above,
it may seem surprising that this contribution plays an important role: the
characteristic scale for the variations of the temperature field is the diffusion
length, and therefore an inhomogeneity on the scale of the interface should

24



be unimportant if WV/D is small enough. However, this reasoning neglects
the heat source term in Eq. (44): this term varies on the scale of W and thus
always creates contributions to the diffusion field on that scale; therefore, the
second term of Eq. (46) is important even for small velocities [33].

The expression of the kinetic coefficient given by Eq. (46) is of crucial
importance. Since there are two contributions of opposite sign, it is possible
to choose β = 0, that is, to simulate interfaces in local equilibrium, with
arbitrary interface thickness. The choice is limited, of course, by the con-
vergence of the asymptotic matching procedure, which requires a sufficient
separation between inner and outer scales. In practice, good convergence
can often be obtained even with a scale ratio as large as 0.1. In order to
appreciate the gain in computational time that can be achieved by this pro-
cedure, it is sufficient to remark that the smallest grid spacing needed to
resolve a diffuse-interface model is proportional to the interface thickness.
Therefore, being able to “upscale” the interface thickness with respect to its
physically realistic value permits the use of larger grid spacings, and there-
fore also of larger timesteps. For a simple explicit algorithm on a regular
grid, the number of numerical operations scales as 1/W d+2 [33], and thus an
increase of the interface thickness by a factor of 100 provides a gain of 1010

in the computation time in three dimensions (d = 3) !

5. Phase-field models for solidification

The construction of a few elementary phase-field models for solidification
will now be reviewed. In this exposition, the “bottom-up” and thermody-
namic viewpoint is taken as a guideline, but repeated use of the “top-down”
philosophy is also made in order to obtain efficient models that can be used
to calculate solidification microstructures for realistic parameters.

5.1. Pure substance

Microstructure formation in a pure substance is mainly of academic in-
terest. The growth of a dendritic monocrystal is a paradigmatic problem of
pattern formation and has attracted an enormous amount of attention over
many decades. It comes therefore as no surprise that this was also one of the
first testbeds for the accuracy of phase-field models.

Let us consider the symmetric model of solidification, introduced in sec-
tion 4, and choose the free energy as the thermodynamic potential (canonical
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ensemble). The free energy functional is written in terms of a phase field ϕ
that takes the values ϕ = 1 in the solid and ϕ = 0 in the liquid as

F =

∫
V

fint(ϕ, ∇⃗ϕ) + g(ϕ)fs(T ) + (1− g(ϕ))fl(T ). (47)

Here, fint represents the surface energy contribution and is of the form of
Eq. (20), with fdw = ϕ2(1−ϕ)2, fs(T ) and fl(T ) are the free energy densities
of solid and liquid, respectively, and g(ϕ) is an interpolation function that
satisfies

g(0) = 0 g(1) = 1 g′(0) = g′(1) = 0. (48)

The two choices that are most frequently used in the literature are the poly-
nomials g(ϕ) = 3ϕ2 − 2ϕ3 and g(ϕ) = 10ϕ3 − 15ϕ4 + 6ϕ5. The motivation
for Eq. (47) is easily understood: both of the quoted expressions for g(ϕ)
are monotonous in ϕ, and therefore g(ϕ(x⃗)) is an approximation for the step
function θs(x⃗), and g(ϕ)fs(T ) + (1 − g(ϕ))fl(T ) approximates the bulk free
energy in the sharp-interface formulation. Moreover, the first term, when
integrated across the interface, yields the surface free energy, so that the
volume integral of fint is an approximation of the surface tension times the
interfacial area.

The last condition in Eq. (48), g′(0) = g′(1) = 0, ensures that the bulk
equilibrium values of the phase field are always equal to 0 or 1. Indeed, the
phase field follows a non-conserved equation with mobility Γ,

1

Γ
∂tϕ = −δF

δϕ
= K∇⃗2ϕ−Hf ′

dw(ϕ)− g′(ϕ) [fs(T )− fl(T )] . (49)

For a homogeneous system (∇⃗ϕ = 0), since g′(0) = g′(1) = 0, the two fixed
points of this equation are ϕ = 0 and ϕ = 1, even when T ̸= Tm and thus
fs ̸= fl.

The equation for the temperature can be obtained with the help of ther-
modynamic identities. First, we exploit the fact that the variation of the
free energy with respect to the temperature is the opposite of the entropy
density,

δF
δT

= −s(T, ϕ) = −ss(T )g(ϕ)− sl(T )[1− g(ϕ)], (50)

where sν = ∂fν(T )/∂T are the entropy densities of liquid and solid. Next,
we use that at constant density de = Tds, and find

de = T
∂s

∂T
dT + T

∂s

∂ϕ
dϕ (51)
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with the help of the chain rule. Finally, we divide this equation by dt, combine
it with the conservaton law for the internal energy density,

∂te = ∇⃗
(
CD∇⃗T

)
, (52)

and use that the specific heat C = T∂s/∂T and the latent heat L = T [sl(T )−
ss(T )]. The result is

C(ϕ, T )∂tT = ∇⃗(C(ϕ, T )D∇⃗T ) + Lg′(ϕ)∂tϕ. (53)

In the case of the symmetric model, C is independent of ϕ. Since, in addition
we are interested in a limited range of temperatures around the melting point,
we may approximate the values of C, ss, sl, and L by their values at the
melting point. Then, we obtain the simple equation,

∂tT = ∇⃗(D∇⃗T ) + L

C
g′(ϕ)∂tϕ, (54)

which is very intuitive: the temperature changes by heat diffusion in the
bulk, and by the release of latent heat at the interface. The equation for the
phase field can also be simplified by expanding the free energies in the right
hand side around the melting temperature, which yields

1

Γ
∂tϕ = K∇⃗2ϕ−Hf ′

dw(ϕ)− g′(ϕ)
L

Tm
(T − Tm). (55)

The model of Karma and Rappel can now be obtained from these equations
by the followng steps:

1. Choose the fifth-order polynomial for g(ϕ) and the standard fourth-
order polynomial for fdw.

2. Replace the function g(ϕ) by another function h(ϕ) in the equation
for the temperature. This function describes how the latent heat is
released inside the interface, and should therefore satisfy h(0) = 0 and
h(1) = 1. If h(ϕ) ̸= g(ϕ), the model is no longer variational; however,
it has been shown in [33] that more efficient models can be obtained
with this additional freedom. In Eq. (44), h(ϕ) = ϕ.

3. Change variables from ϕ to ψ = (1 + ϕ)/2 and from T to the di-
mensionless field u. Divide the equation for the phase field by the
constant H contained in fint, define the phase-field relaxation time by
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τ = 1/(ΓH), and combine all constants and numerical prefactors in the
last term on the right-hand side in the parameter λ. The expression
for λ that results from these steps is identical to Eq. (45). This shows
that the Gibbs-Thomson effect is naturally present in the phase-field
model through its thermodynamic construction.

5.2. Anisotropy and dendritic growth

All equations discussed so far have been isotropic. It is clear that such
equations cannot describe the phenomenon of dendritic growth, since a den-
drite has well-defined privileged growth directions that are set by the crys-
tallographic axes of the solid. According to microscopic solvability theory,
two different effects linked to the crystallographic structure have a decisive
influence on the selection of the dendrite operating state: the anisotropies of
the interface free energy and of the interface mobility.

The static (capillary) anisotropy leads to a dependence of the interface
free energy on the interface orientation. The coordinate system is attached
to the crystallographic axes of the growing monocrystal, and the surface free
energy is expressed as a function of the interface normal n̂ as

γ(n̂) = γ̄ac(n̂), (56)

where γ̄ is the mean surface free energy and ac(n̂) is a dimensionless function.
Similarly, the interface mobility µk, or equivalently the kinetic coefficient β
of Eq. (42), may depend on the orientation as

β(n̂) = β̄ak(n̂). (57)

These anisotropies lead to a modification of the Gibbs-Thomson boundary
condition in the sharp-interface problem. Equation (42) is replaced by

uint = −d0
∑
i=1,2

[
ac(n̂) +

∂2ac(n̂)

∂θ2i

]
1

Ri

− β(n̂)Vn, (58)

where the capillary length d0 is now evaluated using the mean surface free
energy γ̄, Ri are the local principal radii of curvature of the interface, and θi
are derivatives with respect to the angle along the corresponding principal
directions. The new terms arise from the fact that now the interface energy
can change in two ways: by a change in the surface area or by a rotation
with respect to the crystallographic axes.
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Since the phase-field methodology is based on a free energy functional, it
is straightforward to incorporate capillary anisotropy by letting the surface
free energy contribution fint in Eq. (47) depend on the interface orientation.
In view of the general scaling relation for the surface free energy given by
Eq. (23), there are several possibilities to achieve this. Historically, the first
idea was to make the coefficient of the square gradient term depend on ori-
entation [47, 48, 49]. In the formalism of Eq. (30) (dimensionless free energy
density), it is sufficient to replace W by

W (n̂) = W̄ac(n̂). (59)

The kinetic anisotropy can then be incorporated by choosing the orientation-
dependent phase-field relaxation time by Eq. (46), which remains valid for
anisotropic interfaces ifW is replaced by its orientation-dependent value [33].

This method works well for weak anisotropy. However, Eq. (59) implies
that there is also a variation of the interface thickness with orientation, which
may lead to numerical problems for strong anisotropy. This can be avoided
by using the formulation of Eq. (31), which directly makes γ and ξ appear
in the free energy functional, and by replacing γ by γ(n̂) at constant ξ. This
form of the functional was found to perform well for strong anisotropy [50].

In both cases, the equation for the phase field has to be modified. The
correct equation is “automatically” generated by the evaluation of the func-
tional derivative. For a free energy of the form F =

∫
V
f(ϕ, ∇⃗ϕ), where

f(ϕ, ∇⃗ϕ) is the total free energy density (with local and square gradient
terms), the general formula for the functional derivative is

δF
δϕ

=
∂f

∂ϕ
−

d∑
i=1

∂

∂xi

∂f

∂(∂iϕ)
, (60)

where d is the dimension of space, xi are the (Cartesian) coordinates, and

∂iϕ denotes the ith component of ∇⃗ϕ. The outward unit normal vector is
expressed in terms of the phase field as

n̂ = − ∇⃗ϕ
|∇⃗ϕ|

. (61)

Since ac is a function of n̂ and thus of ∇⃗ϕ, the derivatives of the free energy
density with respect to the gradient components make appear the derivatives
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of ac with respect to the orientation that are present in Eq. (58). This
straightforward incorporation of surface energy anisotropy is one of the major
advantages of the phase-field model with respect to sharp-interface methods.
Indeed, the curvatures, directions, and angles that appear in Eq. (58) are
contained in the functional derivative of the phase field and do not need to
be evaluated explicitly.

The anisotropy function that has been most extensively used is the “stan-
dard” cubic anisotropy given by

ac(n̂) = 1 + ϵc[4(n
4
x + n4

y + n4
z)− 3], (62)

where ϵc is the anisotropy strength; an equivalent expression holds for the
kinetic anisotropy. In two dimensions, the interface orientation is described
by a single angle θ, with n̂ = (cos θ, sin θ), and we have simply γ(θ) = γ̄[1 +
ϵ4 cos(4θ)]. Simulations of dendritic growth have been carried out using this
form of the anisotropy, and the results are in good agreement with solvability
theory both at high [52, 33] and low undercooling [53]. An example for such
a dendrite is shown in Fig. 5. Good agreement with experiments has also
been achieved corcerning the anisotropic shape of the dendrite tip at low
undercooling [54, 53] and the growth velocity of Nickel dendrites at high
undercooling [55]. This proves that a quantitative description of dendritic
growth in a pure sustance can be obtained with the help of the phase-field
method.

It should also be mentioned that for anisotropies that are strong enough
to generate forbidden orientations, the phase-field model has to be amended.
Indeed, in this situation, there exist orientations in which an interface is un-
stable with respect to the formation of hill-and-valley structures [56]; for in-
terfaces in these orientations, the equations outlined above become ill-posed,
and the model has to be regularized, either by a “convexification” of the
anisotropy function [57] or by the addition of higher-order derivatives (such
as the square of the Laplacian, or the square of the local interface curvature)
in the free-energy functional. See [50] for a more detailed discussion of these
issues and the various models that have been proposed.

5.3. Binary alloy

Alloy solidification is obviously of great practical importance. Whereas
“real” alloys used in metallurgy have usually multiple components, binary
alloys offer the simplest setting in which to develop the methods that can
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Figure 5: Growth of a dendrite simulated with the anisotropic version of the phase-field
model for a pure substance, given by Eqs. (43) and (44), with an anisotropy of the surface
free energy given by Eq. (62) with ϵc = 0.00625, and isotropic (vanishing) kinetics (β(n̂) =
0). The dimensionless undercooling is ∆ = 0.1, that is, the initial and boundary values
of u = −0.1. The simulation is carried out with the multi-scale algorithm described in
Ref. [51].
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later be extended to multi-component systems. Therefore, let us come back
to the model system of a binary alloy, which is assumed to have constant
total number density ρ (or, equivalently, constant molar volume). The new
variable with respect to the pure substance is the composition c = ρB/ρ.

The earliest attemps to formulate models for binary alloys just extended
the formalism for a pure substance presented above (to be more precise,
they were not exactly formuated as presented below, but they can easily be
brought into this form) [58, 59]. The free energy densities fs and fl of the
functional given by Eq. (47) are now functions of both T and c, and the
equation of motion for the variable c (a conserved quantity) is obtained by
the standard procedure,

∂tc = −∇⃗ · J⃗ = ∇⃗ ·
(
M
δF
δc

)
. (63)

While this model is a viable representation of the physical system if the
thickness of the phase-field interface has its natural (atomistic) width, it is
difficult to use it with “upscaled” interfaces. The reason is that the interface
properties intrinsically depend on the bulk thermodynamics in this model.
This can be understood in several manners. As already found in Eq. (34)
in Sec. 3, equilibrium between solid and liquid in a mixture implies that
the function ων = fν − µ̃cν takes the same values ωeq for liquid and solid
(ν = l, s). Since the composition of solid and liquid in an alloy differ, this
implies that there are two extensive quantities (f and c) which vary across
the interface, in addition to the phase field ϕ. If Gibbs dividing surfaces are
constructed by the condition of zero interface excesses for c, ϕ, and f following
the procedure outlined in section 3, the positions of the three surfaces will
in general not coincide, which implies that the interface thermodynamics is
non-trivial [34]. The profiles of ϕ and c at equilibrium are actually related,
because the condition that the diffusion current vanishes yields

δF
δc

= g(ϕ)
∂fs
∂c

+ (1− g(ϕ))
∂fl
∂c

= µ̃eq = const. (64)

This equation relates c and ϕ, and at a given point x within the interface,
g(ϕ(x))fs(c(x)) + (1 − g(ϕ(x)))fl(c(x)) − µ̃c(x) generally differs from ωeq.
According to Eq. (35), this gives a contribution to the interface excess free
energy γ. This fact was detected for the first time in Ref. [60].

Another way to reach the same insight is to write down the equilibrium
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condition for the phase field across a planar interface. It reads

0 = −δF
δϕ

= K∂xxϕ−Hf ′
dw(ϕ) + g′(ϕ)[fs(c, T )− fl(c, T )]. (65)

For a pure substance, the free energy densities of solid and liquid are equal;
this is not the case for alloys. Therefore, in the interface (where g′(ϕ) ̸= 0)
a driving force acts on the phase field that competes with the terms pro-
portional to K and H to shape the interface profile. As a consequence, the
surface free energy does not follow the simple scaling of Eq. (23), but also
depends on the choice of the bulk free energies.

Different solutions have been developed to overcome this problem and
to develop models in which the interface width can be more easily adjusted.
The first idea was to start from a “phase-superposition” picture that is based
on the general principles of volume-averaged transport equations for multi-
phase systems [61]. Solid and liquid are seen as two independent macroscopic
phases, with two separate composition fields cs and cl, which overlap in the
diffuse interface region. Since there is, in reality, only one global composition,
the additional degree of freedom has to be removed by a supplementary
condition. In the case of a dilute binary alloy, one may use the partition
relation cs = kcl, where the partition coefficient k is a constant. With the
help of this relation, cs can be eliminated and the model can be completely
written in terms of cl [62, 43]. In the general case, the relation between the
two compositions results from the equilibrium between the solid and liquid
pases,

µ̃s =
∂fs(c, T )

∂c

∣∣∣∣
cs

= µ̃l =
∂fl(c, T )

∂c

∣∣∣∣
cl

. (66)

The “true” composition is then obtained as

c = csg(ϕ) + cl[1− g(ϕ)] = cl[1− (1− k)g(ϕ)], (67)

where the second equality is valid only for a dilute alloy. It is immediately
clear that with this convention the combination f − µ̃c is a constant through
the interface, and thus there is no interface excess energy associated with bulk
thermodynamics. The equations of motion for the composition and the phase
field are given in [60]; the combination f − µ̃c appears as the thermodynamic
driving force for the phase field.

A completely equivalent formulation of this model can be given, in which
the connection to the model for a pure substance is more straighforward [63].
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It starts from the functional

Ω =

∫
V

ωint + ωs(µ̃, T )g(ϕ) + ωl(µ̃, T )[1− g(ϕ)]. (68)

Here, ωint has the same form as fint, and ων = fν−µ̃c are Legendre transforms
of the free energy densities, which means that they depend on the diffusion
potential instead of the composition. This functional has been called “grand
potential functional”, although the correct expression for the grand potential
of a binary mixture is f−µAρA−µBρB; however, in the case of constant molar
volume, the function ω satisfies exactly the same thermodynamic relations as
the grand potential of a pure substance if the chemical potential is replaced
by the diffusion potential. In particular,

∂ων

∂µ̃
= −cν . (69)

The equations of motion for the variables ϕ and µ̃ can now be obtained
in a straightforward way. The equilibrium equation for the phase field is
equivalent to Eq. (65), with the difference fs − fl replaced by ωs − ωl. Since
the latter is zero at equilibrium, the interface profile is determined by ωint

alone, and the scaling of Eq. (23) applies, as desired.
The variation of Ω with respect to µ̃ yields an espression for the local

composition,

δΩ

δµ̃
=
∂ωs

∂µ̃
g(ϕ) +

∂ωl

∂µ̃
[1− g(ϕ)] = −c(µ̃, ϕ). (70)

It can easily be seen using Eq. (69) that this expression is actually identical
to Eq. (67). By taking the time derivative of c(µ̃, ϕ) and using mass conser-

vation, ∂tc = ∇⃗(M∇⃗µ̃), one obtains an equation for the diffusion potential,

χ(µ̃, T, ϕ)∂tµ̃ = ∇⃗(M∇⃗µ̃) + (cl − cs)g
′(ϕ)∂tϕ, (71)

with

χ(µ̃, T, ϕ) = χs(µ̃, T )g(ϕ) + χl(µ̃, T )[1− g(ϕ)] χν =
∂2ων

∂µ̃2
(72)

being a generalized susceptibility [5]. The structure of this equation is per-
fectly equivalent to the one of Eq. (53) for the temperature, with χ playing
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the role of the specific heat C, and cl − cs in place of sl − ss. Of course,
this just expresses the thermodynamic equivalence of the intensive variables
T and µ̃ and the extensive variables s and c. The major difference, however,
with the case of a pure substance is that χ is generally quite different for
liquid and solid, so that the dependence of χ on ϕ cannot be neglected.

5.4. Antitrapping current

The model outlined above, as well as the models of Refs. [60, 43] are still
not suitable for the quantitative modelling of solidification microstructures
with upscaled interfaces. The reason is the phenomenon of solute trapping,
which occurs during the solidification of alloys at sufficiently high velocity.
Since liquid and solid have different compositions, the composition of a piece
of matter has to change during the solidification process; some components
are rejected into the liquid, others are incorporated into the solid. Generally,
solute (impurities) has to be rejected during solidification. When the driving
force for solidification (provided, for example, by rapid cooling) is high, the
interface advances at such a high velocity that these redistribution processes
cannot be completed, and the solid remains at a composition that differs
from the equilibrium one. As a simple criterion for the occurrence of solute
trapping, one may compare the time that an interface needs to propagate by
a distance equal to its intrinsic thickness, ξ/V , to the characteristic time of
diffusion through the same interface, ξ2/D, where D is the solute diffusivity
within the interface. If the ratio of the two, ξV/D, is much smaller than
unity, the solute atoms have enough time to escape from the advancing solid;
in the opposite limit, they are trapped. This means that the solid does not
grow at the composition that corresponds to the thermodynamic equilibrium
with the liquid, but at a higher solute content. In other words, the diffusion
potential does not have the same value at the two sides of the interface: there
is a jump in this intensive quantity across the interface.

Although, under such circumstances, the hypothesis that local equilib-
rium is established on the scale of a coarse-graining cell breaks down (recall
that we had supposed that intensive quantities are constant within a cell,
which is not the case any more for the diffusion potential), phase-field mod-
els can describe solute trapping quite well [64]: the transition from growth
in local equilibrium to complete solute trapping with increasing growth ve-
locity is well reproduced when the parameter ξV/D is varied. The problem
for quantitative simulations is now obvious: since this effect depends on the
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thickness of the interface, its magnitude is greatly exaggerated if the inter-
face thickness is upscaled in simulations. This means that solute trapping
will appear for solidification velocities that are much smaller than those for
which it is really observed in experiments. For accurate simulations, it has
therefore to be eliminated from the model.

A way to accomplish this was developed in Ref. [65] for isothermal so-
lidification, and in Ref. [46] for directional solidification: an antitrapping
current is added to the model. This is an additional contribution to the so-
lute current which counteracts solute trapping. For this purpose, it should
be proportional to the interface thickness and to the growth velocity, and
it should be directed from the solid to the liquid in order to assist solute
redistribution. Concretely, the solute current is written as

J⃗ = −M∇⃗µ̃+ J⃗at, (73)

with the antitrapping current

J⃗at = −a(ϕ)(cl − cs)ξ∂tϕn̂, (74)

where a(ϕ) is a dimensionless function of ϕ that depends on the details of
the model, and cl − cs is the composition jump between the phases, taken at
equilibrium. For the models of Refs. [65, 46] that describe the solidification
of binary alloys, the function a(ϕ) is actually just a constant, the value of
which has to be determined by matched asymptotic expansions. The details
of this procedure can be found in Ref. [46].

These works were the first examples for a successful interface upscaling
in phase-field modelling of alloy solidification; since then, this methodology
has been used to explore dendritic and cellular solidification, and convincing
quantitative agreement between simulations, theories, and experiments has
been achieved [66, 67, 68, 69]. The antitrapping methodology has also been
extended to other alloy models [70, 13, 63, 23]. Furthermore, the models for
pure substance and alloy have been combined to build a model for crystal
growth limited simultaneously by heat and solute diffusion [71], which has
then been used to explore dendritic growth in this regime [72].

5.5. Multi-phase and multi-component solidification

Many solidification phenomena involve multiple phases. The simplest ex-
ample is the solidification of eutectic alloys, during which two different solids
with distinct compositions are formed from the liquid. For such situations,
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models with more than one order parameter are needed in order to distin-
guish between phases. In the earliest attempts to formulate such models, one
phase field and the composition field [73, 74] or two phase fields [75] were
used, with free energies in the form of simple Landau expansions. While these
models were capable of describing the basic features of eutectic growth, their
generalization to different alloy phase diagrams or a larger number of phases
is not straightforward.

A general approach was provided by the multi-phase-field method, first
introduced in Ref. [76]. One phase field is associated to each thermodynamic
phase that is present in the system, and interpreted as local volume fraction,
which implies

N∑
ν=1

ϕi(x⃗) = 1 ∀ x⃗ (75)

for N phases. With this constraint, there are obviously only N − 1 inde-
pendent fields, and one variable could immediately be eliminated. However,
it is advantageous to keep all the degrees of freedom for the formulation of
the free energy functional, because this gives rise to particularly simple and
symmetric functional forms. The constraint can be taken into account at the
end with the help of a Langrange multiplier.

A multi-phase system contains multiple types of interfaces, and therefore
a generalization of the interface free energy density fint is needed in terms
of the multiple phase fields. The extensions of the square gradient terms
that are most commonly used are

∑
αβ Kαβ∇⃗ϕα · ∇⃗ϕβ or

∑
αβ Kαβ|qαβ|2 with

qαβ = ϕα∇⃗ϕβ − ϕβ∇⃗ϕα. Both expressions are sums over pairwise terms
that are zero everywhere except in α-β interfaces or multi-junctions. For
the local free energy density, we need a multi-well potential function over
the N − 1-dimensional state space of the phase field configurations (taking
into account the sum constraint), with N distinct minima that describe the
possible phases.

The choice of the gradient terms and the potential function presents some
new non-trivial issues that are illustrated in Fig. 6 for the case of three
phases. The state space for the three phase fields, taking into account the
sum constraint, can be conveniently visualized in the standard simplex, an
equilateral triangle in which each corner represents a pure phase (one of the
fields equals 1, all others 0). The free energy density must have a minimum
on each corner to generate the correct number of phases, with potential
barriers in between (for an example, see Fig. 7). Interfaces between phases
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Figure 6: Left: representation of the state space of a multi-phase-field model with three
phases (ϕ1 + ϕ2 + ϕ3 = 1) in a simplex. Each corner corresponds to a pure phase. The
two lines represent different interfaces between phases 1 and 2. Along the red dashed line,
ϕ1 +ϕ2 = 1. Along the full blue line, the phase fields vary as depicted in the graph to the
right for an interface along the x direction.

correspond to trajectories in the state space that go from one minimum to
another. The properties of the interface are determined by this trajectory,
which is influenced both by the shape of the potential landscape and the
gradient terms (see Ref. [77] for a detailed illustration and discussion of this
point in a specific model).

Since a precise control of the interface properties is mandatory for inter-
face upscaling, one would like, in particular, to have “clean” two-phase in-
terfaces. That is, in a system in which only bulk phases α and β are present,
the interface between these phases should be free of the presence of any other
phase, that is, one requires to have ϕα + ϕβ = 1 instead of Eq. (75). In the
simplex of Fig. 6, this corresponds to a perfectly straight line along one of the
edges (the dashed red line). In contrast, if the trajectory travels inside the
simplex (full blue line), this corresponds to the presence of additional phases
inside the interface, and thus to “third-phase adsorption”. This phenomenon
(which could be present in real systems) makes the analytic solution of in-
terface equations and the calculations of asymptotic matching impossible.
For a quantitative modelling of solidification, the presence of such additional
phases in the interfaces must therefore be avoided.

For a smooth free-energy functional, this requirement imposes non-trivial
conditions on the potential landscape and the gradient terms. A formula-
tion that allows for a complete control of the interface properties in three-
phase systems (for example, one liquid and two solids) has been given in
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Figure 7: Triple-well potential of the three-phase model detailed in [78], plotted over the

three-phase simplex (black lines). This multi-well potential,
∑3

i=1[ϕ
2
i (1− ϕi)

2], generates
interfaces that run along the edges of the simplex.

Ref. [78] and extensively benchmarked against sharp-interface models and
experiments [79]. The potential landscape is shown in Fig. 7, plotted over
the three-phase simplex. Unfortunately, a generalization of this approach to
more than three phases is not straightforward. This task is simplified by the
use of the multi-obstacle potential. In the “double-obstacle potential”, the
double-well function for a simple phase field, fdw(ϕ), is replaced by

fdo(ϕ) =

{
Hϕ(1− ϕ) if 0 < ϕ < 1
∞ otherwise

(76)

which can be seen as the limit of zero temperature of Eq. (8). In practice,
when the simulation code yields a value of the phase field lower than 0 or
larger than 1, ϕ is just set back to the limit of the allowed interval with the
help of an “if” instruction. The advantage of this formulation is that it yields
an evolution equation for ϕ that is linear and has as equilibrium solution
a simple sine profile. Moreover, since the derivative of the potential at the
(cusp-like) minima is finite, there is always a finite force that drives the phase
field to its bulk values. For multiple phase fields, the configuration space is
restricted to the simplex defined by ϕν > 0 ∀ ν,

∑
ν ϕν ≤ 1. The finite

slope of the potential landscape at the borders of this simplex “pushes” the
interface solution against the “walls” (obstacles), which provides the desired
“clean” interfaces. In summary, a simple version of the interface energy can
be written as

fint =
N∑

α,β=1

[Kαβ∇⃗ϕα · ∇⃗ϕβ +Hαβϕα(1− ϕβ)]. (77)
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The surface free energy for each interface can then be controlled as in the
case of a single phase field with the help of the constants Kαβ and Hαβ. If
these values are strongly different for different interfaces, higher-order terms
(products of more than two phase fields) may need to be added in order to
avoid third-phase adsorption.

The free energy functional is completed by the thermodynamic part, that
is, the contribution of the bulk phases. This is straightforward: since each
phase ν occupies a certain spatial domain described by a specific phase field
ϕν , the indicator function is approximated by g(ϕν), and the bulk contribu-
tion to the free energy is written as

fbulk =
N∑
ν=1

g(ϕν)fν(c, T ). (78)

One can see that Eq. (47) is a special case of this expression for two phases.
Also, it is clear that in order to obtain a model with good upscaling proper-
ties, either the phase-superposition approach has to be generalized to multiple
phases (with the introduction of a separate composition field for each phase)
[62], or a grand-canonical approach has to be used [23].

Let us now come to the equation of motion for the multiple phase fields.
Since the phase fields can still be seen as non-conserved order parameters,
they should obey the relaxation dynamics of Eq. (11). If one such equation is
written down for each field, only N − 1 mobility coefficients can be specified,
whereas there are in total N(N − 1)/2 different types of interfaces in an
N -phase system (the number of possibilities to choose two different phases
out of N). At a first glance, it therefore seems that the kinetic properties
of each interface cannot be controlled separately. However, there are several
possibilities to cirvumvent this difficulty. Either, the evolution equation can
be made non-linear by making the mobilities depend on the phase fields,
which gives the possibility to give the mobility the desired value on each
interface [78]. Or, the principles of out-of-equilibrium thermodynamics may
be used, which stipulate that the time evolution of any state variable can
depend on all the thermodynamic driving forces in the system. Therefore,
the general evolution equation for the phase fields reads

∂tϕα = −
N∑

β=1

Γαβ
δF
δϕβ

. (79)
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Furthermore, the Onsager symmetry principles imply that Γαβ = Γβα. Since
there are only N − 1 independent fields, there are only N(N − 1)/2 inde-
pendent coefficients in the matrix Γαβ, which precisely corresponds to the
number of independent interfaces. A particularly intuitive manner of rewrit-
ing the above equation is

∂tϕα =
∑
β ̸=α

Γ̃αβ

(
δF
δϕβ

− δF
δϕα

)
. (80)

In this form, the rate of transformation of phase α is decomposed in the same
manner as for a network of chemical reactions, in which a substance α can
transform into various other chemcials by different reaction pathways. The
coefficients Γ̃αβ directly control the rate of transformation from phase α to
β, and therefore the kinetics of the αβ interfaces.

Let us finally briefly touch upon the subject of multi-component systems,
which is a whole area of research in itself; here, only the aspects that are
important for the construction of phase-field models will be very briefly men-
tioned. In a system with a total number of K components, the composition
fields ci give the molar fractions of component i and satisfy

K∑
i=1

ci = 1. (81)

It is customary to designate one of the components (in principle, the majority
component, say component K) as the “solvent”, and to eliminate its compo-
sition field to obtain K − 1 independent variables. The conjugate intensive
variables are the K − 1 diffusion potentials µ̃i = (µi − µK)/Va, where µi are
the chemical potentials and Va the atomic volume. The diffusion current of
component i is then written as

J⃗i = −
K−1∑
j=1

Mij∇⃗µ̃j (82)

with a matrix of mobility coefficientsMij. Each component obeys a separate
conservation law,

∂tci = −∇⃗ · J⃗i. (83)

The driving force for phase transformations that appears in the equation of
motion for the phase fields has also to be generalized. It now involves the
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Figure 8: Simulations of eutectic microstructures, carried out with the multi-phase-field
model of Ref. [78]. The solid grows upward in a temperature gradient, and the liquid
(transparent) solidifies into two solid phases. Disordered labyriths (left) and zig-zag struc-
tures have been obtained [81], in good agreement with experimental observations [82].

difference between the functions

ων = fν −
K−1∑
i=1

µ̃ici (84)

taken for two phases α and β. The evolution equation for the phase fields
can be written down either in the phase-superposition approach, in which the
driving force is evaluated in terms of separate concentration fields for each
phase and component [80, 13], or in the grand-canonical approach, in which
the functions ω are used to construct a generalization of the functional Ω of
Eq. (68), and a change of variables from the compositions ci to the diffusion
potentials µ̃i is made [23]. Several generalizations of the antitrapping current
to multi-phase and multi-component systems have also been proposed [78,
70, 13, 23]. Therefore, in principle, all the elements needed for a quantitative
modelling of solidification in multi-component and multi-phase systems are
available.

As an example for the use of multi-phase-field models, Fig. 8 shows sim-
ulations of microstructures obtained during the directional solidification of
a binary eutectic alloy. In such an alloy, a liquid of composition close to
the eutectic point can solidify in two different solids of distinct compositions,
and the solidification process generally results in a composite in which the
crystals of the two phases are intertwined in complex patterns. The two
most frequent morphologies are regular lamellae and rods, but more compli-
cated patterns have recently been observed in real-time in situ observations
of transparent eutectic alloys [82], among which disordered labyrinths and
zig-zag patterns, which are both well reproduced by the model [81].
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6. Conclusions and open questions

The models described in this chapter represent developments that have
spanned more than three decades. During this period, enormous progress has
been made both in model development and in the understanding of the so-
lidification phenomena that have been studied with their help. Nevertheless,
there is still a large number of open questions. I have not touched at all the
coupling of phase-field models to mechanics (both hydrodynamics and elas-
ticity), which could be the subject of a review on its own, and which presents
important and exciting research opportunities. I will conclude this chapter by
commenting on some active and open research questions in diffusion-limited
crystal growth, within the areas that are covered in the preceding sections.

• Asymptotics. The asymptotic matching described in Sec. 4 has made it
possible to perform accurate and efficient simulations in two important
special cases: the symmetric model (equal diffusivities in both phases),
and the one-sided model (no diffusion in the solid). There is, presently,
no generalization for arbitrary diffusion coefficients in the two phases.
Attemps have been made to formulate such models by generalizing
the antitrapping concept [13, 83], but these models work only well in
cases in which the current arriving at the interface is zero (or at least
small) in one of the phases [22]. In the general case, there always
remain some thin-interface corrections that make an accurate interface
upscaling impossible. A solution to this problem would be of great
interest.

• Anisotropy. Surprising results have recently been obtained when the
effect of interface anisotropy was explored with functional forms that go
beyond the simple expressions given by Eq. (62). For instance, “hyper-
branched” dendrites can be obtained by combining two different cubic
harmonics [84]; a “dendrite-orientation transition” is also observed in
alloys of substances that have different crystal structures [85]. Finally,
anisotropy effects play also an important role for the selection of cellu-
lar microstructures [67]. All these results show that there is a lot left to
understand concerning the relation between anisotropy and structure
selection.

• Junctions. In multi-phase-field models, trijunctions, triple lines, and
multi-junctions naturally appear. The equilibrium properties of these
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singularities conform to the well-known Young-Laplace law, which is
implied by the thermodynamic construction of the model. However,
much remains to be learned about non-equilibrium behavior. It has
already been shown [78] that the dynamics of trijunctions in phase-field
models is slightly different from the assumtions usually made in sharp-
interface models. Moreover, the energetics of such junctions can be
controlled in phase-field models by adding suitable higher-order terms
(products of three or more phase fields) to the free-energy functional.
This possibility has been explored little so far.

• Growth and diffusion kinetics. Up to now, attention has been mostly
focused on models that permit to maintain local equilibrium at the
interfaces. However, in many cases, it is necessary to introduce strong
interface kinetics or departure from equilibrium between the two sides
of an interface in a well-controlled way, for example if slowly diffusing
species are present in multi-component systems. In a recent line of
works, several authors have formulated phase-field models that contain
new coupling terms between the phase-field and the diffusion equation
[86, 87, 88], which lead to discontinuities in intensive fields at the in-
terface. This approach also yields an interesting new derivation of the
antitrapping current. Moreover, the “phase-superposition” approach
has been generalized, replacing the equilibrium condition of Eq. (66)
between the phases by a kinetic equation for the individual phase com-
positions [89, 90]. Both of these approaches could considerably extend
the domain of applicability of phase-field models and should be further
pursued.

• Polycrystals. Monocrystals are actually quite rare in nature; most crys-
tal growth processes lead to the spontaneous emergence of polycrystals,
that is, solids that consists of multiple grains of the same thermo-
dynamics phase, separated by grain boundaries. Two very different
phase-field approaches have been pursued to model polycrystals. The
first is an application of the multi-phase-field concept: each grain in
represented by a different phase field, but with identical free energy
densities [91, 92, 77]. The second is the orientation-field approach, in
which a single phase field is combined with an orientation field that
indicates the local direction of the crystallographic axes. Whereas the
validity of the evolution equation for the orientation can actually be
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questioned [22], these models were successful in describing a large vari-
ety of polycrystalline growth structures [93, 94]. It is highly interesting
from a conceptual point of view to further explore the possibilities of
such models and their eventual relation to crystal plasticity.

• Multi-component systems. As already mentioned, several models have
been proposed and used for multi-component and multi-phase systems.
They differ in various choices for the free energy functionals, the inter-
polation schemes, and the mobility functions. Only in very few cases
have rigorous asymptotics been carried out. Therefore, there is still
a need for comprehensive benchmarking in order to thoroughly assess
their reliability. This task is made difficult by the fact that multi-
component multi-phase systems are inherently complex, and thus the
definition of useful and accessible benchmark problems is far from sim-
ple. However, the large practical impact of such modelling tools is ex-
pected to provide an important driving force for future developments
in this area.
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